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QUICKSORT Review

procedure QUICKSORT(A[i ..j ])
if i < j then

pivot = RANDOM(i , j)
SWAP(A[i ], A[pivot ])
k = PARTITION(A[i ..j ])
in parallel do

QUICKSORT(A[i ..k − 1])
QUICKSORT(A[k + 1..j ])
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PARTITION(A[i ..j ])

Recurse Recurse

i j
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QUICKSORT Review

procedure QUICKSORT(A[i ..j ])
if i < j then

pivot = RANDOM(i , j)
SWAP(A[i ], A[pivot ])
k = PARTITION(A[i ..j ])
in parallel do

QUICKSORT(A[i ..k − 1])
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Allocating processors to recursive calls?
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Segmented Prefix Sums

6 3 4 6 7 9 3 4 6 74 6 9 1 3

3 3 1 2 1 2 3 1 2 14 2 3 1 2X :

Y :

0 1 0 0 0 0 1 0 0 01 0 0 1 0b :

Goal: Segmented Prefix Sums via an associative operator •
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Reminder: Prefix Sums
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Reminder: Prefix Sums
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Reminder: Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9

4 11 18 24 33 39 42 573 9 14 19 31 34 41 48

X :

Y :

yi =
i∑

k=1
xi

y6 = x1 + x2 + x3 + x4 + x5 + x6

yi =

{
x1 if i = 1

yi−1 + xi if i > 1
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Prefix Scan via ⊕

yi =

{
x1 if i = 1

yi−1 + xi if i > 1

Prefix Sums
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Prefix Scan via ⊕

yi =

{
x1 if i = 1

yi−1 + xi if i > 1

Prefix Sums

yi =

{
x1 if i = 1

min(yi−1, xi ) if i > 1

Prefix Min

For any associative operator ⊕

yi =

{
x1 if i = 1

COPY(yi−1, xi ) if i > 1

Prefix copy (broadcast)

⊕ : R× R→ R

yi =

{
x1 if i = 1

yi−1 ⊕ xi if i > 1

double ⊕(double a, double b)

return a + b . sum
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Prefix Scan via ⊕

yi =

{
x1 if i = 1

yi−1 + xi if i > 1
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Prefix Scan via ⊕

yi =

{
x1 if i = 1

yi−1 + xi if i > 1

Prefix Sums

yi =

{
x1 if i = 1

min(yi−1, xi ) if i > 1

Prefix Min

For any associative operator ⊕

yi =

{
x1 if i = 1

COPY(yi−1, xi ) if i > 1

Prefix copy (broadcast)

⊕ : R× R→ R

yi =

{
x1 if i = 1

yi−1 ⊕ xi if i > 1

y4 = ((x1 ⊕ x2)⊕ x3)⊕ x4

= x1 ⊕ x2 ⊕ x3 ⊕ x4

E.g.:

5



Nodari Sitchinava – Advanced Parallel Algorithms

Prefix Scan via ⊕

yi =

{
x1 if i = 1

yi−1 + xi if i > 1

Prefix Sums

yi =

{
x1 if i = 1

min(yi−1, xi ) if i > 1

Prefix Min

For any associative operator ⊕

yi =

{
x1 if i = 1

COPY(yi−1, xi ) if i > 1

Prefix copy (broadcast)

⊕ : R× R→ R

yi =

{
x1 if i = 1

yi−1 ⊕ xi if i > 1

procedure SCAN(⊕, X, i)
if i = 1 then

return X [1]
else

return SCAN(⊕, X , i − 1)⊕ X [i ]

y4 = ((x1 ⊕ x2)⊕ x3)⊕ x4

= x1 ⊕ x2 ⊕ x3 ⊕ x4

E.g.:
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if i > 1
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Recursive Segmented Prefix Sums
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3 3 1 2 1 2 3 1 2 14 2 3 1 2X :

Y :

