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Lecture 6: Segmented Prefix Sums
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QUICKSORT Review

procedure QUICKSORT(A[/..f])
if /| < jthen
pivot = RANDOM(/, f)
SWAP(A[/], Alpivot])

10{12|16(25{ 5|4 (19| 8

k = PARTITION(A[i..j]) PARTITION(A[!../])
in parallel do
QUICKSORT(A[i..k — 1]) 8|5|4(10{12[16|25|19
QUICKSORT(A[k + 1..j]) ~ - o~
Recurse Recurse
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QUICKSORT Review

procedure QUICKSORT(A[/..f])
if /| < jthen
pivot = RANDOM(/, f)
SWAP(A[/], Alpivot])

5(12|16(25|10{ 4 |19| 8

k = PARTITION(A[i..j]) PARTITION(A[!../])
in parallel do
QUICKSORT(A[I..k — 1]) 415/[12[16[25/10]19] 8
QUICKSORT(A[k + 1..]]) —
Recurse Recurse
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QUICKSORT Review

procedure QUICKSORT(A[/..f])
if /| < jthen
pivot = RANDOM(/, f)
SWAP(A[/], Alpivot])

5(12|16(25|10{ 4 |19| 8

k = PARTITION(A[i..j]) PARTITION(A[!../])
in parallel do
QUICKSORT(A[I..k — 1]) 415/[12[16[25/10]19] 8
QUICKSORT(A[k + 1..]]) —
Recurse Recurse

Allocating processors to recursive calls?
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Segmented Prefix Sums

b : 110(011]0(0|1]0
X: [4|12|3|1]|2|3|3]|1
Y: |4/6/9|1|3|6|3|4
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Segmented Prefix Sums

b : 110|10(1{0(0|1]0|0(0(0|1]0]{0]|0

X : 412(3|11(2(3|3[|1[|2(1|2|3|1]|2|1

Goal: Segmented Prefix Sums via an associative operator e
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eminder: Prefix Sums

X: 315234157 215216 9

Y: 3 4 9 1114181924 31 33 34 39 41 4248 57




eminder: Prefix Sums

X: 131523 4157215216 9

Y: 3 4 9 1114|18{19 24 31 33 34 39 41 42 48 57

/

Ve = X1 +Xo+ X3+ Xq4+ X5+ Xp




Reminder: Prefix Sums

X: 131523 4157215216 9

Y: 3 4 9 1114{18{19 24 31 33 34 39 41 42 48 57

/

Ve = X1 +Xo+ X3+ Xq4+ X5+ X
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Reminder: Prefix Sums

X: 131523 4157215216 9

Y: 3 4 9 1114{18{19 24 31 33 34 39 41 42 48 57

/

Ve = X1 +Xo+ X3+ Xq4+ X5+ X

Vieqi+ X it > 1

/ X if i =1
Yi= > X y,-={1
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Prefix Scan via @&

Prefix Sums

X1 if i =1
/= Vie1+xp it > 1




Prefix Scan via @&

Prefix Sums
X1 ifi=1
Yi = .
Viei+x; it > 1
Prefix Min
X if i =1
O min(y,_1, X)) ifi > 1
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Prefix Scan via @&

Prefix Sums
X1 ifi=1
Yi = .
Viei+x; it > 1
Prefix Min
IS if i =1
O min(y,_1, X)) ifi > 1

Prefix copy (broadcast)

|

X1
COPY(Yi—1, X;)

ifi =1
if i > 1
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Prefix Scan via @&

For any associative operator &

Prefix S
refix Sums o RxR— R
£ i
y,-={x1 o [x = 1
Vi—1 + X; it/ > Vi = y,'_1@X,' > 1
Prefix Min

X if = 1
/S min(y,_1, X)) ifi > 1

Prefix copy (broadcast)

o X1 ifi=1
/= COPY(Yi_1,X;) ifi> 1
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Prefix Scan via @&

For any associative operator &

Prefix S
refix Sums D RXR R
£ i

y,-={x1 o {x i =1

Vi—1 + X; it/ > Vi = y,'_1@X,' > 1

Prefix Min
double ©(double a, double b)

i = X Iti =1 return a+ b > sum

min(y,-_1,x,-) ifi>1

Prefix copy (broadcast)

B X1 ifi=1
Vi = COPY(yi_1,X;) ifi>1
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Prefix Scan via @&

Prefix Sums

Yi

|

X1 ifi=1
Viei+x; it > 1

Prefix Min

Yi

|

X1

min(y;—1, X;)

if i =1
if i > 1

Prefix copy (broadcast)

For any associative operator &

P:RxR—-=R

Yi =

|

X1
Yi—1 D X;

if /=1
if i > 1

double ©(double a, double b)

return min(a, b)

> min

Yi

|

X1
COPY(Yi—1, X;)

if /=1
if i > 1
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Prefix Scan via @&

For any associative operator &

Prefix S
refix Sums o RxR— R
£
y,-={x1 o {x i =1
Vi—1 + X; it/ > Vi = y,'_1@X,' > 1
Prefix Min

double ©(double a, double b)

_ )X it =1 return a > copy
Yi = . .
min(y;_1,%;) ifi>1

Prefix copy (broadcast)

B X1 ifi=1
Vi = COPY(yi_1,X;) ifi>1
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Prefix Scan via @&

For any associative operator &

Prefix S
refix Sums o RxR— R
£ i
y,-={x1 o [x = 1
Vi—1 + X; it/ > Vi = y,'_1@X,' > 1
Prefix Min

E.9.0 ya=((x1 D X2) D X3) D X4
{m if i = 1 = X1 D X2 D X3 D Xg
Yi =

min(yi_1, X;) if i > 1

Prefix copy (broadcast)

o X1 ifi=1
/= COPY(Yi_1,X;) ifi> 1
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Prefix Scan via @&

Prefix Sums

X1 ifi=1
Yi = o
Viei+x; it > 1

Prefix Min

X if = 1
/S min(y,_1, X)) ifi > 1

Prefix copy (broadcast)

For any associative operator &
G- RxR—-R

Yi =

|

X1
Yi—1 D X;

if /=1
if i > 1

E.g.: Ya=((X1 ©Xx2) D X3) D Xa

= Xj @XQ@X3@X4

B X1 ifi=1
Vi = COPY(yi_1,X;) ifi>1

procedure SCAN(, X, i)
if / =1 then
return X[1]

else

return SCAN(®, X,/ — 1) @ X[/]
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Recursive Segmented Prefix Sums

b: 1(0{0(1{0|0f1]0]0({0]|0f1]0
X : 41213|1|2|3[3|1]|2|1]2|3|1
Y 416/9|1|3|6(3(4|6|7]9|3|4
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Recursive Segmented Prefix Sums

b :

X :
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Vi =<
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Recursive Segmented Prefix Sums

b :

X :
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Recursive Segmented Prefix Sums

b: 110/0(1{0{0|1]0]0|0(0|1]0

X : 41213|1|2|3[3|1]|2|1]2|3|1

Y: 416/9|1|3|6(3(4|6|7]9|3|4

X1
Yi=<{Yi1+Xi if b =0
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Recursive Segmented Prefix Sums

b: 110/0(1{0{0|1]0]0|0(0|1]0

X : 41213|1|2|3[3|1]|2|1]2|3|1

Y: 416/9|1|3|6(3(4|6|7]9|3|4

X1
Yi=<{Yi1+Xi if b =0
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Recursive Segmented Prefix Sums

b :

X :

1(0/01110(0f1(0|0|0|0]|1]0
412131233121 |2|3]|1
416|911(3(6(3|4|6|7(9|3|4
(M if i =1
Yi=19§ | Vic1 + X ﬁbﬂ:o if > 1
\Xi |fb,'=1
'x1 if i =1
=< | Vi1 X 1+ X ﬁh=ﬂ) Fis
Vit X0+ X if b =1
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Recursive Segmented Prefix Sums

b :

X :

1(0/01110(0f1(0|0|0|0]|1]0
412131233121 |2|3]|1
416|911(3(6(3|4|6|7(9|3|4
(M if i =1
Yi=9q ) Yi-1+X ﬁb;=0 if > 1
\Xi |fb,'=1
'x1 ifi =1
=< | Vi1 X 1+ X ﬁh=ﬂ) Fis
N\y,-_1><O+X,' Ifb,'=1
_<‘M ifi=1
- if i > 1
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Recursive Segmented Prefix Sums

b :

X :

110/0(1(0|0]1]0(0|0]|0]|1]0
412131233 |1|2|1|2|3|1
416/9(1(3|6|3|4|6|7(|9]|3|4
( X if i =1
Yi=9q ) Yi-1+X ﬁb;=0 if > 1
\Xi |fb,'=1
(X, if i =1
=< y,'_1><1+X,' |fb,= ifi> 1
([ Yie1 X0+ x| _if b =
_<‘M if i =1
- if i > 1
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\y,'_1 X (1 — b,) + X

0+ Xx =X




Recursive Segmented Prefix Sums
b: [1]ofo[1]oJo[1]oJoJo[o[1[o]oTo

X : 412131123 |3|1|2|1|2|3|1|2|1
Y 4/6/9(113/6|3]|4|6|/7|9|3|4|6|7
( X if /=1
Yi=9q ) YVi-1+X ?fb,-=0 if > 1
\ X |fb,'=1
) .
X1 - . It/ =1 y,'_1><1=yi_1
=<{y,-1><1+x,~ thi=0 o
y,-_1><0+x,-F|fb,-=1
) 0+ X =X
_)x if i =1
S x (M= b)+x P>
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Recursive Segmented Prefix Sums
b: [1]ofo[1]oJo[1]oJoJo[o[1[o]oTo

X : 412(3|11(2(3|3[|1[|2(1|2|3|1|2|1

Y : 416/9|1(3|6(3|4|6|7(9|3|4|6|7

(X if i = 1
= 14+ X, ifb =0
Yi <{y/1+/ | j > 1 I =1
L (X It b; = 1 is the identity of x
/ ep
X - - ifji =1 Vi X1 = iy
- - Ix 1+ x ifb =
| Lzt =0
Yi—1 X 0+ X;| _1f bj =1
. o 0+ X =X
- = L =0
Yicr X (T —=bi) + X 1T1>1 is the identity of +
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& operator

