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eminder: Prefix Sums
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Reminder: Prefix Sums

A:

A
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3 4 9 1114
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Ali] = 3 Al
k=1

A'[6] = A[1] + A[2] + A[3]

+A[4] + A[S] + A[6]
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Reminder: Prefix Sums

A. 131 523 4157215216 9

A 3 4 9 1114/18(19 24 31 33 34 39 41 42 48 57

ATl =3 Alll
k=1 procedure PREFIX-SUMS(4[1..n])
if n < 1 then return

for i=1to 7 in parallel do

A'[6] = A[1] + A[2] + A[3] bli] = a[2i — 1] + a[2i]
+A[4] + A[3] + Al6] PREFIX-SuMS(b[1..2])
for i =1to 7 in parallel do
a[2i] = bli]

if i # 5 then
al2i + 1] = a[2i + 1] + b[i]
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Application: FI

flags :
A:

L TER
0{0|1|0]1 0{0|1|0]1
5112|{10|25|16| 4 [19/43|28|32|21
10(16| 4 |28|21

procedure FILTER(A[1..n])
k=0
for /i =1tondo
If A[/] is checked then
k=K+1
Blk] = A[/]
return B[1..k]
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Application: FI

flags :
A:

L TER
0{0|1|0]1 0{0|1|0]1
5112|{10|25|16| 4 [19/43|28|32|21
10(16| 4 |28|21

procedure FILTER(A[1..n], flags[1..n])
k=0
for /i =1tondo
if flags[i] = 1 then
k=K+1
Blk] = A[]
return B[1..k]
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Application: FI

flags :
A:

flags’ :

B :

L TER
0{0[1]0]1 0{0[1]0]1
5(12[10|25|16| 4 |19|43|28|32|21
0{0[1]|1]2|3|3|3|4|4]|5
10(16| 4 |28|21

procedure FILTER(A[1..n], flags[1..n])
k=0
for /i =1tondo
if flags[i] = 1 then
k=K+1
Blk] = A[]
return B[1..k]
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Application: FI

flags :
A:

flags’ :

B :

L TER
0{0[1]0]1 0{0[1]0]1
5(12(10|25|16| 4 |19|43|28|32|21
0{0[1]|1]2|3|3|3|4|4]|5
10(16| 4 |28|21

1

2

3

4
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procedure FILTER(A[1..n], flags[1..n])
k=0
for /i =1tondo
if flags[i] = 1 then
k=K+1
Blk] = A[]
return B[1..k]
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Application: FI

flags :
A:

flags’ :

B :

L TER
0{0[1]0]1 0{0[1]0]1
5(12(10|25|16| 4 |19|43|28|32|21
0{0[1]|1]2|3|3|3|4|4]|5
10(16| 4 |28|21

1
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procedure FILTER(A[1..n], flags[1..n])

flags’[1..n] = PREFIX-SUMS(flags[1..n))
for / = 1 to nin parallel do

if flags|[i] = 1 then

B[flags'[i]] = A[/]

return B[1..flags’[n]]
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Application: FI

flags :
A:

L TER
0{0[1]|1]2|3|3|3|4|4]|5
5(12(10|25|16| 4 |19|43|28|32|21
10(16| 4 |28|21
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5

procedure FILTER(A[1..n], flags[1..n])

flags’[1..n] = PREFIX-SUMS(flags[1..n))
for / = 1 to nin parallel do

if flags|[i] = 1 then

B[flags'[i]] = A[/]

return B[1..flags’[n]]
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Application: FI

flags :
A:

L TER
0{0[1]|1]2|3|3|3|4|4]|5
5(12(10|25|16| 4 |19|43|28|32|21
10(16| 4 |28|21

1
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5

procedure FILTER(A[1..n], flags[1..n])
PREFIX-SUMS(flags[1..n])
for / = 1 to nin parallel do
if flags|i] # flags[i — 1] then
Blflags[i]] = Al/]
return B[1..flags[n]]
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Application: FI

flags :
A:

PREFIX-SUMS(flags[1..n])
for / = 1 to nin parallel do
if flags|i] # flags[i — 1] then
Blflags[i]] = Al/]
return B[1..flags[n]]

/

Nodari Sitchinava — Parallel Algorithms

L TER
0(0|1[1]2 3(3(4[4]|5
5(12(10(25|16| 4 |19|43|28|32|21
10|16| 4 (28|21
procedure FILTER(A[1..n], flags[1..n]) —

