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Lecture 8: Finding Minimum
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EREW Minimum




EREW Minimum

procedure EREW-MIN(A[{..r]) S ‘ SRS
if ¢ = r then U U
return A[/]
mid = | 4|
in parallel do v v
left = EREW-MIN(A[L..mid]) & -
right = EREW-MIN(A[mid + 1..r]) @
return min(/eft, right) 2
o {T (n/2) + O(1) f0>1_ Gioam
O(1) if n=1
Wi - {ZW (n/2) +0) iftn>1_
O(1) if n=1
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Common-CRCW Minimum
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Common-CRCW Minimum

N[OIND([W||[O01]|D
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Common-CRCW Minimum

N[OIND([W||[O01]|D

M[row, column] = (a[row] > a[column]) ?1 : 0
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Common-CRCW Minimum

N[OIND([W||[O01]|D

M[row, column] = (a[row] > a[column]) ?1 : 0

Nodari Sitchinava — Parallel Algorithms



Common-CRCW Minimum

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if a[row] > a[col] then
Mrow, col] = 1
else
M[row, col] =0

N[OIND([W||[O01]|D

M[row, column] = (a[row] > a[column]) ?1 : 0
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Common-CRCW Minimum

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if a[row] > a[col] then
Mrow, col] = 1
else
M[row, col] =0

oO|lOo|lo|lo|o|O|X
N[OIND([W||[O01]|D

M[row, column] = (a[row] > a[column]) ?1 : 0
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Common-CRCW Minimum

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if a[row] > a[col] then
Mrow, col] = 1
else
M[row, col] =0

oO|lOo|lo|lo|o|O|X
N[OIND([W||[O01]|D
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allocate new array x|[1..n]
for /i = 1 to nin parallel do
x[i]=0




Common-CRCW Minimum

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if a[row] > a[col] then
Mrow, col] = 1
else
M[row, col] =0

—_ = | O| == =X
N OIDD|W|oo|o1D
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allocate new array x|[1..n]
for /i = 1 to nin parallel do
x[i]=0




Common-CRCW Minimum

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if a[row] > a[col] then
Mrow, col] = 1
else
M[row, col] =0

—_ = | O| == =X
N OIDD|W|oo|o1D
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allocate new array x|[1..n]
for /i = 1 to nin parallel do
x[i]=0

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if M[row, col] == 1 then
X[row] = 1




Common-CRCW Minimum

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if a[row] > a[col] then
Mrow, col] = 1
else
M[row, col] =0

—_ = | O| == =X
N OIDD|W|oo|o1D
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allocate new array x|1..n|
for i = 1 to nin parallel do
x[i]=0

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if M[row, col] == 1 then
X[row] = 1

for row = 1 to nin parallel do
if x[row] == 0 then
min = ajrow]




Common-CRCW Minimum

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if a[row] > a[col] then
Mrow, col] = 1
else
M[row, col] =0

—_ = | O| == =X
N OIDD|W|oo|o1D

Valid?
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allocate new array x|1..n|
for i = 1 to nin parallel do
x[i]=0

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if M[row, col] == 1 then
X[row] = 1

for row = 1 to nin parallel do
if x[row] == 0 then
min = ajrow]




Common-CRCW Minimum

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if a[row] > a[col] then

> Mrow, col] = 1
else
> M[row, col] =0

—_ = | O| == =X
N OIDD|W|oo|o1D

Valid?
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allocate new array x|1..n|
for i = 1 to nin parallel do

= x[i]=0

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if M[row, col] == 1 then

> X[row] = 1

for row = 1 to nin parallel do
if x[row] == 0 then
> min = ajrow]




Common-CRCW Minimum

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if a[row] > a[col] then
Mrow, col] = 1
else
M[row, col] =0

—_ = | O| == =X
N OIDD|W|oo|o1D

Analysis:
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allocate new array x|1..n|
for i = 1 to nin parallel do
x[i]=0

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if M[row, col] == 1 then
X[row] = 1

for row = 1 to nin parallel do
if x[row] == 0 then
min = ajrow]