X1 if i =1

yi=< [(yiog x 1) +x ifb=0
(Vi x 0)+x; ifbj=1

if i > 1

(X i i = 1

Vi—1 + X if b,‘ =0
L 0+ X ifb,'=1

if i > 1




& operator

X1

ifi=1

(Vie1 X 1) + X
(Vi1 X 0) + X;

if bj =0
if bj =1

if i > 1

if /=1

Vi1 + X If b,‘ =0
0+ X ifb,'=1

if i > 1




& operator

X, if i = 1
(y,'_1 X 1)@X,‘ if bj =0
(y,'_-| X O) D X; if bi = 1

if i > 1

if /=1

yi1+x ifb=0
0+ X; if by = 1

if i > 1




& operator

X, if i = 1
(y,'_1 X 1)@X,‘ if bj =0
(y,'_-| X O) D X; if bi = 1

if i > 1

if /=1

Yi_1+X b =0
I++X,' ifb,'=1

if i > 1




& operator

X1

(Vie1 ® b)) & x;
(Vie1 ® b)) @ x;

if b =0
if by = 1

if /=1

Vi1 + X If b,‘ =0
I++X,' ifb,'=1

if i > 1




& operator

X1

{

(Vie1 ® b)) & x;
(Vie1 ® b)) @ x;

if b =0
if by = 1

if /=1

{

Vi1 + X If b,‘ =0
I++X,' ifb,'=1

if i > 1

®:Rx{0,1} - R




& operator

X1

{

(Vie1 ® b)) & x;
(Vie1 ® b)) @ x;

if b =0
if by = 1

if /=1

{

Vi1 + X If b,‘ =0
I++X,' ifb,'=1

if i > 1

®:Rx{0,1} - R

|

Z

Iy

ifb=20
if b=1




& operator

( x; if i = 1
Yi=9q )|(Vic1 ® bj) ® X ?fb/=0 £ 1
Vi1 ®b) DX it =1
(X if i = 1
=<{yf—1+xf Toi=01 i< 1
L+ X if bj =1
Examples:
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& operator

( x; if i = 1
Yi=9q )|(Vic1 ® bj) ® X ?fb/=0 £ 1
Vi1 ®b) DX it =1
(X if i = 1
=<{yf—1+xf Toi=01 i< 1
L+ X if bj =1
Examples:
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& operator

( x; if i = 1
Yi=9q )|(Vic1 ® bj) ® X ?fb/=0 £ 1
Vi1 ®b) DX it =1
(X if i = 1
=<{yf—1+xf Toi=01 i< 1
L+ X if bj =1
Examples:
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& operator

( x; if i = 1
Yi=9q )|(Vic1 ® bj) ® X ?fb/=0 £ 1
Vi1 ®b) DX it =1
(X if i = 1
=<{yf—1+xf Toi=01 i< 1
L+ X if bj =1
Examples:
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& operator

( x; if i = 1
Yi=9q )|(Vic1 ® bj) ® X ?fb/=0 £ 1
Vi1 ®b) DX it =1
(X if i = 1
=<{yf—1+xf Toi=01 i< 1
L+ X if bj =1
Examples:
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& operator

X if i =1
y,-=<{(y,-_1®b,->@x,- =0 .|
X (Yi—1®b,-)@x,- if b = 1
(X if i = 1
= i—1+X It b = .
Y Y1 X !b 0 ifi > 1
L+ X if bj =1

Examples:
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& operator

( X if i =1
y,-=<{(y,-_1®b,->@x,- =0 .|
Vi1 ®b) DX it =1
(X if i = 1
=\ Jrmrrx =00

L+ X if bj =1

Examples:
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& operator

( X if i =1
y,-=<{(y,-_1®b,->@x,- =0 .|
Vi1 ®b) DX it =1
(X if i = 1
=\ Jrmrrx =00

L+ X if bj =1

Examples:
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Segmented Scan via ¢ and ®

Segmented Prefix Sums

(X if i = 1
Yi=9Q | Vic1 X1+x; ifb=0
L Vie1 X0+ X if b =1

—h

if i >

(X if i =1

=< |Yi—1+Xx ifb=0
\ 0+ X ifb,'=1

if i > 1

b: 110(0(110]0(1]010

X : 412311123 |3|1]2

Y : 416|19(1|3|6(3(4|6
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Segmented Scan via ¢ and ®

Segmented Prefix Sums

2 Rx{0,1} > R

(X if i = 1 z ifb=0
- i Z®b={/ it b =1
Vi = 1 y,-_1><1+x,- !fb,'=0 T ® =
\ y,'_1><0+X,' Ifb,'=1
X4 if i = 1
=<{n1+xi?ﬂw=0 o
L 0+ X; Ifb,'=1
b : 110/0111]0 110 O|110(0(0
X : 412131112 31 213121
Y : 41619113 314 91314 |6|7
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Segmented Scan via ¢ and ®

Segmented Prefix Sums

y

X1 if i =1
Vi=< |Vvici x1+x ﬁa=0 i
X y,-_1><0+x,- Ifb,'=1
X i i = 1
S | Yie1 + X | i i 1
L 0+ X; if b,‘ =1
Segmented Scan
[ Xi if i = 1
Vi = < (_Vi—1 %Y b,) dx; ifb =0
X (}/i—1 &) b,) dx; ifb =1
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ifi > 1

2 Rx{0,1} > R

Z®b={z
lgy

fb=0
if b=1




Segmented Scan via ¢ and ®

Segmented Prefix Sums

y

X1 ifi=1
y,'_1><1+X,' Ifb,=0 7> 1
L Vie1 X0+ X if b =1
(X if j = 1
- . f b — O
Yi—1ta o 7> 1
\ 0+ X If b,‘ = 1
Segmented Scan
(X4 if j = 1
(Vi1 ® b)) D X; ?”W=0 £is
Vi1 ®@b) DX if b =1
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2 Rx{0,1} > R

|

z 1fb=0
Z® b= _

I@ if b=1
X if i =1
Yic1 @ b)) & x; it >1




Algebra with & and ®

b: 110/0(1{0{0]1]0|0|0|O0

X : 412|13[(1]2|3[3[1]|2|1]|2

i = X1 if 1 =1
i ob)e x>
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Algebra with & and ®

b: 110/0(1{0{0]1]0|0|0|O0

X : 412|13[(1]2|3[3[1]|2|1]|2

i = X1 if 1 =1
i ob)e x>
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Algebra with & and ®

b: 110/0(1{0{0]1]0|0|0|O0

X : 412|13[(1]2|3[3[1]|2|1]|2

i = X1 if 1 =1
i ob)e x>
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Algebra with @ and &

b: 110/0(1{0{0]1]0|0|0|O0

X : 412|13[(1]2|3[3[1]|2|1]|2

Y : 416/9(1/3|6(3(4|6|7|9

,o 4 7= 1
Tl ob)® X ifi>1

Y1 =X
Yo =(y1 @ b)) @ Xxo = (X1 Q bz) D X0
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Algebra with @ and &

b: 110/0(1{0{0]1]0|0|0|O0

X : 412|13[(1]2|3[3[1]|2|1]|2

Y : 416/9(1/3|6(3(4|6|7|9

,o 4 7= 1
Tl ob)® X ifi>1

Y1 =X
Yo =(y1 @ b)) @ Xxo = (X1 Q bz) D X0
V3 = (Yo ® b3) ® X3
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Algebra with & and ®

b: 110({0|110|0(1]0|{0(0(0 |1

X : 412|13(1|2|3[3(]1]|2(1]2]|3

Y : 416|9(1/3(6|3|4(6|7|9|3

i = X1 if 1 =1
i ob)e x>

Y1 =X
Yo =(y1 @ b)) @ Xxo = (X1 Q bz) D X0

Y3 = (Y2 ® b3) ® X3 = (((X1 ® b2) B X2) ® bs) D X3
\—/
2.
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Distributive Property of ®

Property 1. ® distributes over &:
XPY)Qb=(xX®b)®(y®Db)
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Distributive Property of ®

Property 1. ® distributes over &: E.Q.
XBY)Rb=(Xx®b)®(y®b) (xX+y)-b=(x-b)+(y-b)
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Distributive Property of ®

Property 1. ® distributes over &: E.Q.
XBY)Rb=(Xx®b)®(y®b) (xX+y)-b=(x-b)+(y-b)
Proof.

(X B y)®b=
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Distributive Property of ®

Property 1. ® distributes over &: E.Q.
XBY)Rb=(Xx®b)®(y®b) (xX+y)-b=(x-b)+(y-b)
Proof. ®:Rx{0,1} - R
(XDYy)®Rb = @ e z iftb=0
lo4 ifb=1
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Distributive Property of ®

Property 1. ® distributes over &: E.Q.
XBY)Rb=(Xx®b)®(y®b) (xX+y)-b=(x-b)+(y-b)
Proof. ®:Rx{0,1} - R
if b = .
xpy) @b By TO=0 ,_ [z itb=o
Iy if b = 1 Z®b=q, o
D ifb=1
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Distributive Property of ®

Property 1. ® distributes over &: E.Q.
(xXPy)®b=(x®Db)®(y & b) (X+y)-b=(x-b)+(y-b)
Proof. ®:Rx{0,1} - R
if b = .
(x@y)®b={x@y to=0 Lopo )z ifb=0
o Tb=1 by ifb=1
(X ®b) D (y®b) =
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Distributive Property of ®

Property 1. ® distributes over &: E.Q.

XBY)Rb=(Xx®b)®(y®b) (xX+y)-b=(x-b)+(y-b)

Proof. ®:Rx{0,1} - R

if b = .

(x@y)®b={x@y to=0 Lopo )z ifb=0

o Tb=1 by ifb=1
fb=0
X®b)D(y®b)=
( )Y ) { D if b=1
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Distributive Property of ®

Property 1. ® distributes over &: E.Q.

XBY)Rb=(Xx®b)®(y®b) (xX+y)-b=(x-b)+(y-b)

Proof. ®:Rx{0,1} - R
if b = .

(x@y)®b={x@y to=0 Lopo )z ifb=0

o Tb=1 by ifb=1

X D fb=0

X®b)D(y®b)=

( )Y ) { D if b=1
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Distributive Property of ®

Property 1. ® distributes over &: E.Q.

XBY)Rb=(Xx®b)®(y®b) (xX+y)-b=(x-b)+(y-b)

Proof. ®:Rx{0,1} - R

if b = .