<«——— Prefix-Sums

Array
out-of-bounds
error




Application: FI

flags :
A:

L TER
0{0[1]|1]2|3|3|3|4|4]|5
5(12(10|25|16| 4 |19|43|28|32|21
10(16| 4 |28|21

1

2

3

4

5

procedure FILTER(A[1..n], flags[1..n])
PREFIX-SUMS(flags[1..n])
for / = 2 to nin parallel do
if flags[i] # flags[i — 1] then
Blflags|i]] = A[/]
if flags[1] == 1 then
B[1] = Al1]
return B[1..flags[n]]
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Application: FILTER

flags : 0(0(1(1(2|3[|3|3(4(4]|5
A: 5(12/10|25(16| 4 |19(43|28|32 |21
B : 10|16| 4 (28|21
procedure FILTER(A[1..n], flags[1..n])
PREFIX-SUMS(flags[1..n])
for / = 2 to nin parallel do
if flags[i] # flags[i — 1] then
Blflags|i]] = A[/]
if flags[1] == 1 then size of B

B[1] = A[1]
return B[1..flags[n]]
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Application: Fi

flags :
A:

L TER
O|0|1]1]|2 313|1414|5 ——— Prefix-Sums
5112|10|25|16| 4 |19|43|28|32|21
How about
10]16] 4 |28 |21 FILTER(A[L..r], flags[{..r])?

1
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5

procedure FILTER(A[1..n], flags[1..n])
PREFIX-SUMS(flags[1..n])
for / = 2 to nin parallel do
if flags[i] # flags[i — 1] then
Blflags|i]] = A[/]
if flags[1] == 1 then
B[1] = Al1]
return B[1..flags[n]]
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Application: Fi

flags :
A:

L TER
O|0|1]1]|2 313|1414|5 ——— Prefix-Sums
5112|10|25|16| 4 |19|43|28|32|21
How about
10]16] 4 |28 |21 FILTER(A[L..r], flags[{..r])?

1

2

3

4

5

procedure FILTER(A[L..r], flagsl[¥..r])
PREFIX-SUMS(flagsl[¥..r])

for i =/ + 1 to r in parallel do
if flags|i] # flags[i — 1] then
Blflags[i]] = Al[/]

if flags[{] = 1 then

B[1] = A[{]
return B[1..flags|r]]
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Application: FILTER

flags : 0|0(1(1(2|3|3]|3

4

415| =—— Prefix-Sums

A: 5(12|10(25|16| 4 |{19(43

28

32|21

B : 10|16| 4 (28|21

1 2 3 4 5

How about
FILTER(A[L..r], flags[{..r])?

procedure FILTER(A[L..r], flagsl[¥..r])

PREFIX-SUMS(flags[l..r]) =
for i =/ + 1 to r in parallel do
if flags|i] # flags[i — 1] then
Blflags|i]] = A[]
if flags[{] = 1 then
B[1] = A[{]
return B[1..flags|r]]

Prefix sums
on a subarray

Nodari Sitchinava — Parallel Algorithms



Application: BROADCAST




Application: BROADCAST
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Application: BROADCAST

BROADCAST(x, A[1..n])

A:

CREW PRAM




Application: BROADCAST

BROADCAST(x, A[1..n))

A: X| x| x

CREW PRAM

procedure CREW-BROADCAST(x, A[1..n])
for / = 1 to nin parallel do
Alll = x
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Application: BROADCAST

BROADCAST(x, A[1..n))

A X X[ X| X | X|X| X[ X|X|X]|X

CREW PRAM

procedure CREW-BROADCAST(x, A[1..n]) Time T(n) = O(1)
for i = 1 to nin parallel do -
Ali] = x Work: W(n) = O(n)
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Application: BROADCAST

BROADCAST(x, A[1..n])

A:

EREW PRAM




Application: BROADCAST

BROADCAST(x, A[1..n))

A: X

EREW PRAM

procedure BROADCAST(x, A[/..j])
if i = j then
Alil = x
else
mid = ||, mid’ = mid + 1
x' = x
in parallel do
BROADCAST(x, A[/..mid])
BROADCAST(x', Aimid’..j])
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Application: BROADCAST

BROADCAST(x, A[1..n))