0 1 0 0 0 0 1 0 0 01 0 0 1 0b :

yi =


x1 if i = 1{

yi−1 + xi if bi = 0

xi if bi = 1
if i > 1

=

{
x1 if i = 1

yi−1 × (1− bi ) + xi if i > 1

=


x1 if i = 1{

yi−1 × 1 + xi if bi = 0

yi−1 × 0 + xi if bi = 1
if i > 1

0 + xi = xi

I+ = 0
is the identity of +

yi−1 × 1 = yi−1

I× = 1
is the identity of ×

6



Nodari Sitchinava – Advanced Parallel Algorithms

⊗ operator

yi =


x1 if i = 1{

(yi−1 × 1) + xi if bi = 0

(yi−1 × 0) + xi if bi = 1
if i > 1

=


x1 if i = 1{

yi−1 + xi if bi = 0

0 + xi if bi = 1
if i > 1
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⊗ operator

=


x1 if i = 1{

yi−1 + xi if bi = 0

0 + xi if bi = 1
if i > 1

yi =


x1 if i = 1{

(yi−1 × 1)⊕ xi if bi = 0

(yi−1 × 0)⊕ xi if bi = 1
if i > 1
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⊗ operator
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if i > 1
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⊗ operator

⊗ : R× {0, 1} → R
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⊗ operator
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⊗ operator

⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1

Examples:

⊕
+

MIN

COPY

⊗I⊕
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⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1

Examples:

⊕
+
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z if b = 0
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⊕
+

MIN

COPY

⊗
z · (1− b)
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0 + z = z

copy (??, z) = z
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Segmented Scan via ⊕ and ⊗
Segmented Prefix Sums

yi =


x1 if i = 1{

yi−1 × 1 + xi if bi = 0

yi−1 × 0 + xi if bi = 1
if i > 1

=


x1 if i = 1{

yi−1 + xi if bi = 0

0 + xi if bi = 1
if i > 1

6 3 4 6 7 9 3 4 6 74 6 9 1 3

3 3 1 2 1 2 3 1 2 14 2 3 1 2X :

Y :

0 1 0 0 0 0 1 0 0 01 0 0 1 0b :
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Segmented Scan via ⊕ and ⊗
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Segmented Scan via ⊕ and ⊗

yi =


x1 if i = 1{

(yi−1 ⊗ bi )⊕ xi if bi = 0

(yi−1 ⊗ bi )⊕ xi if bi = 1
if i > 1

Segmented Prefix Sums ⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1yi =


x1 if i = 1{

yi−1 × 1 + xi if bi = 0
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if i > 1
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0 + xi if bi = 1
if i > 1

Segmented Scan
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Segmented Scan via ⊕ and ⊗

yi =


x1 if i = 1{

(yi−1 ⊗ bi )⊕ xi if bi = 0

(yi−1 ⊗ bi )⊕ xi if bi = 1
if i > 1

Segmented Prefix Sums ⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1yi =


x1 if i = 1{

yi−1 × 1 + xi if bi = 0

yi−1 × 0 + xi if bi = 1
if i > 1

=


x1 if i = 1{

yi−1 + xi if bi = 0

0 + xi if bi = 1
if i > 1

=

{
x1 if i = 1

(yi−1 ⊗ bi )⊕ xi if i > 1

Segmented Scan
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Algebra with ⊕ and ⊗

yi =

{
x1 if i = 1

(yi−1 ⊗ bi )⊕ xi if i > 1
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b2 b3 (x1 ⊗ b2)⊗ b3 b2 ∨ b3 x1 ⊗ (b2 ∨ b3)

0 0
0 1
1 0
1 1

0
1
1
1

⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1

x1

I⊕
I⊕
I⊕

x1

I⊕
I⊕
I⊕

Property 2. ⊗ is semi-associative, with ∨ as the companion operator:
(x1 ⊗ b1)⊗ b2 = x1 ⊗ (b1 ∨ b2)
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y3 =
(
x1 ⊗ (b2 ∨ b3)

)
⊕
(
x2 ⊗ b3

)
⊕ x3

y4 =
(
x1 ⊗ (b2 ∨ b3 ∨ b4)

)
⊕
(
x2 ⊗ (b3 ∨ b4)