(x@w@m={x@y to=0 Lopo )z ifb=0

o Tb=1 by ifb=1
X&®y if b=0
X®b)D(y®b)=
( )Y ) { D if b=1
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Distributive Property of ®

Property 1. ® distributes over &: E.Q.
XBY)Rb=(Xx®b)®(y®b) (xX+y)-b=(x-b)+(y-b)
Proof. ®:Rx{0,1} - R
if b = .
xpy) @b By TO=0 ,_ [z itb=o
Iy if b = 1 Z®b=q, o
D ifb=1
X D fb=0
xobayeb =4 7 |
/@@ if b=1
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Distributive Property of ®

Property 1. ® distributes over &: E.Q.
XBY)Rb=(Xx®b)®(y®b) (xX+y)-b=(x-b)+(y-b)
Proof. ®:Rx{0,1} - R
if b = .
xpy) @b By TO=0 ,_ [z itb=o
Iy if b = 1 Z®b=q, o
D ifb=1
X D fb=0
xobeyeb={ |
/@@/@ if b=1
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Distributive Property of ®

Property 1. ® distributes over &:
XPY)Qb=(xX®b)®(y®Db)

E.Q.
(X+y)-b=(x-b)+(y-Db)

Proof.
xdy iftb=0
XDYy)Qb=
( Y) {l@ if b=1
XDy

u®bMMy®m={@ﬁw@=@

fb=0
if b=1

®:Rx{0,1} - R

z 1fb=0
Z® b= _
{/@ ifb=1
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Simplifying Expression

Y3 =(y2®b3) © X3 = (((X1 ® b2) B X2) ® b3) D X3




Simplifying Expression

V3 =(yo @ b3) ® x3 =

((x1 ® b2) & x2)




Simplifying Expression

V3 =(yo @ b3) ® x3 =




Simplifying Expression

Y3 =(y2®b3) © X3 = ((X1\®£2)@X2) ®1}3) D X3

= (((X1 ® bo) @ b3) ® (X ® b3)> D X3




Simplifying Expression

Y3 =(y2®b3) © X3 = (((X1 ® b2) B X2) ® bs) D X3

= (((X1 ® bo) @ b3) ® (X ® b3)> D X3
~_

?




Simplifying Expression
Y3 =(y2® b3) ® x3 = (((X1 ® b2) B X2) ® bs) D X3
= (((X1 ® b)) @ b3) D (% ® bs)) D X3

\/

?

Is ® associative?
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s ® associative?

®:Rx{0,1} - R

2 e z iftb=0
ey ifb=1

2z (b ® b)




Is ® associative?

2 Rx{0,1} > R

Z fb=0
Z® b= _
{I@ ifb=1

(zRb) @by = z® (b ® bo)

Interface: (R®{0,1}) ® {0, 1}

N/

R ® {0,1}

v

R
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Is ® associative?

Z®b={z
lgy

2 Rx{0,1} > R

fb=0
if b=1

(zRb) @by = z® (b ® bo)

Interface: (R®{0,1}) ® {0,1} R® ({0,1} ® {0,1})

NN/

R ® {0,1} R ® ??

v

R
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Is ® associative?

Z®b={z
lgy

2 Rx{0,1} > R

fb=0
if b=1

(z@ b)) @b # zQ& (b1 ® by)

Interface: (R®{0,1}) ® {0,1} R® ({0,1} ® {0,1})

NN/

R ® {0,1} R ® ??

v

R
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Is ® associative?

2 Rx{0,1} > R

Z fb=0
Z® b= _
{I@ ifb=1

(z@ b)) @b # zQ& (b1 ® by)

Interface:
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Is ® associative?

2 Rx{0,1} > R

Property 2. ® is NOT associative z ifb=0
ZQR b= _
I@ if b=1

(z@ b)) @b # zQ& (b1 ® by)

Interface:
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Simplifying Expression

Y3 =(y2®b3) © X3 = (((X1 ® b2) B X2) ® bs) D X3

= (((X1 ® bo) @ b3) ® (X ® b3)> D X3
~_

?




Simplifying Expression
Y3 =(y2® b3) ® x3 = (((X1 ® b2) B X2) ® bs) D X3

= (1 2 b) @ bs) @ (2 b)) @ X

~_
?

Truth Table
b by (X1 ®b2) ® b3 bo V bs X1 ® (b2 V bs)
O O 0
0 1 1
1 0 1
1 1 1
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Simplifying Expression

Y3 = (V2 ® b3) B X3 = (((X1 ® bo) D Xp) ® b3) P X

®:Rx{0,1} - R
= (1 @ b) @ bs) © (e @

\/ Z fb=0
Z® b= _
? I@ if b=1
Truth Table
b b3 (X1 ®b)® b3 b V b3 X1 ® (b2 V b3)
O O 0
0 1 1
1 0 1
1 1 1
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Simplifying Expression

Y3 = (V2 ® b3) B X3 = (((X1 ® bo) D Xp) ® b3) P X

®:Rx{0,1} - R
= (1 @ b) @ bs) © (e @

\/ Z fb=0
Z® b= _
? I@ if b=1
Truth Table
b b3 (X1 ®b)® b3 b V b3 X1 ® (b2 V b3)
O O Xi 0
0 1 1
1 0 1
1 1 1
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Simplifying Expression

Y3 = (V2 ® b3) B X3 = (((X1 ® bo) D Xp) ® b3) P X

®:Rx{0,1} - R
= (1 @ b) @ bs) © (e @

\/ Z fb=0
Z® b= _
? I@ ifb=1
Truth Table
b b3 (X1 ®b)® b3 b V b3 X1 ® (b2 V b3)
0 X1 0

loy

0
0
1
1

1 1
0 1
1 1
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Simplifying Expression

Y3 = (V2 ® b3) B X3 = (((X1 ® bo) D Xp) ® b3) P X

®:Rx{0,1} - R
= (1 @ b) @ bs) © (e @

\/ Z fb=0
Z® b= _
? I@ if b=1
Truth Table
b b3 (X1 ®b)® b3 b V b3 X1 ® (b2 V b3)
O O Xi 0
0 1 I 1
1 0 I 1
1 1 1
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Simplifying Expression

Y3 = (V2 ® b3) B X3 = (((X1 ® bo) D Xp) ® b3) P X

®:Rx{0,1} - R
= (1 @ b) @ bs) © (e @

\/ Z fb=0
Z® b= _
? I@ if b=1
Truth Table
b b3 (X1 ®b)® b3 b V b3 X1 ® (b2 V b3)
O O Xi 0
0 1 I 1
1 0 I 1
1 1 I 1
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Simplifying Expression

Y3 = (V2 ® b3) B X3 = (((X1 ® bo) D Xp) ® b3) P X

®:Rx{0,1} - R
= (1 @ b) @ bs) © (e @

\/ Z fb=0
Z® b= _
? I@ if b=1
Truth Table
b b3 (X1 ®b)® b3 b V b3 X1 ® (b2 V b3)
0 0 X1 0 X1
0 1 I 1
1 0 I 1
1 1 I 1
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Simplifying Expression

Y3 = (V2 ® b3) B X3 = (((X1 ® bo) D Xp) ® b3) P X

®:Rx{0,1} - R
= (1 @ b) @ bs) © (e @

\/ Z fb=0
Z® b= _
? I@ if b=1
Truth Table
b b3 (X1 ®b)® b3 b V b3 X1 ® (b2 V b3)
0 0 X1 0 X1
0 1 I 1 I
1 0 I 1
1 1 I 1
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Simplifying Expression

Y3 = (V2 ® b3) B X3 = (((X1 ® bo) D Xp) ® b3) P X

®:Rx{0,1} - R
= (1 @ b) @ bs) © (e @

\/ Z fb=0
Z® b= _
? I@ if b=1
Truth Table
b b3 (X1 ®b)® b3 b V b3 X1 ® (b2 V b3)
0 0 X1 0 X1
0 1 I 1 I
1 0 I 1 I
1 1 I 1 I
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Simplifying Expression
Y3 = (Y2 ® b3) © X3 = (((x1 ® bo) ® X2) ® b3) P X

= (((x1 ® bo) ® b3) @ (x2 ® b

®:Rx{0,1} - R

\/ Z fb=0
Z® b= _
? I@ if b=1
Truth Table
by by |(X1 ® b)) ® bs by V b3 X1 @ (bz V bs)
0 0 X1 0 X1
0 1 I 1 I
1 0 I 1 I
1 1 I 1 I
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Simplifying Expression
Y3 = (Y2 ® b3) © X3 = (((x1 ® bo) ® X2) ® b3) P X

= (1 @ b) @ bs) © (e @

®:Rx{0,1} - R

\/ Z fb=0
Z® b= _
? I@ if b=1
Truth Table
b b3 (X1 ®b)® b3 b V b3 X1 ® (b2 V b3)
0 0 X1 0 X1
0 1 I 1 I
1 0 I 1 I
1 1 I 1 I

Property 2. ® is NOT associative
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Simplifying Expression
Y3 = (Y2 ® b3) © X3 = (((x1 ® bo) ® X2) ® b3) P X

= (1 @ b) @ bs) © (e @

®:Rx{0,1} - R

\/ Z fb=0
Z® b= _
? I@ if b=1
Truth Table
b b3 (X1 ®b)® b3 b V b3 X1 ® (b2 V b3)
0 0 X1 0 X1
0 1 I 1 I
1 0 I 1 I
1 1 I 1 I

Property 2. &® is semi-associative, with \/ as the companion operator:
(X1 ® b1) @ bo = X1 ® (b1 V bo)
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Simplifying Expression

Y3 = (Y2 @ b3) B X3 = (((X1 R bo) B X2) @ bs) D X3

= (((X1 X b)) ® b3) %) (X2 02y bS)) D X3
= ((x1 X (b V b3)) s> (Xz ® bs)) D X3
Truth Table

bo by [(x1 @ b)) @ by b V bs X1 @ (bp V b3)
0O O X 0 X
0 1 /@ 1 l@
1 0 I@ 1 I@
1 1 B 1 s

Property 2. &® is semi-associative, with \/ as the companion operator:
(X1 ® b1) @ bo = X1 ® (b1 V bo)
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Simplifying Expression

Y3 =(y2®b3) © X3 = (((X1 ® b2) B X2) ® bs) D X3

= (((X1 ® bo) @ b3) ® (X ® b3)> D X3

- ((x1 ® (bo V b3)) D (Xz ) bs)) D X3




Simplifying Expression

( )
(x1 @ b2) ® b3) @ (% ® b3)) D X3
( )

X1 @ (b V bs)) @ (% @ bs)) B X3
= (x1 @ (b2 V bg)) @ (%2 ® b3) © X3
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Simplifying Expression