A: X X| x| x| x

EREW PRAM

procedure BROADCAST(x, A[/..j])

if i = j then
Ali] = x

else
mid = ||, mid’ = mid + 1

X' =X Work:
in parallel do

BROADCAST(x, A[/..mid])

Time:

BROADCAST(x’, Almid’..j])
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Application: BROADCAST

BROADCAST(x, A[1..n))

A: X

EREW PRAM

procedure BROADCAST(x, A[/..j])
if i = j then
Alil = x
else
mid = ||, mid’ = mid + 1
x' = x
in parallel do
BROADCAST(x, A[/..mid])
BROADCAST(x', Aimid’..j])

Time: T(n) = T(n/2) + O(1)

Work:
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Application: BROADCAST

BROADCAST(x, A[1..n]) 8
A X X|I X[ X | X[ X | X | X| X
EREW PRAM
procedure BROADCAST(x, A[/..j])
if i = | then Time: T(n) = T(n/2) + O(1)
Alil = x = O(log n)
else ) )
mid = L ZIJ mid’ = mid + 1
x' = x Work: W(n) n/2) + O(1)

in parallel do
BROADCAST(x, A[/..mid])
BROADCAST(x', Aimid’..j])
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Broadcast visualization
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = a[2i + 1] + b[/] ‘

?‘&'? ?ig‘
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = a[2i + 1] + b[/] ‘

3‘g'3 3ig‘
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = a[2i + 1] + b[/] ‘

?‘&"? ?i&‘
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

if #g then ‘
al2i + 1] = a[2i + 1] + b[/] ‘ ‘
O ,"
930 03@ 9‘@ (3
A0 A A A L ()L
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Prefix Sums

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

ifi75then | @
a2i + 1] = a[2i + 1] + b[/] ‘?‘
930 03@ 9‘@9
MO0 (0 (A (L)
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Prefix Sums

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

if #g then ‘
al2i + 1] = a[2i + 1] + b[/] ‘ ‘
(11 ’9
9‘0 0‘@ 9‘@ (3
A0 A A A L ()L
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Prefix Sums

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

if #g then ‘
al2i + 1] = a[2i + 1] + b[/] @ @
(11 ’9
9‘0 0‘@ 9‘@ (3
A0 A A A L ()L
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = al2i + 1] + b[/] @

33
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = al2i + 1] + b[/] @
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = al2i + 1] + b[/] @

33
(eITiT]
900@9‘@9
A OO A (A (L)
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = al2i + 1] + b[/] @

33
(eITiT]
900@9‘@9
A OO A (A (L)
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = al2i + 1] + b[/] @

57,
(eITiT]
900@9‘@9
A OO A (A (L)
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = al2i + 1] + b[/] @

57,
(eITi T
900@9‘@9
A OO A (A (L)

Nodari Sitchinava — Parallel Algorithms



Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = al2i + 1] + b[/] @

57,
(eITi T
900@9‘@9
A OO A (A (L)
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = al2i + 1] + b[/] @

57,
teITIT]
900@9‘@9
A OO A (A (L)
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = al2i + 1] + b[/] @

57,
(LTI
9@@@@‘@@
A OO A (A (L)
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

ifi;/g'then | | @
al2i+ 1] = al2i + 1] + b[i] @ @
@?@ @Q@
ﬁ@l %a‘ ?al $'NY4
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Prefix Sums
procedure PREFIX-SumMS(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

if / ;/g'then | | @
al2i+ 1] = al2i + 1] + b[i] @ @
ﬂ!!’@> @%I’@
gah ﬁah ﬁah 'Yy

800GCCECHECECACTE
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Prefix Sums
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = al2i + 1] + b[/] @

57,
bbb T
&) (1 (8 (4 %.@ 42
A A LA (A () ()
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Nodari Sitchinava — Parallel Algorithms



Prefix Sums
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2

57,
G‘I’@ @1!.@
&) (1 (8 (4 %.@ 42
A A LA (A () ()

800GCCECHECECACTE

Works with any
associative operation
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Prefix Sums

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i =1to 7 in parallel do

Works with any
associative operation

b[i] = a[2i — 1] + g[2i] (a+b)+c=a+(b+c)
PREFIX-SuMS(b[1..5]) (@-b)-c=a-(b-c)
for i =11to 7 in parallel do min(min(a, b), ¢) = min(a, min(b, ¢))
al2i] = bl[i]

if i 7 then
a[2i + 1] = a[2i + 1] + b[i]
24)