Common-CRCW Minimum

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if a[row] > a[col] then
Mrow, col] = 1
else
M[row, col] =0

—_ = | O| == =X

allocate new array x|1..n|
for i = 1 to nin parallel do
x[i]=0

for row = 1 to nin parallel do
for col = 1 to nin parallel do
if M[row, col] == 1 then
X[row] = 1
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for row = 1 to nin parallel do
if x[row] == 0 then
min = ajrow]




Common-CRCW Mi

—_ = | O| == =X
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Nimum

procedure FAST-MIN(A[1..n])
for row = 1 to nin parallel do
for col = 1 to nin parallel do
if a[row] > a[col] then
Mrow, col] = 1
else

~= 110 nin parallel do
for col = 1 to nin parallel do
if M[row, col] == 1 then
X[row] = 1
for row = 1 to nin parallel do
if x[row] == 0 then
min = a[row]
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More Efficient Common-CRCW Minimum

procedure LL-MIN(A[4..r]) 1 G e -

n=r—~/~+1 A | | | [eee]
if n =1 then
return A[/]

B = new array of size k = \/n
for i = 1 to k in parallel do
VV=0+k-(i—1)
rr=~0+k-i—1
> A = A[l..r']
B[] = LL-MIN(A[¢'..r"])
return FAST-MIN(BJ[1..k])
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More Efficient Common-CRCW Minimum

procedure LL-MIN(A[4..r]) 1 G e -
n=r—1/+1 A | | | X
return Al{] Bl B[2] B3] - Bl

B = new array of size k = \/n
for i = 1 to k in parallel do
VV=0+k-(i—1)
rr=~0+k-i—1
> A = A[l..r']
B[] = LL-MIN(A[¢'..r"])
return FAST-MIN(BJ[1..k])
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More Efficient Common-CRCW Minimum

procedure LL-MIN(A[£..r])
n=r—/{+1
if n =1 then
return A[/]

B = new array of size k = \/n
for i = 1 to k in parallel do
VV=0+k-(i—1)
rr=~0+k-i—1
> A = A[l..r']
B[] = LL-MIN(A[¢'..r"])
return FAST-MIN(BJ[1..k])
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1 Vn 2+/n 3v/n
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B[1] B[2] B[3] -

Blv/n]
Il Il Il Il

min(A;) min(Az) min(Agz) *+- min(A, )
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More Efficient Common-CRCW Minimum

procedure LL-MIN(A[£..r])
n=r—/{+1
if n =1 then
return A[/]

B = new array of size k = \/n
for i = 1 to k in parallel do
VV=0+k-(i—1)
rr=~0+k-i—1
> A = A[l..r']
B[] = LL-MIN(A[¢'..r"])
return FAST-MIN(BJ[1..k])

1 Vn 2+/n 3v/n

A | | | [ oo |
~  — S~ " ~— S~— —
B[1] B[2] B[3] -

Blv/n]
Il Il Il Il

min(A;) min(Az) min(Agz) *+- min(A, )

\/

FAST-MIN(B[1..4/n))

Analysis
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More Efficient Common-CRCW Minimum

procedure LL-MIN(A[£..r])
n=r—/{+1
if n =1 then
return A[/]

B = new array of size k = \/n
for i = 1 to k in parallel do
VV=0+k-(i—1)
rr=~0+k-i—1
> A = A[l..r']
B[] = LL-MIN(A[¢'..r"])
return FAST-MIN(BJ[1..k])

1 Vn 2+/n 3v/n

A | | | [ oo |
~  — S~ " ~— S~— —
B[1] B[2] B[3] -

Blv/n]
Il Il Il Il

min(A;) min(Az) min(Agz) *+- min(A, )

\/
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More Efficient Common-CRCW Minimum

procedure LL-MIN(A[£..r])
n=r—/{+1
if n =1 then
return A[/]

B = new array of size k = \/n
for i = 1 to k in parallel do

1 NG 2v/n 3vn
A | | | EXXH

B[1] B[2] B[3] = Blyn]
Il Il Il Il
min(A;) min(Az) min(Agz) *+- min(A, )