=
Il
>
020
g
S
X
Il
1 /N
7~ N\
—~
B
)
>
<
S
N
S>
—~
9
020
&
~—
S
&
N—
)
&
S>
X

Nodari Sitchinava — Advanced Parallel Algorithms



Simplifying Expression

= (x1 @ (b2 V bg)) @ (%2 ® b3) © X3

Ya=(y3® bs) DXy = ((X1 ® (b V b3)) © (X2 ® bs) EBXs) ® b4} D X4

- [([x1 ® (b2 V b3)] ® by) B ((x2 @ bs) @ by) ® (X5 ® b4)] B X
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Simplifying Expression

= (x1 ® (bo V b3)) D (X2 X bs) D X3

Ya=(y3® bs) DXy = ((X1 ® (b V b3)) © (X2 ® bs) @Xs) ® b4} D X4

- [([x1 ® (bo V b3)] ® by) @ ((xo ® b3) ® by) @ (x3 ® b4)} D Xq

Property 2. &® is semi-associative, with \/ as the companion operator:
(X1 ® b1) @ bo = X1 ® (b1 V bo)
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Simplifying Expression

( )
((X1 ® bp) ® b3) D (Xz &) b3)) D X3
( )

X1 @ (b V bs)) @ (% @ bs)) B X3
= (x1 @ (b2 V bg)) @ (%2 ® b3) © X3

Ya=(y3® bs) DXy = ((X1 ® (b V b3)) © (X2 ® bs) @Xs) ® b4} D X4

- :([x1 ® (bo V b3)] ® by) @ ((xo ® b3) ® by) @ (x3 ® b4)} D Xq

(X1 @ (b2 V b3 V bs)) & (X2 ® (b3 V bg)) @ (X3 ® m)} D Xy

Property 2. &® is semi-associative, with \/ as the companion operator:
(X1 ® b1) @ bo = X1 ® (b1 V bo)
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Simplifying Expression

= (x1 @ (b2 V bg)) @ (%2 ® b3) © X3

Ya=(y3® bs) DXy = ((X1 ® (b V b3)) © (X2 ® bs) EBXs) ® b4} D X4

- :([x1 ® (b2 V b3)] ® by) B ((x2 @ bs) @ by) ® (X5 ® b4)] B X

= :(X1 ® (bo V by V b4)> &b (X2 ® (bs V b4)) S> (XS X b4)} D Xq
= (x1 ® (b2 V b3V by)) ® (x2 @ (b3 V bg)) ® (X3 ® bs) D Xg
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Yi=X
Yo = (X1 @ b2) ® X2
ys = (X1 ® (b2 V b3)) & (X2 @ bs) & X3

Ya=(x1 @ (b2 V bV by)) @ (X2 @ (bs V b)) @ (X3 @ bs) © X4




ya=(x1 ® (b2 V bs)) @ (X @ bs) @ X3

(
Ya=(x1 @ (b2 V bV by)) @ (X2 @ (bs V b)) @ (X3 @ bs) © X4
(

o= (X1 @ (b2 V b3V bs V bs)) & (%2 ® (b3 \V by V bs))
EB(X3 ® (bs V b5)) D (X4 V bs) D X5




Operator e




Operator e

o: (Rx{0,1}) x (Rx{0,1}) = (R x{0,1})




Operator e

o: (Rx{0,1}) x (Rx{0,1}) = (R x{0,1})

(0)-(0)- (o3
b1 bz - b1\/b2




Segmented Scan via e

b: 110(0|110(0({1]0]|0(0|0

X : 412|13[(1]2|3[3[1]|2|1]|2

Y : 416|9(1/3(6|3|4|6|7|9

i = X1 ifi =1
i b)® X P>

(o) (0)= ("o ")
b; b,) by VV bs
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Segmented Scan via e

b: 110(0|110(0({1]0]|0(0|0

X : 412|13[(1]2|3[3[1]|2|1]|2

Y : 416|9(1/3(6|3|4|6|7|9

i = X1 ifi =1
i b)® X P>

<X> . (Y> B ((X®b2)@y>
b1 b2 - b1\/b2
Scan

[x i = 1
Ty ox >
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Segmented Scan via e
b: [1]ofJo[1oJo[1]oJoJolo[1]o]oTo

X : 4123111233 (1[|2(1[|2|3|1|2|1

Y : 416(9|1113|6|3(4|6(7]|9|(3(|4|6|7/

yi = X1 ifi=1
i ob)ex  ifi>

(o) (0)= ("o ")
b; b,) by VV bs

Scan
X; ifi=1] |,
M_{%1@miﬂ>1 Q»“{

;) fi=
e i1

i—1
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Segmented Scan via e
b: [1]ofJo[1oJo[1]oJoJolo[1]o]oTo

X : 4123111233 (1[|2(1[|2|3|1|2|1

Y : 416(9|1113|6|3(4|6(7]|9|(3(|4|6|7/

yi = X1 ifi=1
i ob)ex  ifi>

(o) (0)= ("o ")
b; b,) by VV bs

Scan
X; ifi=1] |,
M_{%1@miﬂ>1 Q»“{

() if i =1
i . R —
(57) e G) = (g >

i—1
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Segmented Scan via e
b: [1]ofJo[1oJo[1]oJoJolo[1]o]oTo

X : 4123111233 (1[|2(1[|2|3|1|2|1

Y : 416(9|1113|6|3(4|6(7]|9|(3(|4|6|7/

Scan

X4 ifi=1] |,
y'_{ym@x,- if i > 1 (bf’)_{

6 fi=1

(b o () = =) ifi>
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Segmented Scan via e
b: [1]ofJo[1oJo[1]oJoJolo[1]o]oTo

X : 4123111233 (1[|2(1[|2|3|1|2|1

Y : 416(9|1113|6|3(4|6(7]|9|(3(|4|6|7/

yi = X1 if/ =1
TNy ob) @ x| ifi>1

(o) (0)= ("o ")
b; b,) by VV bs

Scan Segmented scan

o lx if i =1 ) - () if i =1
T lyiex fis1 |

b, Vb

Yi—1 Xi\ _ (|(Vi—1®b)Dx 1 g
(1) e (5) = &5 ) ifi>1
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Segmented Prefix Sums via e

T < o X
-
o
o
_
o
o
_
o
o
o
o
_
o
o
o

Segmented scan ®:Rx{0,1} =R

| (5) if i =1 _—
(t})/?) - {(}31) ° (Xi) _ ((Yi—1®bi)@Xi) if i > 1 ZR b= {Z o=

) ® b b._,Vb, ly ifb=1
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Segmented Prefix Sums via e

w
N
w

N

—h

N
N
—h

SN
oln
o
—h

-
-
—h

-

-
—h
-

SN

T < o X

&) = G) =)

Segmented scan
y (5) if j =1
LA

_ ((YI—1®bi)@Xi) if i > 1

bi/—1 V bj
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®:Rx{0,1} > R
z ifb=0
Iy ifb=1

z®b




Segmented Prefix Sums via e

N
w
W
—h
N
—h
N
w
—h
N
—h

3|1
0

4
1
4
1

— (O O N

T < o X

(5) = ("52) = (452

Segmented scan ®:Rx{0,1} =R

| (5) if i =1 _—
(t})/?) - {(}31) ° (Xi) _ ((Yi—1®bi)@Xi) if i > 1 ZR b= {Z o=

) ® b b._,Vb, ly ifb=1
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Segmented Prefix Sums via e

4
1

4
1

— | —h
O
oW
— W
ol —
O
o|l—
O
el (V)
o|l—
O
Ol —

T < o X
~lo o
|| ow

(5) = (=5208) = (°08°)

Segmented scan ®:Rx{0,1} =R

| (5) if i =1 _—
(t})/?) - {(}31) ° (Xi) _ ((Yi—1®bi)@Xi) if i > 1 ZR b= {Z o=

) ® b b._,Vb, ly ifb=1

Nodari Sitchinava — Advanced Parallel Algorithms



Segmented Prefix Sums via e

X : 41213 12(3|3|1(2[|1(2|3|1(2]1
b: 110|101 . 0|0|1|0(0O|O|O|1]0O|0O]|O
|
Y : 416 9 1
b : 111 11
|
() = (255) = ("30%")
Segmented scan ®:Rx{0,1} - R
| (5) if i = 1 .
Yiy — 1 . » VB - _ Z ifb=0
@ {8 - gy w5 | | oo 02
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Segmented Prefix Sums via e

X : 41213 2131312123121
b: 110|/0(1 0/0|1|0(O0O|O|O|1]0O|0O]|O
Y : 46|19 13
b : 1{1(1/1 1
|
(5) = (527 = ("5
Segmented scan ®:Rx{0,1} - R
| (5) if i = 1 .
Yiy — 1 . » VB - _ Z ifb=0
@ {8 - gy w5 | | oo 02
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Segmented Prefix Sums via e

X : 41213 2131312123121
b: 110|/0(1]0/0/1|0(O0|O|O|1]0O|0O]|O
Y : 416|911 36
b : 1111 11
() = ("527) = (°30)
Segmented scan ®:Rx{0,1} - R
| (5) if i = 1 .
Yiy — 1 . » VB - _ Z ifb=0
@ {8 - gy w5 | | oo 02
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Segmented Prefix Sums via e

I
X : 41213 21313 121123121
b: 110|/0(1|0|0/1 0(0|O|O|1]0O|0O]|O
|
Y : 416|9(1/3 6 3
b : 111111111
|
() = (5287 = (°30)
Segmented scan ®:Rx{0,1} - R
| (5) if i = 1 .
Yiy — 1 . » VB - _ Z ifb=0
@ {8 - gy w5 | | oo 02
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Segmented Prefix Sums via e

X : 412131112331 (2[1]2|3|1|2|1

b: 1(0(01(O0(O0|1|0|0|O0|O|1(0]0]|0

Y : 416(911/3(6(3|4|6|7]9|3(4|6|7

b : 1T (111 (1|11 ({111 (1117111
Segmented scan ®:Rx{0,1} =R

. () if i = 1 .
Yiy — 1 . » VB - _ Z ifb=0
&) { () e () = (M50 ™) Wi ] | 2Ebs {/@ it b =1
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® IS associlative

(5

Jo

b1V bo

x®bz)@y)

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

) =(

Claim. e s associative:

((6)* (&)

X
b

)-((

Yy
b

)«

z
bs

)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

Claim. e s associative:

((5)(2)* (5) - () ((3)* ()

() e@)e@) =52 e (2)
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® IS associlative

o:(RX{O,‘I

H x (Rx{0,1}) — (R x {0,1})
() (%) = ("oeb”)

bo b1V bo

Yy
by

Claim. e s associative:

(o) ()