57,
G‘!PFP @!I?@
&) (1 (8 (4 %.@ 42
A A LA (A () ()

800GCCECHECECACTE
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Prefix Sums

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])
for i =11to 7 in parallel do
a[2i] = b[i]
if i # 7 then
a[2i + 1] = a[2i + 1] + b[i]

Nodari Sitchinava — Parallel Algorithms

24

m,@
oRORC:
1

800GCCTCECUE

Claim. b[] = fj a[k]
k=1 i
Proof. By I.H. b[i] = > _ b[K]
. k=1

=Y (a[2k — 1] + a[2k])



Broadcast via Prefix Sums

“sum” is a binary operator + : R x R — R
= takes two real arguments, e.g., aand b
» returns a real number equal to the sum of aand b

Nodari Sitchinava — Parallel Algorithms



Broadcast via Prefix Sums

“sum” is a binary operator + : R x R — R
= takes two real arguments, e.g., aand b
» returns a real number equal to the sum of aand b

a+b=sum(a,b) =+(a, b)

/ AN

infix notation prefix notation
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Broadcast via Prefix Sums

“sum” is a binary operator + : R x R — R
= takes two real arguments, e.g., aand b
» returns a real number equal to the sum of aand b

a+b=sum(a,b) =+(a, b)

Similary, define a binary operator COPY : R x R — R
= takes two real arguments, e.g., aand b
» returns a real number, the first one of the two arguments
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Broadcast via Prefix Sums

“sum” is a binary operator + : R x R — R
= takes two real arguments, e.g., aand b
» returns a real number equal to the sum of aand b

a+b=sum(a,b) =+(a, b)

Similary, define a binary operator COPY : R x R — R

= takes two real arguments, e.g., aand b

» returns a real number, the first one of the two arguments
E.Q.:

= COPY(7,2) returns 7

® COPY(12,55) returns 12

m COPY(a, b) returns a
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Broadcast via Prefix Sums

“sum” is a binary operator + : R x R — R
= takes two real arguments, e.g., aand b
» returns a real number equal to the sum of aand b

a+b=sum(a,b) =+(a, b)

Similary, define a binary operator COPY : R x R — R

= takes two real arguments, e.g., aand b

» returns a real number, the first one of the two arguments
E.g.:

= COPY(7,2) returns 7

® COPY(12,55) returns 12

m COPY(a, b) returns a

Claim. COPY operator is associative, i.e.,

COPY(a, COPY(b, c)) = COPY(COPY(a, b), )
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COPY IS associative

Claim. COPY operator is associative, i.e.,

COPY(a, COPY(b, c)) = COPY(COPY(a, b), ¢)
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COPY IS associative

Claim. COPY operator is associative, i.e.,

COPY(a, COPY(b, c)) = COPY(COPY(a, b), ¢)

Proof.

COPY(a, COPY(b, c)) = COPY(COPY(a, b), ¢
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COPY IS associative

Claim. COPY operator is associative, i.e.,

COPY(a, COPY(b, c)) = COPY(COPY(a, b), ¢)

Proof. b
—

a
—

COPY(a, COPY(b, c)) = COPY(COPY(a, b), ¢
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COPY IS associative

Claim. COPY operator is associative, i.e.,

COPY(a, COPY(b, c)) = COPY(COPY(a, b), ¢)

Proof. b a
— —
COPY(a, COPY(b, c)) = COPY(COPY(a, b), ¢
& ¢
COPY(a, b) COPY(a, ¢)
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COPY IS associative

Claim. COPY operator is associative, i.e.,

COPY(a, COPY(b, c)) = COPY(COPY(a, b), ¢)

Proof. b a
— —
COPY(a, COPY(b, c)) = COPY(COPY(a, b), ¢
& ¢
COPY(a, b) COPY(a, ¢)
& ¢
a a
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator




Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5 (12|10|25(16| 4 |19| 8

PREFIX-SUMS(A[1..n])

PREFIX-COPY(A[1..n])
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: | 5]12/10/25|16] 4 |19 8
PREFIX-SUMS(A[1..n]) >
PREFIX-COPY(A[1..n]) 5
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: | 5]12/10/25|16] 4 |19 8
PREFIX-SUMS(A[1..n]) >

5+12
PREFIX-COPY(A[1..n]) 5
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5(12(10|25|16| 4 |19| 8
PREFIX-SUMS(A[1..n]) 5 |17
9+ 12
PREFIX-COPY(A[1..n]) 5
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5 (12|10|25(16| 4 |19| 8

PREFIX-SUMS(A[1..n]) 5 |17

!