)
⊕
(
x3 ⊗ b4

)
⊕ x4

y1 = x1

y2 = (x1 ⊗ b2)⊕ x2
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y3 =
(
x1 ⊗ (b2 ∨ b3)

)
⊕
(
x2 ⊗ b3

)
⊕ x3

y4 =
(
x1 ⊗ (b2 ∨ b3 ∨ b4)

)
⊕
(
x2 ⊗ (b3 ∨ b4)

)
⊕
(
x3 ⊗ b4

)
⊕ x4

y1 = x1

y2 = (x1 ⊗ b2)⊕ x2

y5 =
(
x1 ⊗ (b2 ∨ b3 ∨ b4 ∨ b5)

)
⊕
(
x2 ⊗ (b3 ∨ b4 ∨ b5)

)
⊕
(
x3 ⊗ (b4 ∨ b5)

)
⊕ (x4 ∨ b5)⊕ x5
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Operator •

• :
(
R× {0, 1}

)
×
(
R× {0, 1}

)
→
(
R× {0, 1}

)
(

x
b1

)
•
(

y
b2

)
=
(

(x ⊗ b2)⊕ y
b1 ∨ b2

)

15
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Segmented Scan via •

yi =

{
x1 if i = 1

(yi−1 ⊗ bi )⊕ xi if i > 1

6 3 4 6 7 9 3 4 6 74 6 9 1 3

3 3 1 2 1 2 3 1 2 14 2 3 1 2X :

Y :

0 1 0 0 0 0 1 0 0 01 0 0 1 0b :

(
x
b1

)
•
(

y
b2

)
=
(

(x ⊗ b2)⊕ y
b1 ∨ b2

)
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Segmented Scan via •

(yi
b′i

)
=

{(x1
b1

)
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(
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Segmented Prefix Sums via •

Y :

0 1 0 0 0 0 1 0 0 01 0 0 1 0b :
3 3 1 2 1 2 3 1 2 14 2 3 1 2X :

b′ :

(yi
b′i

)
=

{(x1
b1

)
if i = 1(yi−1

b′i−1

)
•
(xi

bi

)
=
((yi−1⊗bi )⊕xi

b′i−1∨bi

)
if i > 1

Segmented scan ⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1
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Segmented Prefix Sums via •

4Y :

0 1 0 0 0 0 1 0 0 01 0 0 1 0b :
3 3 1 2 1 2 3 1 2 14 2 3 1 2X :

1b′ :

(yi
b′i

)
=

{(x1
b1

)
if i = 1(yi−1

b′i−1

)
•
(xi

bi

)
=
((yi−1⊗bi )⊕xi

b′i−1∨bi

)
if i > 1

Segmented scan

(y1
b′1

)
=
(x1

b1

)
=
(4

1

)
⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1
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Segmented Prefix Sums via •

4 6Y :
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1 1b′ :

(yi
b′i

)
=

{(x1
b1

)
if i = 1(yi−1

b′i−1

)
•
(xi
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)
=
((yi−1⊗bi )⊕xi

b′i−1∨bi

)
if i > 1

Segmented scan

(y2
b′2

)
=
((y1⊗b2)⊕x2

b′1∨b2

)
=
((4⊗0)⊕2

1∨0

)
⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1
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)
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•
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=
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if i > 1

Segmented scan

(y3
b′3

)
=
((y2⊗b3)⊕x3

b′2∨b3

)
=
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1∨0

)
⊗ : R× {0, 1} → R

z ⊗ b =
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z if b = 0

I⊕ if b = 1
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Segmented scan

(y4
b′4

)
=
((y3⊗b4)⊕x4

b′3∨b4

)
=
((9⊗1)⊕1

1∨1

)
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z ⊗ b =
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I⊕ if b = 1
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•
(xi

bi
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=
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if i > 1

Segmented scan

(y5
b′5

)
=
((y4⊗b5)⊕x5

b′4∨b5

)
=
((1⊗0)⊕2

1∨0

)
⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1
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Segmented Prefix Sums via •
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z ⊗ b =
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z if b = 0