X
b

Yy
b

z
b3

X
b

z
bs

Yy
b

(0) " (o) ((5) (5))

z
b3

)) e ()= (

b1V b

(XRb2)Dy

x®b2)@y) ®b3) Dz
(b1 Vb2)Vbs

z
b3

o z)= (0 |
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® IS associlative

(5

(X®b2)€BY)

b1V bo

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

) &) =

Claim. e s associative:

)-(3))*

X

(5

(o)~

)+ ((5)-

y

Z

)

Jo (L)) e (Z)= ("% o ()

(

((xob2)@y) ©bs)

(b1 Vb2)Vbs

@Z)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

) =(

x®bz)@y)

b1V bo

Claim. e s associative:

((5)(2)* (5) - () ((3)* ()

((c@b2)my) @bs) @Z)

() e2)e(2)= (g

(b1 Vb2)Vbs

& distributes over &:
XBYy)Qb=(XxXQb)D(y®Db)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

) =(

x®bz)@y)

b1V bo

Claim. e s associative:

((5)(2)* (5) - () ((3)* ()

(b1 Vb2)Vbs

((X®b2)@Y) ®b3) @Z)

() e2)e(2)= (g

(b1 Vb2)Vbs

_ ((<(X®b2)®b3)@<}/®b3))@z

& distributes over &:
XBYy)Qb=(XxXQb)D(y®Db)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

Claim. e s associative:

((5)(2)* (5) - () ((3)* ()

()0 (1) (2) = (g2 o (7) = ((epaer)om)ezy

b1 bo bs b1V bo b3 (b1 Vbo)Vbs

_ ( ( ((X®b2)®b3) s> <Y®b3) ) @Z)
B (b1Vbo)V bs
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® IS associlative

(5

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

Jo

Yy
b

) - (°5557)

Claim. e s associative:

(5

)+ (2))- () s

X

)+ ((5)+(5))

((;

((X®b2)®b3) D <Y®b3) ) Dz
(b1 Vb2)Vbs

_(

Ve (4)) e (5) = (o) o (

)

z
b3

) = (((xeaar)ets) oz

(b1 Vb2)Vbs

X IS semi-associative:
(X®b1)&@b2) = x&(b1Vb2)
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® IS associlative

X
by

(5,) ®

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

Yy
b

(

XQRbo)Dy
b1V bo

) = (o)

Claim. e s associative:

(o) (2) -

X
b

z
b3

Yy
b

)=

X
b

z
bs

Yy
b

) ((5)+(5))

z
b3

)) o (2) = (*ERy

b1V b
(x@ba)bs)

jol

D (y®b3) ) @Z)
(b1 Vb2)Vbs
)

( <X®(b2\/b3)) D (}/®b3) ) Dz
(b1Vb2)Vbs

z
b3

) = (((near)ens) ez
(b1 Vb))V bs

)

X IS semi-associative:
(X®b1)&@b2) = x&(b1Vb2)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

Claim. e s associative:

((5)(2)* (5) - () ((3)* ()

((x) o (y)) o (z) _ ((x@bg)@y) o (z) _ ((((X@bg)@y)@)bs)@Z)

b1 bo bs b1V bo b3 (b1 Vbo)Vbs

((((x®b2>®b3) o (yon)) ®2)
(b1 Vb))V bs

_ ( ( (x®(b2\/b3)) S> (y®b3) ) @Z)
- (b1Vb2)Vbs
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(5,) ® (

x®bz)@y)

)= (

b1V bo

Claim. e s associative:

((5)* () (s

)=

)+ ((5)+(5))

(b1 Vb2)Vbs

_ ( ( <X®(b2\/b3)) S> (Y®b3) ) ®z
(b1 Vbo)V bs

() e (1) e(2) = (") o

((reren)s(yon))ez

)

) = (((xeaar)ets) oz

(b1 Vb2)Vbs

\/ IS associative:
(b1 Vb2)V by = by V (b V bs)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(5,) ® (

x®bz)@y)

)= (

b1V bo

Claim. e s associative:

((5)* () (s

)=

)+ ((5)+(5))

(b1 Vb2)Vbs

_ ( ( <X®(b2\/b3)) S> (Y®b3) ) ®z
b1V (b2Vb3)

() e (1) e(2) = (") o

_ ((((x®b2)®b3)@(y®b3))@2)

)

) = (((xeaar)ets) oz

(b1 Vb2)Vbs

\/ IS associative:
(b1 Vb2)V by = by V (b V bs)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

Claim. e s associative:

((6)(2)* (5) - () ((3)* (5))

()0 (1) (2) = (g2 o (7) = ((epaer)om)ezy

b1 bo bs b1V bo b3 (b1 Vbo)Vbs

( ( ((X®b2)®b3) D <Y®b3) ) ¥4
(b1 ng)Vb3

_ ( ( (x®(b2\/b3)) S> (y®b3) ) EBZ)
B b1V (b2 bs)

\~—/
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® IS associlative

X
by

(5,) ®

Yy
b

(

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

)= (

XQRbo)Dy
b1V bo

)

Claim. e s associative:

(o) (2) -

X
b

z
b3

Yy
b

)=

X
b

).

z
bs

Yy
bo

((5)+(5))

X
b

z
b3

Yy
b2

(
(

() @) e (2) = (22

( <(X®b2)§1b\3/)b§ V( gfi)bs) )@

((X®(b2Vb3))@(Y®b3))@Z)
by V(b b3)

\~—/

z
b3

)= ((

x®b2)@y) ®b3) Dz
(b1 Vb2)Vbs

)

P Is associative:
(PDqDr)=pD(qDr)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

Claim. e s associative:

((5)(2)* (5) - () ((3)* ()

((x) o (y)) o (z) _ ((x@bg)@y) o (z) _ ((((X@bg)@y)@)bs)@Z)

bs b1V bo b3 (b1 Vbo)Vbs

_ ( ( ((X®b2)®b3) S> <Y®b3) ) @Z)
- (b1 Vb2)Vbs

_ ( (X®(b2 \/bs)) D ((}/®bs)@2) )
B b1V (b2V b3)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

Claim. e s associative:

((6)(2)* (5) - () ((3)* (5))

((x) o (y)) o (z) _ ((x@bg)@y) o (z) _ ((((X®b2)@y)®b3)@2)

bs b1V bo b3 (b1 Vbo)Vbs

_ ( ( ((X®b2)®b3) S> <Y®b3) ) @Z)
- (b1 Vb2)Vbs

_ ( (X®|(b2 Vbs)) D ((y®bs)@z )
B b1 V|(ba V bs)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

Claim. e s associative:

((6)(2)* (5) - () ((3)* (5))

()0 (1) (2) = (g2 o (7) = ((epaer)om)ezy

b; b2 b3 by Vb2 b3 (b1 Vb))V bs
- ((rome) o)) = b v b
_ ((x®|(b2vb3>)ea( YOE)92) ) y =(y@bs) dz
b1 V|(b2V bs)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

Claim. e s associative:

((6)(2)* (5) - () ((3)* (5))

((x) o (y)) o (z) _ ((x@bg)@y) ° (bz3) _ ((((X®b2)@y)®b3)@2)

by by bs b\ b (b1 Vbs)\ b
(XQb2)Rbs Xbs ) ) Dz
((< b1\/292 v<gs ) ) b' = b, V bs
_ ((x®| b2V 53)) & (Y @bs) B ) Y'=(y®bs)®z
- b1 V|(ba\V bs)
_ (er)ay)y
by Vb’
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

Claim. e s associative:

((5)(2)* (5) - () ((3)* ()

((x) o (y)) o (z) _ ((x@bg)@y) ° (bz3) _ ((((X®b2)@y)®b3)@2)

by b2 b3 b1V b, (b1 Vb))V bs
 ((eebaen)e(yae))ez) b = b,V bs
_ (( b2V b)) B (y@bs)@z)) y' = (y @ bs) @ z
b1V (b2 bs)
~(be)er)y _ () e (1)
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

Claim. e s associative:

((5)(2)* (5) - () ((3)* ()

((x) o (y)) o (z) _ ((x@bg)@y) ° (bz3) _ ((((X®b2)@y)®b3)@2)

b; b2 b3 by Vb2 (b1 Vb))V bs
(o ff’élz 523@) »))os) b = bV by
_ (( (bo\V b3) ) (y®b3)@z)) y’ = (y X b3) Dz
b1V (b2 bs)
_ (U2 )y L (xy e () = (2) @ (V32
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® IS associlative

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

Claim. e s associative:

((5)(2)* (5) - () ((3)* ()

((x) o (y)) o (z) _ ((x@bg)@y) ° (bz3) _ ((((X®b2)@y)®b3)@2)

b; b2 b3 by Vb2 (b1 Vb))V bs
- (((orema ff’élz 523@) w)) 2y b = by \V b
_ (( (bo\V b3) ) (y®b3)@z)) y’ = (y X b3) Dz
b1V (b2 bs)
= (Co)er)y Lo () = (1) o (22 = () o ((
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Segmented scan via prefix sums

Scan

- X1 ifi=1
Vi = Vi1 ®x ifi>1

Segmented scan

{(*) if i =1

b
)@ itis

I—1
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Segmented scan via prefix sums

Scan Segmented scan

X4 ifi=11l,, (3) if j =1
=3, .y (&) =
Vi1 @ xp it > 1

L) e () it

I—1

procedure PREFIX-SUMS(x[1..n])
if n < 1 then return

for i =1to 7 in parallel do
X'[i] = x[2i — 1] + x[2i]
PREFIX-SuMS(x'[1..3])
for i=1to 7 in parallel do
x[2i] = x'[i]
if i # 2 then
X[2i + 1] = x[2i + 1] + X'[J]
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Segmented scan via prefix sums

Scan Segmented scan

X4 ifi=11l,, (3) if j =1
=9y .y (&) =
Vi1 @ xp it > 1

L) e () it

I—1

procedure SCAN(x[1..n], )
if n < 1 then return

for i =1to 7 in parallel do
X'[1] = x[2i — 1] & x[2]]
SCAN(x'[1..5])
for i=1to 7 in parallel do
x[2i] = X'[i
if i # 2 then
X[2i +1] = x[2i + 1] ® x'[J]
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Segmented scan via prefix sums

Scan

if i =1 |
y{ =111y

Vi1 @ xp it > 1 j

Segmented scan

{OQ if i =1

b
)@ itis

I—1

procedure SCAN(x[1..n], )
if n < 1 then return

for i =1to 7 in parallel do

X'[i] = x[2i — 1] ® x[2i]
SCAN(x'[1..5])

for i=1to 7 in parallel do

x[2i] = X'[i

if i # 2 then

X[2i +1] = x[2i + 1] ® x'[J]

procedure SEG-SCAN(x[1..n], b[1..n], e)
X[1..n] = new array of PAIRS
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Segmented scan via prefix sums