O =0+k-(i—1)
rr=~0+k-i—1 \ /
> A = A[¢..r'] FAST-MIN(B[1..4/n))
Bli] = LL-MIN(A[¢"..r']) =< recursion
return FAST-MIN(BJ[1..k])
Analysis
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More Efficient Common-CRCW Minimum

procedure LL-MIN(A[£..r]) 1 G e .
n=r—/{+1 tlA | | ]
return A[/] B[1] B[2] B[3] -+ B[\/n]
B = new array of size k = \/n o(1) ' ' ' I
for i =1 to k in parallel do min(A;) min(Az) min(Az) =+ min(A_)
0 =l+k-(i—1)
Fo=lak-i—1 v o —
> A = A[¢..r'] FAST-MIN(B[1..4/n))
B[i] = LL-MIN(A[¢"..r']) =< recursion
return FAST-MIN(B[1..k]) <1 | O(1)

Analysis
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More Efficient Common-CRCW Minimum

procedure LL-MIN(A[£..r]) 1 G e .
n=r—/{+1 tlA | | ]
return A[/] B[1] B[2] B[3] -+ B[\/n]
B = new array of size k = \/n o(1) ' ' ' I
for i =1 to k in parallel do min(A;) min(Az) min(Az) =+ min(A_)
0 =l+k-(i—1)
Fo=lak-i—1 v o —
> A = A[¢..r'] FAST-MIN(B[1..4/n))
B[i] = LL-MIN(A[¢"..r']) =< recursion
return FAST-MIN(B[1..k]) <1 | O(1)

Analysis

T(n) = T(v/n) + O(1)
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More Efficient Common-CRCW Minimum

procedure LL-MIN(A[£..r])
n=r—/{+1
if n =1 then
return A[/]

B = new array of size k = \/n
for i = 1 to k in parallel do
VV=0+k-(i—1)
rr=~0+k-i—1
> A = A[l..r']
B[] = LL-MIN(A[¢'..r"])
return FAST-MIN(BJ[1..k])

1 Vn 2+/n 3v/n

A | | | [ oo |
~  — S~ " ~— S~— —
B[1] B[2] B[3] -

Blv/n]
Il Il Il Il

min(A;) min(Az) min(Agz) *+- min(A, )

\/

FAST-MIN(B[1..4/n))

Analysis

T(n) = T(v/n)+ O(1)
W(n) =
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More Efficient Common-CRCW Minimum

procedure LL-MIN(A[£..r]) 1 G e i
n=r—~{+1 Al A | | [~ ]
if n =1 then o) ~ -~~~ ~
return Al BI1] B[2] B3] - Bly/n]
B = new array of size k = \/n v ' ! } i
for /i = 1 to k in parallel do min(A¢) min(Az) min(As) =+ min(A_)
O =l+k-(i—1) IO =
rr=0+k-i—1 (\f)\ /
> A = A[¢..r'] FAST-MIN(B[1..4/n))
B[] = LL-MIN(A[¢..r']) < recursion ;ﬁ
return FAST-MIN(BJ[1..k]) - |0 ((\ﬁ?) ) = O(n)

Analysis
T(n) = T(v/n)+ O(1)
W(n) =
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More Efficient Common-CRCW Minimum

procedure LL-MIN(A[£..r]) 1 G e i
n=r—~{+1 Al A | | [~ ]
if n =1 then o) ~ -~~~ ~
return Al BI1] B[2] B3] - Bly/n]
B = new array of size k = \/n v ' ! } i
for /i = 1 to k in parallel do min(A¢) min(Az) min(As) =+ min(A_)
O =l+k-(i—1) IO =
rr=0+k-i—1 (\f)\ /
> A = A[¢..r'] FAST-MIN(B[1..4/n))
B[] = LL-MIN(A[¢..r']) < recursion ;ﬁ
return FAST-MIN(BJ[1..k]) - |0 ((\ﬁ?) ) = O(n)

