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Reminder: Segmented Prefix Sums

yi =

{
x1 if i = 1

(yi−1 · (1− bi )) + xi if i > 1
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Generalized Segmented Scan
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Generalized Segmented Scan
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Segmented Prefix Sums via •
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I⊕ if b = 1
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Segmented Prefix Sums via •
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Segmented Prefix Sums via •
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Segmented Prefix Sums via •
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Segmented Prefix Sums via •

4 6 9 1Y :

0 1 0 0 0 0 1 0 0 01 0 0 1 0b :
3 3 1 2 1 2 3 1 2 14 2 3 1 2X :

1 1 1 1b′ :

(yi
b′i

)
=

{(x1
b1

)
if i = 1(yi−1

b′i−1

)
•
(xi

bi

)
=
((yi−1⊗bi )⊕xi

b′i−1∨bi

)
if i > 1

Segmented scan

(y4
b′4

)
=
((y3⊗b4)⊕x4

b′3∨b4

)
=
((9⊗1)⊕1

1∨1

)
⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1

4



Nodari Sitchinava – Parallel Algorithms

Segmented Prefix Sums via •
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Segmented Prefix Sums via •
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Segmented Prefix Sums via •

6 34 6 9 1 3Y :

0 1 0 0 0 0 1 0 0 01 0 0 1 0b :
3 3 1 2 1 2 3 1 2 14 2 3 1 2X :

11 1 1 1 1b′ :

(yi
b′i

)
=

{(x1
b1

)
if i = 1(yi−1

b′i−1

)
•
(xi

bi

)
=
((yi−1⊗bi )⊕xi

b′i−1∨bi

)
if i > 1

Segmented scan

1

⊗ : R× {0, 1} → R

z ⊗ b =

{
z if b = 0

I⊕ if b = 1

(y7
b′7

)
=
((y6⊗b7)⊕x7

b′6∨b7

)
=
((6⊗1)⊕3

1∨1

)

4



Nodari Sitchinava – Parallel Algorithms

Segmented Prefix Sums via •
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Segmented scan via prefix sums
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Segmented scan via prefix sums

for i = 1 to n
2 in parallel do

x ′[i ] = x [2i − 1] + x [2i ]

for i = 1 to n
2 in parallel do

x [2i ] = x ′[i ]
if i 6= n

2 then
x [2i + 1] = x [2i + 1] + x ′[i ]
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2 ])

if n ≤ 1 then return
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Defining •
• :
(
R× {0, 1}

)
×
(
R× {0, 1}

)
→
(
R× {0, 1}

)
( x

b1

)
•
( y

b2

)
=
((x⊗b2)⊕y

b1∨b2

)
operator •( PAIR x , PAIR y , operator ⊕)

z = new PAIR

if y .second = 0 then
z.first = x .first ⊕ y .first

else
z.first = I⊕ ⊕ y .first

z.second = x .second ∨ y .second
return z

⊗ : R× {0, 1} → R

x ⊗ b =

{
x if b = 0

I⊕ if b = 1

6
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Segmented Partition
procedure SEG-PARTITION(A[1..n], segs[1..n])

pivots, flags = new arrays of size n
for i = 1 to n in parallel do

if segs[i ] = 1 then pivots[i ] = A[i ]
SEG-BROADCAST(pivots, segs)
for i = 1 to n in parallel do

if A[i ] ≤ pivots[i ] then flags[i ] = 1
else flags[i ] = 0

k [1..n] = SEG-FILTER(A[1..n], flags[1..n])
pivotF lags = new array of size n
for i = 1 to n in parallel do

pivotF lags[i ] = 0
if segs[i ] = 1 then

SWAP(A[i ], A[i + k [i ]− 1])
pivotF lags[i + k [i ]− 1] = 1

return pivotF lags[1..n]
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procedure QUICKSORT(A[1..n])
segs = new array of n bits
for i = 2 to n in parallel do segs[i ] = 0
segs[1] = 1 . initialize segments
while not SORTED(A[1..n]) do

SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n])
UPDATE-SEGS(segs[1..n], p[1..n])
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QUICKSORT(A[1..n]) Analysis

UPDATE-SEGS(segs, p)

procedure QUICKSORT(A[1..n])
segs = new array of n bits
for i = 2 to n in parallel do segs[i ] = 0
segs[1] = 1 . initialize segments
while not SORTED(A[1..n]) do

SEG-RANDOMIZE-PIVOTS(A, segs)
p[1..n] = SEG-PARTITION(A[1..n], segs[1..n])
UPDATE-SEGS(segs[1..n], p[1..n])

Analysis:

O(log n) iterations of the while loop in expectation

Each iteration:
T (n) = O(log n)

W (n) = O(n)
Total: T (n) = O(log2 n)

W (n) = O(n log n)

Expected

512 16 2510 4 19 8

5 48 10 12 16 25 19

1 n

SEG-PARTITION(A, segs)

1000 0 0 0 0

58 4 12 16 25 1910

p :
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