Scan Segmented scan e FE
X if i = 1 (7) - (5) if i = 1 double first
Yi = Vi ®x  ifi>1]|] (Z':) o (g) ifi > 1 bit second
procedure SCAN(x[1..n], B) procedure SEG-SCAN(x[1..n], b[1..n], e)
it n < 1 then return X[1..n] = new array of PAIRS

for i =1to 7 in parallel do
X'[i] = x[2i — 1] ® x[2i]
SCAN(x'[1..5])
for i=1to 7 in parallel do
x[2i] = X'[i
if i # 2 then
X[2i +1] = x[2i + 1] ® x'[J]
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Segmented scan via prefix sums

Scan

if/ =1 |
YI={X1 o (77) =

Vi1 @ xp it > 1 ’

Segmented scan class PAIR
(2) if i = 1 double first
(2,2_1) . (),,f) if > 1 bit second

procedure SCAN(x[1..n], )
if n < 1 then return

for i =1to 7 in parallel do
X'[i] = x[2i — 1] ® x[2i]
SCAN(x'[1..5])
for i=1to 7 in parallel do
x[2i] = X'[i
if i # 2 then
X[2i +1] = x[2i + 1] ® x'[J]

procedure SEG-SCAN(x[1..n], b[1..n], e)

X[1..n] = new array of PAIRS

for / = 1 to nin parallel do
X[i].first = x[i]
Xl[i].second = b[i]
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Segmented scan via prefix sums

Scan

if/ =1 |
YI={X1 o (77) =

Vi1 @ xp it > 1 ’

Segmented scan class PAIR
(2) if i = 1 double first
(2,2_1) . (),,f) if > 1 bit second

procedure SCAN(x[1..n], )
if n < 1 then return

for i =1to 7 in parallel do
X'[i] = x[2i — 1] ® x[2i]
SCAN(x'[1..5])
for i=1to 7 in parallel do
x[2i] = X'[i
if i # 2 then
X[2i +1] = x[2i + 1] ® x'[J]

procedure SEG-SCAN(x[1..n], b[1..n], e)

X[1..n] = new array of PAIRS

for i = 1 to nin parallel do
X[i].first = x[i]
Xl[i].second = b[i]

SCAN(X[1..n], e)
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Segmented scan via prefix sums

Scan

if/ =1 |
YI={X1 o (77) =

Vi1 @ xp it > 1 ’

Segmented scan class PAIR
(2) if i = 1 double first
(2,2_1) . (),,f) if > 1 bit second

procedure SCAN(x[1..n], )
if n < 1 then return

for i =1to 7 in parallel do
X'[i] = x[2i — 1] ® x[2i]
SCAN(x'[1..5])
for i=1to 7 in parallel do
x[2i] = X'[i
if i # 2 then
X[2i +1] = x[2i + 1] ® x'[J]

procedure SEG-SCAN(x[1..n], b[1..n], e)

X[1..n] = new array of PAIRS

for / = 1 to nin parallel do
X[i].first = x[i]
Xl[i].second = b[i]

SCAN(X]1..n], e)

for i = 1 to nin parallel do
x[i] = X[i].first
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Defining e

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(6,) * () = ("5v”)

®:Rx{0,1} - R

x ifb=0
X® b= _
{I@ if b=1
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Defining e

o: (Rx{0,1}) x (Rx{0,1}) = (Rx{0,1})

®:Rx{0,1} - R

X fb=0
XX b .
{l@ |fb=1




Defining e

o: (Rx{0,1}) x (Rx{0,1}) = (Rx{0,1})

®:Rx{0,1} - R

X fb=0
XX b .
{l@ |fb=1




Defining e

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(5,) ® (

) = (<L)

b1V bo

operator e¢( PAIR X, PAIR y, operator @, /)
Z = hew PAIR
if y.second = 0 then
z.first = x.first @ y.first
else
z.first = Iy @ y.first

®:Rx{0,1} - R

X®b={x
lgy

fb=0
ifb=1
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Defining e

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(5,) ® (

) = (<L)

b1V bo

operator e¢( PAIR X, PAIR y, operator @, /)
Z = hew PAIR
if y.second = 0 then
z.first = x.first @ y.first
else
z.first = Iy @ y.first

z.second = x.second V y.second

®:Rx{0,1} - R

X®b={x
lgy

fb=0
ifb=1
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Defining e

o: (Rx{0,1}) x (Rx {0,1}) = (R x {0,1})

(5,) ® (

) = (<L)

b1V bo

operator e¢( PAIR X, PAIR y, operator @, /)
Z = hew PAIR
if y.second = 0 then
z.first = x.first @ y.first
else
z.first = Iy @ y.first

z.second = x.second V y.second
return z

®:Rx{0,1} - R

X®b={x
lgy

fb=0
ifb=1
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Defining Segmented Applications

s Define®: R xR — R
= Associative operator
o Left identity /g
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XDy)Dz=xD(yD2)

lop @ X =X




Defining Segmented Applications

s Define®: R xR — R
= Associative operator
o Left identity /g

= Run SEG-SCAN with operator e
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XDy)Dz=xD(yD2)

lop @ X =X




Segmented BROADCAST




Segmented BROADCAST




Segmented BROADCAST




Segmented BROADCAST
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Segmented BROADCAST

BROADCAST(A[1..n])
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Segmented BROADCAST

BROADCAST(A[1..1)) A [x
SCAN(A[1..n], COPY)
operator COPY(x, y) A X

return x
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Segmented BROADCAST

BROADCAST(A[1..1])

SCAN(A[1..n], COPY)

operator COPY(x, y) A: X

return x

s Define®: R xR — R
= Associative operator
o Left identity /g
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Segmented BROADCAST

BROADCAST(A[1..n]) 2 o T T T T T T T T x | x
SCAN(A[1..n], COPY)

operator COPY(x, y) A: X|x|x|ylyv|\ylylz|z|wlw
return x

s Define COPY . R X R — R
= Associative operator v/ coPY(a, COPY(b, ) = COPY(COPY(a, b), c)

o Left identity /g
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Segmented BROADCAST

BROADCAST(A[1..n]) 2 o T T T T T T T T x | x
SCAN(A[1..n], COPY)

operator COPY(x, y) A: X|x|x|ylyv|\ylylz|z|wlw
return x

s Define COPY . R X R — R
= Associative operator v/ coPY(a, COPY(b, ) = COPY(COPY(a, b), c)

« Left identity /g, X COPY(??2,X) = x
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Segmented BROADCAST

BROADCAST(A[1..1])

SCAN(A[1..n], COPY)

operator COPY’(x, y)

if x = | then A X

return y
else
return x

s Define COPY : R X R — R
= Associative operator
o Left identity /g
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Segmented BROADCAST

BROADCAST(A[1..n])
SCAN(A[1..n], COPY)

operator COPY’(x, y)
if x = L then A: X|x|x|y|lyly|y|z|z|ww
return y

else
return x

s Define COPY : R X R —+ R
= Associative operator v/ coPY(a, COPY(b, ) = COPY(COPY(a, b), c)

o Left identity /g
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Segmented BROADCAST

BROADCAST(A[1..n])
SCAN(A[1..n], COPY)

operator COPY’(x, y)
if x = L then A: X|x|x|y|lyly|y|z|z|ww
return y

else
return x

s Define COPY : R X R —+ R
= Associative operator v/ CcoPY(a, COPY(b, ) = COPY(COPY(a, b), c)

« Left identity /s v/ copY(L,x) = x
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Segmented BROADCAST

BROADCAST(A[1..n])
SCAN(A[1..n], COPY)

operator COPY’(x, y)
if x = L then A: X|x|x|y|lyly|y|z|z|ww
return y

else
return x

s Define COPY : R X R —+ R
= Associative operator v/ CcoPY(a, COPY(b, ) = COPY(COPY(a, b), c)

o Leftidentity s = L/ cOPY(L, x) = x
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Segmented BROADCAST

BROADCAST(A[1..n])
SCAN(A[1..n], COPY)

operator COPY’(x, y)
if x = L then A: X|x|x|y|lyly|y|z|z|ww
return y

else
return x

s Define COPY : R X R —+ R
= Associative operator v/ CcoPY(a, COPY(b, ) = COPY(COPY(a, b), c)

o Leftidentity s = L/ cOPY(L, x) = x

SEG-BROADCAST(A[1..n], b[1..n])
SEG-SCAN(A[1..n], b[1..n], COPY’)
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QUICKSORT(A[1..n])




QUICKSORT(A[1..n])
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QUICKSORT(A[1..n])

procedure QUICKSORT(A]I..j])
if /| < jthen

pivot = RANDOM(/, f)

SWAP(A[f], A[pivot])

Kk = PARTITION(A[/..f])

in parallel do
QUICKSORT(A[I..k — 1])
QUICKSORT(A[K + 1..]])
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PARTITION(A[i..j])
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if /| < jthen
pivot = RANDOM(/, f)
SWAP(A[/], Alpivot])

10{12|16(25{ 5|4 (19| 8

k = PARTITION(A[i..j]) PARTITION(A[!../])
in parallel do
QUICKSORT(A[i..k — 1]) 8|5|4(10{12[16|25|19
QUICKSORT(A[k + 1..j]) ~ - o~
Recurse Recurse
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if /| < jthen
pivot = RANDOM(/, f)
SWAP(A[/], Alpivot])

10{12|16(25{ 5|4 (19| 8

k = PARTITION(A[i..j]) PARTITION(A[!../])
in parallel do
QUICKSORT(A[i..k — 1]) 8|5|4(10{12[16|25|19
QUICKSORT(A[k + 1..j]) ~ - o~
Recurse Recurse

415|8 12|16(19|25
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if /| < jthen
pivot = RANDOM(/, f)
SWAP(A[/], Alpivot])

10{12|16(25{ 5|4 (19| 8

k = PARTITION(A[i..j]) PARTITION(A[!../])
in parallel do
QUICKSORT(A[i..k — 1]) 8|5|4(10{12[16|25|19
QUICKSORT(A[k + 1..j]) ~ - o~
Recurse Recurse

415|810{12{16|19|25
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[1..n])

segs = new array of n bits

for i = 2 to nin parallel do segs[i] =0

segs[1] = 1 > initialize segments

while not SORTED(A[1..n]) do
SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n])
UPDATE-SEGS(segs|[1..n], p[1..n])