Analysis
T(n) = T(v/n)+ O(1)
W(n) = v/n- W(y/n) + O(n)
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T(n) = T(v/n) + O(1)

= O(loglog n)
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Solving Recurrences

T(n) = T(v/n) + O(1)

= O(loglog n)

W(n) = v/n- W(y/n) + O(n)

= O(nloglog n)




Solving Recurrences

procedure LL-MIN(A[£..r])
n=r—~/~+1
if n =1 then
return A[/]

B = new array of size

return FAST-MIN(BJ[1..k])

Nodari Sitchinava — Parallel Algorithms

T(n) = T(v/n) + O(1)

= O(loglog n)

W(n) = /n- W(y/n) + O(n)

= O(nloglog n)



Work-Efficient Common-CRCW Minimum

procedure CRCW-]\/“N(A[‘I n]) 1 loglogn  2loglog n 3log log n

A | oo ]
B = new array of size k = —"

log log n ~ — ~ -~~~ ~— —

for i = 1 to k in parallel do
C=1+k-(i—1) B[1] B[2] B[3] -+ BlK]

rek-i T~
B[i] = SEQ-MIN(A[{..r]) LL-MIN(B[1..K])
return LL-MIN(B[1..k]) |
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Work-Efficient Common-CRCW Minimum

procedure CRCW-]\/“N(A[‘I n]) 1 loglogn  2loglog n 3log log n

A | e
B = new array of size k = —"

log log n ~ — ~ -~~~ ~— —

for i = 1 to k in parallel do
C=1+k-(i—1) B[1] B[2] B[3] -+ BlK]

rek-i T~
B[i] = SEQ-MIN(A[{..r]) LL-MIN(B[1..K])
return LL-MIN(B[1..k]) |

Analysis
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Work-Efficient Common-CRCW Minimum

B = new array of size k =

C=1+k-(i—1)

r=K-i

B[i] = SEQ-MIN(A[¥..r])
return LL-MIN(B[1..k])

procedure CRCW-MIN(A[1..n])

n
log log n

for i = 1 to k in parallel do

A

Analysis

1

log log n 2loglog n 3loglog n

B[1] B[2] B3] - BlK]

\/

LL-MIN(B[1..K])

T'(n) = O(loglogn) + O (Iog log

n
log log n

)
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Work-Efficient Common-CRCW Minimum

procedure CRCW-]\/“N(A[‘I n]) 1 loglogn  2loglog n 3log log n

A | e
B = new array of size k = —"

log log n ~ — ~ -~~~ ~— —

for i = 1 to k in parallel do
C=1+k-(i—1) B[1] B[2] B[3] -+ BlK]

rek-i T~
B[i] = SEQ-MIN(A[{..r]) LL-MIN(B[1..K])
return LL-MIN(B[1..k]) |

Analysis

T(n) = O(loglogn) + O (Iog 109 15 @gn)

= O(log log n) + O (log log n — log™ n)
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Work-Efficient Common-CRCW Minimum

procedure CRCW-]\/“N(A[‘I n]) 1 loglogn  2loglog n 3log log n

A | e
B = new array of size k = —"

log log n ~ — ~ -~~~ ~— —

for i = 1 to k in parallel do
C=1+k-(i—1) B[1] B[2] B[3] -+ BlK]

rek-i T~
B[i] = SEQ-MIN(A[{..r]) LL-MIN(B[1..K])
return LL-MIN(B[1..k]) |

Analysis

T(n) = O(loglogn) + O (Iog 109 15 @gn)

= O(log log n) + O (log log n — log” n) = O(log log n)
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Work-Efficient Common-CRCW Minimum

procedure CRCW-]\/“N(A[‘I n]) 1 loglogn  2loglog n 3log log n

A | e
B = new array of size k = —"

log log n ~ — ~ -~~~ ~— —

for i = 1 to k in parallel do
C=1+k-(i—1) B[1] B[2] B[3] -+ BlK]

rek-i T~
B[i] = SEQ-MIN(A[{..r]) LL-MIN(B[1..K])
return LL-MIN(B[1..k]) |

Analysis

T(n) = O(loglogn) + O (Iog 109 15 @gn)