5+12

COPY(5,12)

'

PREFIX-COPY(A[1..n]) 5
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5 (12|10|25(16| 4 |19| 8

PREFIX-SUMS(A[1..n]) 5 |17

!

5+12

COPY(5,12)
'

PREFIX-COPY(A[1..n]) 515
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5 (12|10|25(16| 4 |19| 8

PREFIX-SUMS(A[1..n]) 5 |17

!

5+12)+10

COPY(5,12)
'

PREFIX-COPY(A[1..n]) 515
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5 (12|10|25(16| 4 |19| 8

PREFIX-SUMS(A[1..n]) 5|17(27

!

5+12)+10

COPY(5,12)
'

PREFIX-COPY(A[1..n]) 515
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5 (12|10|25(16| 4 |19| 8

PREFIX-SUMS(A[1..n]) 5|17(27

!

5+12)+10

COPY(COPY(5,12),10)

'

PREFIX-COPY(A[1..n]) 515
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5 (12|10|25(16| 4 |19| 8

PREFIX-SUMS(A[1..n]) 5|17(27

!

5+12)+10

COPY(COPY(5,12),10)
'

PREFIX-COPY(A[1..n]) 5(5|5
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5 (12|10|25(16| 4 |19| 8

PREFIX-SUMS(A[1..n]) 5|17(27

!

(5+12) +10) + 25

COPY(COPY(5,12),10)
'

PREFIX-COPY(A[1..n]) 5(5|5
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5 (12|10|25(16| 4 |19| 8

PREFIX-SUMS(A[1..1]) ° [17]27|52

!

(5+12) +10) + 25

COPY(COPY(5,12),10)
'

PREFIX-COPY(A[1..n]) 5(5|5
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Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5 (12|10|25(16| 4 |19| 8

PREFIX-SUMS(A[1..1]) ° [17]27|52

!

(5+12) +10) + 25

COPY(COPY(COPY(5,12),10), 25)

'

PREFIX-COPY(A[1..n]) 5(5|5

Nodari Sitchinava — Parallel Algorithms



Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A: 5 (12|10|25(16| 4 |19| 8

PREFIX-SUMS(A[1..1]) ° [17]27|52

!

(5+12) +10) + 25

COPY(COPY(COPY(5,12),10), 25)

PREFIX-COPY(A[1..n]) 55|55

Nodari Sitchinava — Parallel Algorithms



Broadcast = Prefix Copy

Prefix sums with COPY as the associative operator

A 5 112|10(25(16| 4 |19| 8
PREFIX-SUMS(A[1..n]) o |17]27]52|68|72|91|99
PREFIX-COPY(A[1..n]) 5/5|5|5|5|5|5]|5
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PARTITION(A[1..n])

Problem. Given an array A[1..n], partition it around the pivot A[1]: place all
entries that are at most the pivot to the left of the pivot and all entries that

are greater after it.
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PARTITION(A[1..n])

Problem. Given an array A[1..n], partition it around the pivot A[1]: place all
entries that are at most the pivot to the left of the pivot and all entries that

are greater after it.

A: |10{12|16|25| 5|4 |19| 8
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PARTITION(A[1..n])

Problem. Given an array A[1..n], partition it around the pivot A[1]: place all
entries that are at most the pivot to the left of the pivot and all entries that

are greater after it.

A: |10{12|16|25| 5|4 |19| 8

PARTITION(A[1..n))
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PARTITION(A[1..n])

Problem. Given an array A[1..n], partition it around the pivot A[1]: place all
entries that are at most the pivot to the left of the pivot and all entries that

are greater after it.