10

12

16

25

19

Nodari Sitchinava — Advanced Parallel Algorithms




QUICKSORT(A[1..n])

procedure QUICKSORT(A[1..n])

segs = new array of n bits
for i = 2 to nin parallel do segs[i] =0

segs[1] = 1 > initialize segments
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while not SORTED(A[1..n]) do
SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n])

UPDATE-SEGS(segs|[1..n], p[1..n])
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[1..n])

segs = new array of n bits
for i = 2 to nin parallel do segs[i] =0

segs[1] = 1 > initialize segments
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while not SORTED(A[1..n]) do
SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n])

UPDATE-SEGS(segs|[1..n], p[1..n])
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[1..n])
segs = new array of n bits
for i = 2 to nin parallel do segs[i] =0
segs[1] = 1 > initialize segments
while not SORTED(A[1..n]) do
SEG-RANDOMIZE-PIVOTS(A, segs)

10{12|16(25{ 5|4 (19| 8

p[1..n] = SEG-PARTITION(A[1..n], segs[1..n])

UPDATE-SEGS(segs|1..n], p[1..n])

Nodari Sitchinava — Advanced Parallel Algorithms

SEG-PARTITION(A, segs)




QUICKSORT(A[1..n])

procedure QUICKSORT(A[1..n]) 1 n
segs = new array of n bits 1ol12[16l251 54 [19] 8
for i = 2 to nin parallel do segs[i] =0
segs[1] = 1 > initialize segments

while not SORTED(A[1..n]) do SEG-PARTITION(A, segs)

SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n]) 815(14|10{12(16]|25|19

UPDATE-SEGS(segs|1..n], p[1..n])
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[1..n]) 1 n
segs = new array of n bits 1ol12[16l251 54 [19] 8
for i = 2 to nin parallel do segs[i] =0
segs[1] = 1 > initialize segments

while not SORTED(A[1..n]) do SEG-PARTITION(A, segs)

SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n]) 85(14110{12(16]|25|19

UPDATE-SEGS(segs|1..n], p[1..n]) p:0 001 0O0O0DO
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[1..n]) 1 n
segs = new array of n bits 1ol12[16l251 54 [19] 8
for i = 2 to nin parallel do segs[i] =0
segs[1] = 1 > initialize segments

while not SORTED(A[1..n]) do SEG-PARTITION(A, segs)

SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n]) 85(14110{12(16]|25|19

UPDATE-SEGS(segs|1..n], p[1..n]) p:0 001 00 0O
UPDATE-SEGS(segs, p)
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[1..n]) 1 n
segs = new array of n bits 1ol12[16l251 54 [19] 8
for i = 2 to nin parallel do segs[i] =0
segs[1] = 1 > initialize segments

while not SORTED(A[1..n]) do SEG-PARTITION(A, segs)

SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n]) 85(14110{12(16]|25|19

UPDATE-SEGS(segs|1..n], p[1..n]) p:0 001 00 0O
UPDATE-SEGS(segs, p)

8(5|4|10(12{16|25(19

Nodari Sitchinava — Advanced Parallel Algorithms




QUICKSORT(A[1..n])

procedure QUICKSORT(A[1..n]) 1 n
segs = new array of n bits 1ol12[16l251 54 [19] 8
for i = 2 to nin parallel do segs[i] =0
segs[1] = 1 > initialize segments

while not SORTED(A[1..n]) do SEG-PARTITION(A, segs)

SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n]) 85(14110{12(16]|25|19

UPDATE-SEGS(segs|1..n], p[1..n]) p:0 001 0O0O0DO
UPDATE-SEGS(segs, p)

procedure UPDATE-SEGS(segs[1..n], p[1..n]) 8151(41[10/12/16/25/19
for i = 1 to nin parallel do
if p[i] = 1 then
segs[i] = 1

segs[i+1] =1
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[1..n]) 1 n
segs = new array of n bits 1ol12[16l251 54 [19] 8
for i = 2 to nin parallel do segs[i] =0
segs[1] = 1 > initialize segments

while not SORTED(A[1..n]) do SEG-PARTITION(A, segs)

SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n]) 85(14110{12(16]|25|19

UPDATE-SEGS(segs|1..n], p[1..n]) p:0 001 0O0O0DO
UPDATE-SEGS(segs, p)

procedure UPDATE-SEGS(segs[1..n], p[1..n]) 8151(41[10/12/16/25/19
for i = 1 to nin parallel do
if p[i] = 1 then
segs[i] = 1
if /+1 < nthen
segs[i+ 1] =1
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Checking Sortedness

procedure SORTED(A[1..n])
sorted = new array of n — 1 booleans
fori=11ton—1in parallel do
if A[/] > A[/ + 1] then
sorted[i] = false
else
sorted[i] = true

SCAN(sorted[1..n — 1], AND)
return sorted[n — 1]
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sorted = new array of n — 1 booleans
fori=11ton—1in parallel do
if A[/] > A[/ + 1] then
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else
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return sorted[n — 1]
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Checking Sortedness

procedure SORTED(A[1..n])
sorted = new array of n — 1 booleans
fori=11ton—1in parallel do
if A[/] > A[/ + 1] then
sorted[i] = false
else
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Checking Sortedness

procedure SORTED(A[1..n])
sorted = new array of n — 1 booleans
fori=11ton—1in parallel do
if A[/] > A[/ + 1] then
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else
sorted[i] = true

SCAN(sorted[1..n — 1], AND)
return sorted[n — 1]
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Checking Sortedness

procedure SORTED(A[1..n])
sorted = new array of n — 1 booleans
fori=11ton—1in parallel do
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else
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return sorted[n — 1]
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Checking Sortedness

procedure SORTED(A[1..n])
sorted = new array of n — 1 booleans
fori=11ton—1in parallel do
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SCAN(sorted[1..n — 1], AND)
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Checking Sortedness

procedure SORTED(A[1..n])
sorted = new array of n — 1 booleans
fori=11ton—1in parallel do
if A[/] > A[/ + 1] then
sorted[i] = false
else
sorted[i] = true

SCAN(sorted[1..n — 1], AND)
return sorted[n — 1]
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Checking Sortedness

procedure SORTED(A[1..n])
sorted = new array of n — 1 booleans
fori=11ton—1in parallel do
if A[/] > A[/ + 1] then
sorted[i] = false
else
sorted[i] = true

SCAN(sorted[1..n — 1], AND)
return sorted[n — 1]
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then pivots[i] = A[/]
SEG-BROADCAST(pivots, segs)
for i = 1 to nin parallel do
if Al/] < pivots|i] then flags|i] = 1
else flags[i] =0
K[1..n] = SEG-FILTER(A[1..n], flags[1..n])
pivotFlags = new array of size n
for i = 1 to nin parallel do
pivotFlags[i] =0
If segs|[/] =1 then
SWAP(A[1], A[K[/]])
pivotFlags[k[i]] = 1
return pivotFlags[1..n]
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n

for i = 1 to nin parallel do

If segs[i] = 1 then pivots[i] = A[/]

SEG-BROADCAST(pivots, segs)
for i = 1 to nin parallel do

if A[/] < pivots|i] then flags][i] = 1

else flags[i] =0
K[1..n] = SEG-FILTER(A[1..n], flags
pivotFlags = new array of size n
for i = 1 to nin parallel do
pivotFlags[i] =0
If segs|[/] =1 then
SWAP(A[1], A[K[/]])
pivotFlags[k[i]] = 1
return pivotFlags[1..n]

1..n))

A
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])

for i = 1 to nin parallel do

pivots, flags = new arrays of size n

If segs[i] = 1 then pivots[i] = A[/]

SEG-BROADCAST(pivots, segs)
for i = 1 to nin parallel do

if A[/] < pivots|i] then flags][i] = 1

else flags[i] =0
k[1..n] = SEG-FILTER(A[1..n], flags
pivotFlags = new array of size n
for i = 1 to nin parallel do
pivotFlags[i] =0
If segs|[/] =1 then
SWAP(A[1], A[K[/]])
pivotFlags[k[i]] = 1
return pivotFlags[1..n]

1..n))

A
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])

for i = 1 to nin parallel do

pivots, flags = new arrays of size n

If segs[i] = 1 then pivots[i] = A[/]

SEG-BROADCAST(pivots, segs)
for i = 1 to nin parallel do

if A[/] < pivots|i] then flags][i] = 1

else flags[i] =0
k[1..n] = SEG-FILTER(A[1..n], flags
pivotFlags = new array of size n
for i = 1 to nin parallel do
pivotFlags[i] =0
If segs|[/] =1 then
SWAP(A[1], A[K[/]])
pivotFlags[k[i]] = 1
return pivotFlags[1..n]

1..n))

A
p

Nodari Sitchinava — Advanced Parallel Algorithms

1

2

10

12

16

25

19

18

10




Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n

for i = 1 to nin parallel do

If segs[i] = 1 then pivots[i] = A[/]

SEG-BROADCAST(pivots, segs)

for i = 1 to nin parallel do

if A[/] < pivots|i] then flags][i] = 1

else flags[i] =0
k[1..n] = SEG-FILTER(A[1..n], flags
pivotFlags = new array of size n
for i = 1 to nin parallel do
pivotFlags[i] =0
If segs|[/] =1 then
SWAP(A[1], A[K[/]])
pivotFlags[k[i]] = 1
return pivotFlags[1..n]

1..n))

A
p

Nodari Sitchinava — Advanced Parallel Algorithms

1

2

10

12

16

25

19

18

10




Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n

for i = 1 to nin parallel do

If segs[i] = 1 then pivots[i] = A[/]

SEG-BROADCAST(pivots, segs)

for i = 1 to nin parallel do

if A[/] < pivots|i] then flags][i] = 1

else flags[i] =0
k[1..n] = SEG-FILTER(A[1..n], flags
pivotFlags = new array of size n
for i = 1 to nin parallel do
pivotFlags[i] =0
If segs|[/] =1 then
SWAP(A[1], A[K[/]])
pivotFlags[k[i]] = 1
return pivotFlags[1..n]
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n

for i = 1 to nin parallel do

If segs[i] = 1 then pivots[i] = A[/]