= O(log log n) + O (log log n — log” n) = O(log log n)

W(n) = Ioglr(’)gn - O(loglog n) + O (k loglog k)

Nodari Sitchinava — Parallel Algorithms




Work-Efficient Common-CRCW Minimum

procedure CRCW-]\/“N(A[‘I n]) 1 loglogn  2loglog n 3log log n

A | e
B = new array of size k = —"

log log n ~ — ~ -~~~ ~— —

for i = 1 to k in parallel do
C=1+k-(i—1) B[1] B[2] B[3] -+ BlK]

rek-i T~
B[i] = SEQ-MIN(A[{..r]) LL-MIN(B[1..K])
return LL-MIN(B[1..k]) |

Analysis

T(n) = O(loglogn) + O (Iog 109 15 @gn)

= O(log log n) + O (log log n — log” n) = O(log log n)

W(n) = Ioglr(’)gn - O(loglog n) + O (k loglog k)

_ _n_ _n
=0 (n i log log n Iog Iog log log n)
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Work-Efficient Common-CRCW Minimum

procedure CRCW-]\/“N(A[‘I n]) 1 loglogn  2loglog n 3log log n

A | e
B = new array of size k = —"

log log n ~ — ~ -~~~ ~— —

for i = 1 to k in parallel do
C=1+k-(i—1) B[1] B[2] B[3] -+ BlK]

rek-i T~
B[i] = SEQ-MIN(A[{..r]) LL-MIN(B[1..K])
return LL-MIN(B[1..k]) |

Analysis

T(n) = O(loglogn) + O (Iog 109 15 ng)
= O(log log n) + O (log log n — log” n) = O(log log n)
W(n) =

o3 Iogn - O(loglog n) + O (k log log k)

=0 (n log Iogn -log log log Iog n) O (n i log Iogn Iog n)
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Work-Efficient Common-CRCW Minimum

procedure CRCW-]\/“N(A[‘I n]) 1 loglogn  2loglog n 3log log n

A | e
B = new array of size k = —"

log log n ~ — ~ -~~~ ~— —

for i = 1 to k in parallel do
C=1+k-(i—1) B[1] B[2] B[3] -+ BlK]

rek-i T~
B[i] = SEQ-MIN(A[{..r]) LL-MIN(B[1..K])
return LL-MIN(B[1..k]) |

Analysis

T(n) = O(loglogn) + O (Iog 109 15 ng)
= O(log log n) + O (log log n — log” n) = O(log log n)
W(n) =

o3 Iogn - O(loglog n) + O (k log log k)

=O(n —Ioglogn Ioglog—loglogn) O(n+n_—loglogn Iog n) O(n)
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Attaining Work-Efficiency

procedure CRCW-]\/“N(A[‘I n]) 1 loglogn  2loglog n 3log log n

A | oo ]
B = new array of size k = —"

log log n ~ — ~ -~~~ ~— —

for i = 1 to k in parallel do
C=1+k-(i—1) B[1] B[2] B[3] -+ BlK]

rek-i T~
B[i] = SEQ-MIN(A[{..r]) LL-MIN(B[1..K])
return LL-MIN(B[1..k]) |
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Attaining Work-Efficiency

1 log log n 2loglog n 3loglog n

procedure CRCW-MIN(A[1..n]) A o]
n

B=.new array of size k = {-10a7 o’ —_
for i = 1 to k in parallel do

(=1+k-(i—1) B(1] B[2] B[3] - BlA]

Fek-i c~—
Bi] = SEQ-MIN(A[/..r]) LN KD
return LL-MIN(B[1..k])

s Reduce the size of the original problem
= Solve many small problems using slow but work-efficient algorithm
= Solve the reduced problem using fast but work-inefficient algorithm
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Summary

EREW PRAM:

Common-CRCW PRAM:
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Time Work
©(log n) O(n)
O(1) Clly
©(log log n) O(n)