A: |10{12|16|25| 5|4 |19| 8

PARTITION(A[1..n))

A. [|8|5|4(10/12(16|25|19
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PARTITION(A[1..n])

10

12




PARTITION(A[1..n])

v

A: 10

12




PARTITION(A[1..n])

v

A: 10

12




PARTITION(A[1..n])
flags : 110

A: 10(12




PARTITION(A[1..n])
flags : 110

A: 10(12




PARTITION(A[1..n])
flags : 110

A: 10(12
B: 1|10/ 5




PARTITION(A[1..n])
flags : 110

A: 10(12
B: 1|10/ 5




PARTITION(A[1..n])
flags : 01

A: 10(12
B: 1|10/ 5




PARTITION(A[1..n

flags :
A:
B :

)

O(1]1]1 1
10|12({16|25 19
10{ 5|4 |8

procedure PARTITION(A[1..n])
flags[1..n] = MARK(A[1..n])
B = FILTER(A[1..n], flags[1..n])

FLIP(flags[1..n])

C = FILTER(A[1..n], flags|[1..n])
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PARTITION(A[1..n

flags :
A:
B :

)

0|1]1]1 1
10/12|16|25 19
10/ 5|48 C:

procedure PARTITION(A[1..n])
flags[1..n] = MARK(A[1..n])
B = FILTER(A[1..n], flags[1..n])

FLIP(flags[1..n])

C = FILTER(A[1..n], flags|[1..n])
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PARTITION(A[1..n

flags :
A:
B :

)

0|1]1]1 1
10/12|16|25 19
10/ 5|48 C:

procedure PARTITION(A[1..n])
flags[1..n] = MARK(A[1..n])
B = FILTER(A[1..n], flags[1..n])

FLIP(flags[1..n])

C = FILTER(A[1..n], flags|[1..n])

COMBINE(B, C, A)
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PARTITION(A[1..n])

flags : 0|11

A: 10/ 5| 4

B: 10|54

procedure PARTITION(A[1..n])
flags[1..n] = MARK(A[1..n])
B = FILTER(A[1..n], flags[1..n])
FLIP(flags[1..n])
C = FILTER(A[1..n], flags|[1..n])
COMBINE(B, C, A)
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PARTITION(A[1..n])

flags : 0|11 0({0(1]0
A: (10|54 12|16(25(19
B: |10|5|4 C: [12|16/25|19

procedure PARTITION(A[1..n])
flags[1..n] = MARK(A[1..n])
B = FILTER(A[1..n], flags[1..n])
FLIP(flags[1..n])
C = FILTER(A[1..n], flags|[1..n])

COMBINE(B, C, A)
SWAP(A[1], A[B.size])
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PARTITION(A[1..n])

flags : O{1(1|1(0(0|1]0
A: |8|5|41(10[12|16|25[19
B: 10|54 |8 C: [12/16/25|19

procedure PARTITION(A[1..n])
flags[1..n] = MARK(A[1..n])
B = FILTER(A[1..n], flags[1..n])
FLIP(flags[1..n])
C = FILTER(A[1..n], flags|[1..n])

COMBINE(B, C, A)
SWAP(A[1], A[B.size])
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PARTITION(A[1..n])

flags : O{1(1|1(0(0|1]0
A: 81514 1(10/12|16(25|19
B: [10/5|4|8 C:

procedure PARTITION(A[1..n])
flags[1..n] = MARK(A[1..n])
B = FILTER(A[1..n], flags[1..n])
FLIP(flags[1..n])
C = FILTER(A[1..n], flags|[1..n])

COMBINE(B, C, A)
SWAP(A[1], A[B.size])
return B.size
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PARTITION(A[1..n])
flags: |0|1](1|11]0|0]1]0
A: 8|15|4|10/12|16|25|19
B: |10|/5|4 |8 C: |12|16]25|19
procedure PARTITION(A[1..n]) procedure MARK(A[1..n])
flags[1..n] = MARK(A[1..n]) <«—— flags = new array[n]

B = FILTER(A[1..n], flags[1..n])
FLIP(flags[1..n])
C = FILTER(A[1..n], flags|[1..n])

COMBINE(B, C, A)
SWAP(A[1], A[B.size])
return B.size
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for / = 1 to nin parallel do
if A[1] < A[/] then
flags[i] = 1
else
flags[i] = 0
return flags|[1..n]




PARTITION(A[1..n])
flags: |0|1[1(1]0]0(1]0

A: 85|4|10{12{16|25(19

B: |10|/5|4 |8 C: |12|16]25|19
procedure PARTITION(A[1..n]) procedure MARK(A[1..n])
flags[1..n] = MARK(A[1..n]) <«—— flags = new array[n]
B = FILTER(A[1..n], flags[1..n]) for i = 1 to nin parallel do

FLIP(flags[1..n])

C = FILTER(A[1..n], flags|[1..n])
COMBINE(B, C, A)