SEG-BROADCAST(pivots, segs)

for i = 1 to nin parallel do

else flags[i] = 0

if A[/] < pivots|i] then flags][i] = 1

k[1..n] = SEG-FILTER(A[1..n], flags
pivotFlags = new array of size n
for i = 1 to nin parallel do
pivotFlags[i] =0
If segs|[/] =1 then
SWAP(A[1], A[K[/]])
pivotFlags[k[i]] = 1
return pivotFlags[1..n]
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then pivots[i] = A[/]
SEG-BROADCAST(pivots, segs)
for i = 1 to nin parallel do
if Al/] < pivots|i] then flags|i] = 1
else flags[i] = 0
K[1..n] = SEG-FILTER(A[1..n], flags[1..n])

pivotFlags = new array of size n T 2 s 4 s e 7 s s w0
for i = 1 to nin parallel do A [10]12]16/125] 5|4 |8 | 719/ 6 |18
pivotFlags[i] =0 p (10/10(10(10|10(10/8 8|8 |8 |8
gl = 1l et fl1Tofolol1T111]1]0]1]0

SWAP(A[/], ALK[/]])
pivotFlags[k[i]] = 1
return pivotFlags[i..n]
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then pivots[i] = A[/]
SEG-BROADCAST(pivots, segs)
for i = 1 to nin parallel do
if Al/] < pivots|i] then flags|i] = 1
else flags[i] = 0
K[1..n] = SEG-FILTER(A[1..n], flags[1..n])
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pivotFlags[k[i]] = 1
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then pivots[i] = A[/]
SEG-BROADCAST(pivots, segs)
for i = 1 to nin parallel do
if Al/] < pivots|i] then flags|i] = 1
else flags[i] = 0
K[1..n] = SEG-FILTER(A[1..n], flags[1..n])

pivotFlags = new array of size n t 2 8 4 5 e 7 _» o o
for i = 1 to nin parallel do A[10] 5| 4]12]16]25/ 8| 7| 6 |19]18
pivotFlags[i] =0 p (10/10(10(10|10(10/8 8|8 |8 |8
gl = 1l et fl1Tofolol1T111]1]0]1]0

SWAP(A[/], ALK[/]])
pivotFlags[k[i]] = 1
return pivotFlags[i..n]
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then pivots[i] = A[/]
SEG-BROADCAST(pivots, segs)
for i = 1 to nin parallel do
if Al/] < pivots|i] then flags|i] = 1
else flags[i] = 0

K[1..n] = SEG-FILTER(A[1..n], flags[1..n])
pivotFlags = new array of size n S S S O S S R
for i = 1 to nin parallel do A|10]5]412]16|25/8| 7| 6 ]19|18
pivotFlags|i] = 0 p [10{10({10/10|10{10/8 |8 |8 |8 |8
If segs|[/] =1 then
SWAP(ALT, ATKI) fl1lojo|of1|1][1/1]0][1]0
pivotFlags[k[i]] = 1 k|3 9

return pivotFlags[1..n]
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then pivots[i] = A[/]
SEG-BROADCAST(pivots, segs)
for i = 1 to nin parallel do
if Al/] < pivots|i] then flags|i] = 1
else flags[i] = 0
K[1..n] = SEG-FILTER(A[1..n], flags[1..n])

pivotFlags = new array of size n t 2 8 4 5 e 7 _» o o
for i = 1 to nin parallel do A[10] 5| 4]12]16]25/ 8| 7| 6 |19]18
pivotFlags[i] = 0 p (10(10(10({10({10(10/8 |8 |8 |8 |8
If segs|[/] =1 then
. . 1 1]1/1[1]0]1
swAP(A[], AIKT]) FL9]0]9 01110
pivotFlags[k[i]] = 1 k|3 9

return pivotFlags[1..n]
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then pivots[i] = A[/]
SEG-BROADCAST(pivots, segs)
for i = 1 to nin parallel do
if Al/] < pivots|i] then flags|i] = 1
else flags[i] = 0

pivots
K[1..n] = SEG-FILTER(A[1..n], flags[1..n])
pivotFlags = new array of size n I 3/ R 7\8‘9 TIT
for i = 1 to nin parallel do A4 15 |10j12[16[25]6 | 7 | 8 [19]18
pivotFlags[i] = 0 p |10/10({10{10{10|{10/ 8|8 |8 |8 |8
If segs|[/] =1 then
SWAP(ALTT, ATK[T) fl1/0/0|01(1[1]1]0]|1|0
pivotFlags[k[i]] = 1 k|3 9
return pivotFlags[i..n] Flolol1lololololol1]l01l0
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Segmented Partition

procedure SEG-PARTITION(A[1..n], segs[1..n])
pivots, flags = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then pivots[i] = A[/]
SEG-BROADCAST(pivots, segs)
for i = 1 to nin parallel do
if Al/] < pivots|i] then flags|i] = 1

Details in Homework 3

else flags[i] = 0 ] oivots
K[1..n] = SEG-FILTER(A[1..n], flags[1..n])
pivotFlags = new array of size n — 3/ - 7\8‘9 O
for i = 1 to nin parallel do A4 15 |10j12[16[25]6 | 7 | 8 [19]18
pivotFlags|i] = 0 p |10{10/10|10/10{10/8 |8 |8 |8 |8
If segs|[/] =1 then
: : 1 11111 1
SWAP (AL, ALK asiIEAL LD
pivotFlags[k[i]] = 1 k|3 9
return pivotFlags[i..n] Flolol1l0o/0l0o|l0l0O|1]0]0
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Segmented Randomize Pivots

if seg[i] = 1 then

SWAP(A[/], A[rnd])

rnd = RANDOM(start[i], end[i])

procedure SEG-RANDOMIZE-PIVOTS(A[1..n], segs|[1..n])

start, end = new arrays of size n
for i = 1 to nin parallel do

if segs[i] = 1 then start[i] =i
SEG-BROADCAST(start[1..n], segs[1..n])
for i = 1 to nin parallel do

if i =n OR segs[i+ 1] =1 then end[start[i]] = i
for /=1 to nin parallel do
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Segmented Randomize Pivots

start, end = new arrays of size n

for i = 1 to nin parallel do
If segs[i] = 1 then start[i] =i

for i = 1 to nin parallel do

for / = 1 to nin parallel do
if seg[i] = 1 then

SWAP(A[/], A[rnd])

rnd = RANDOM(start[i], end[i])

SEG-BROADCAST(start[1..n], segs[1..n])

procedure SEG-RANDOMIZE-PIVOTS(A[1..n], segs|[1..n])

if i =n OR segs[i+ 1] =1 then end[start[i]] = i
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Segmented Randomize Pivots

start, end = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then start[i] =i

for i = 1 to nin parallel do

for / = 1 to nin parallel do
if seg[i] = 1 then

rnd = RANDOM(start[i], end[i])

SWAP(A[/], A[rnd])

SEG-BROADCAST(start[1..n], segs[1..n])

procedure SEG-RANDOMIZE-PIVOTS(A[1..n], segs|[1..n])

if i =n OR segs[i+ 1] =1 then end[start[i]] = i
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Segmented Randomize Pivots

start, end = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then start[i] =i

SEG-BROADCAST(start[1..n], segs[1..n])

for i = 1 to nin parallel do

for / = 1 to nin parallel do
if seg[i] = 1 then

rnd = RANDOM(start[i], end[i])

SWAP(A[/], A[rnd])

procedure SEG-RANDOMIZE-PIVOTS(A[1..n], segs|[1..n])

if i =n OR segs[i+ 1] =1 then end[start[i]] = i
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Segmented Randomize Pivots

start, end = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then start[i] =i

SEG-BROADCAST(start[1..n], segs[1..n])

for i = 1 to nin parallel do

for / = 1 to nin parallel do
if seg[i] = 1 then

rnd = RANDOM(start[i], end[i])

SWAP(A[/], A[rnd])

procedure SEG-RANDOMIZE-PIVOTS(A[1..n], segs|[1..n])

if i =n OR segs[i+ 1] =1 then end[start[i]] = i
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Segmented Randomize Pivots

start, end = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then start[i] =i

SEG-BROADCAST(start[1..n], segs[1..n])

procedure SEG-RANDOMIZE-PIVOTS(A[1..n], segs|[1..n])

for i = 1 to nin parallel do

if i =n OR segs[i+ 1] =1 then end[start[i]] = i

for / = 1 to nin parallel do
if seg[i] = 1 then

rnd = RANDOM(start[i], end[i])

SWAP(A[/], A[rnd])
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Segmented Randomize Pivots

start, end = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then start[i] =i

SEG-BROADCAST(start[1..n], segs[1..n])

procedure SEG-RANDOMIZE-PIVOTS(A[1..n], segs|[1..n])

for i = 1 to nin parallel do

if i =n OR segs[i+ 1] =1 then end[start[i]] = i

for / = 1 to nin parallel do
if seg[i] = 1 then

rnd = RANDOM(start[i], end[i])

SWAP(A[/], A[rnd])

A110(12|16|25| 5 8 19/ 6 |18
s{1[1]1]1 |1 7 71717
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Segmented Randomize Pivots

procedure SEG-RANDOMIZE-PIVOTS(A[1..n], segs|[1..n])
start, end = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then start[i] =i
SEG-BROADCAST(start[1..n], segs[1..n])
for i = 1 to nin parallel do
if i =n OR segs[i+ 1] =1 then end[start[i]] = i
for / = 1 to nin parallel do
if seg[i] = 1 then
rnd = RANDOM(startli], endli])
SWAP(A[/], A[rnd])

1 2 3 4 5

e |6
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s|1|1]1(1 |1 / 7177
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Segmented Randomize Pivots

procedure SEG-RANDOMIZE-PIVOTS(A[1..n], segs|[1..n])
start, end = new arrays of size n
for i = 1 to nin parallel do
If segs[i] = 1 then start[i] =i
SEG-BROADCAST(start[1..n], segs[1..n])
for i = 1 to nin parallel do
if i =n OR segs[i+ 1] =1 then end[start[i]] = i
for / = 1 to nin parallel do
if seg[i] = 1 then
rnd = RANDOM(startli], endli])
SWAP(A[/], A[rnd])

1 2 3 4 5

el 6
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QUICKSORT(A[1..n]) Analysis

procedure QUICKSORT(A[1..n])

segs = new array of n bits
for i = 2 to nin parallel do segs[i] =0

while not SORTED(A[1..n]) do
SEG-RANDOMIZE-PIVOTS(A, segs)

UPDATE-SEGS(segs[1..n], p[1..n])

segs[1] =1 > initialize segments

p[1..n] = SEG-PARTITION(A[1..n], segs[1..n])

Analysis:

T'(n) = O(log n)

Each iteration: Win) = O(n)
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O(log n) | iterations of the while loop in expectation

Total:

Expected

T(n) = O(log® n)
W(n) = O(nlog n)