I⊕ if b = 1

(y6
b′6

)
=
((y5⊗b6)⊕x6

b′5∨b6

)
=
((3⊗0)⊕3

1∨0

)
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1

⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1

(y7
b′7

)
=
((y6⊗b7)⊕x7

b′6∨b7
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=
((6⊗1)⊕3

1∨1
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z ⊗ b =
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z if b = 0
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• is associative

• :
(
R× {0, 1}

)
×
(
R× {0, 1}

)
→
(
R× {0, 1}

)
( x

b1

)
•
( y

b2

)
=
((x⊗b2)⊕y

b1∨b2

)
Claim. • is associative:((

x
b1

)
•
(

y
b2

))
•
(

z
b3

)
=
(

x
b1

)
•
((

y
b2

)
•
(

z
b3

))
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Defining •
• :
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R× {0, 1}

)
×
(
R× {0, 1}

)
→
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R× {0, 1}
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( x

b1

)
•
( y

b2

)
=
((x⊗b2)⊕y

b1∨b2

)

⊗ : R× {0, 1} → R

x ⊗ b =

{
x if b = 0

I⊕ if b = 1
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Defining Segmented Applications

Define ⊕ : R× R→ R
Associative operator
Left identity I⊕ I⊕ ⊗ x = x

(x ⊕ y )⊕ z = x ⊕ (y ⊕ z)
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if i < j then

pivot = RANDOM(i , j)
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in parallel do
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1 nprocedure QUICKSORT(A[1..n])
segs = new array of n bits
for i = 2 to n in parallel do segs[i ] = 0
segs[1] = 1 . initialize segments
while not SORTED(A[1..n]) do

SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n])
UPDATE-SEGS(segs[1..n], p[1..n])
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Segmented Partition
procedure SEG-PARTITION(A[1..n], segs[1..n])

pivots, flags = new arrays of size n
for i = 1 to n in parallel do

if segs[i ] = 1 then pivots[i ] = A[i ]
SEG-BROADCAST(pivots, segs)
for i = 1 to n in parallel do

if A[i ] ≤ pivots[i ] then flags[i ] = 1
else flags[i ] = 0

k [1..n] = SEG-FILTER(A[1..n], flags[1..n])
pivotF lags = new array of size n
for i = 1 to n in parallel do

pivotF lags[i ] = 0
if segs[i ] = 1 then

SWAP(A[i ], A[k [i ]])
pivotF lags[k [i ]] = 1

return pivotF lags[1..n]
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Segmented Randomize Pivots
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procedure SEG-RANDOMIZE-PIVOTS(A[1..n], segs[1..n])
star t , end = new arrays of size n
for i = 1 to n in parallel do

if segs[i ] = 1 then star t [i ] = i
SEG-BROADCAST(star t [1..n], segs[1..n])
for i = 1 to n in parallel do

if i = n OR segs[i + 1] = 1 then end [star t [i ]] = i
for i = 1 to n in parallel do

if seg[i ] = 1 then
r nd = RANDOM(star t [i ], end [i ])
SWAP(A[i ], A[r nd ])
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SEG-BROADCAST(star t [1..n], segs[1..n])
for i = 1 to n in parallel do

if i = n OR segs[i + 1] = 1 then end [star t [i ]] = i
for i = 1 to n in parallel do

if seg[i ] = 1 then
r nd = RANDOM(star t [i ], end [i ])
SWAP(A[i ], A[r nd ])
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QUICKSORT(A[1..n]) Analysis

procedure QUICKSORT(A[1..n])
segs = new array of n bits
for i = 2 to n in parallel do segs[i ] = 0
segs[1] = 1 . initialize segments
while not SORTED(A[1..n]) do

SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n])
UPDATE-SEGS(segs[1..n], p[1..n])

Analysis:

O(log n) iterations of the while loop in expectation

Each iteration:
T (n) = O(log n)

W (n) = O(n)
Total: T (n) = O(log2 n)

W (n) = O(n log n)

Expected
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