SWAP(A[1], A[B.size]) 1 _
return B.size flagsli] = 0

return flags|[1..n]
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PARTITION(A[1..n])
flags: |0|1](1|11]0|0]1]0
A: 8|15|4|10/12|16|25|19
B: |10|/5|4 |8 C: |12|16]25|19
procedure PARTITION(A[1..n]) procedure MARK(A[1..n])
flags[1..n] = MARK(A[1..n]) <«—— flags, pivots = new array|[n]

B = FILTER(A[1..n], flags[1..n])
FLIP(flags[1..n])
C = FILTER(A[1..n], flags|[1..n])

COMBINE(B, C, A)
SWAP(A[1], A[B.size])
return B.size

Nodari Sitchinava — Parallel Algorithms

pivots[1] = A[1]
PREFIX-COPY(pivots[1..n])
for i = 1 to nin parallel do
if pivots[i] < A[/] then
flags[i] = 1
else
flags[i] = O
return flags




PARTITION(A[1..n])
flags: |0|1[1(1]0]0(1]0

A: 85|4|10{12{16|25(19

B: |10|/5[4 |8 C: |12|16|25|19
procedure PARTITION(A[1..n]) procedure MARK(A[1..n])
flags[1..n] = MARK(A[1..n]) <«—— flags, pivots = new array|[n]
B = FILTER(A[1..n], flags[1..n]) pivots[1] = A[1]
FLIP(flags[1..n]) PREFIX-COPY(pivots[1..n])
C = FILTER(A[1..n], flags|[1..n]) for i = 1 to n in parallel do
COMBINE(B, C, A). if pivots[i] < A[/] then
SWAP(A[1], A[B.size]) flags[i] = 1
return B.size
else
flags[i] = 0
return flags | T(n) = O(log n)
W(n) = O(n)
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PARTITION(A[1..n])
flags: |0|1[1(1]0]0(1]0

A: 85|4|10{12{16|25(19

B: |10|/5[4 |8 C: |12|16|25|19
procedure PARTITION(A[1..n]) procedure MARK(A[1..n])
flags[1..n] = MARK(A[1..n]) <«—— flags, pivots = new array|[n]
B = FILTER(A[1..n], flags[1..n]) pivots[1] = A[1]
FLIP(flags[1..n]) PREFIX-COPY(pivots[1..n])
C = FILTER(A[1..1, flags|[1..n]) for / = 1 to nin parallel do
COMBINE(B, C, A) if pivots[i] < A[/] then
SWAP(A[‘I],_A[B.S/ZG flags[i] = 1
return B.size
x else
procedure FLIP(flags[1..n]) flagsi] = 0
for i = 1 to nin parallel do return flags | 7(n) = O(log n)
flags[i] = 1 — flags]i] W(n) = O(n)
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PARTITION(A[1..n])
flags: |0|1[1(1]0]0(1]0

A: 85|4|10{12{16|25(19

B: |10|/5[4 |8 C: |12|16|25|19
procedure PARTITION(A[1..n]) procedure MARK(A[1..n])
flags[1..n] = MARK(A[1..n]) <«—— flags, pivots = new array|[n]
B = FILTER(A[1..n], flags[1..n]) pivots[1] = A[1]
FLIP(flags[1..n]) PREFIX-COPY(pivots[1..n])
C = FILTER(A[1..1, flags|[1..n]) for / = 1 to nin parallel do
COMBINE(B, C, A) if pivots[i] < A[/] then
SWAP(A[‘I],_A[B.S/ZG flags[i] = 1
return B.size
x else
procedure FLIP(flags[1..n]) flagsi] = 0
for i = 1 to nin parallel do return flags | 7(n) = O(log n)
flags[il = 1 — flags[i] T(n) = O(1) W(n) = O(n)
Nodari Sitchinava — Parallel Algorithms W(n) = O(n)




COMBINE(B, C, A)




COMBINE(B, C, A)

B : 10

COMBINE(B, C, A)




COMBINE(B, C, A)

B : 10| 5

COMBINE(B, C, A)

12

16

25

19

10

12

16

25

19

Ali] = B[i]

Alk + i] = CJi]

for / = 1 to min parallel do

procedure COMBINE(B[1..k], C[1..m], A[1..k + m])
for i = 1 to k in parallel do
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COMBINE(B, C, A)

B : 10/514 |8 C: |12|16

25

19

COMBINE(B, C, A)

procedure COMBINE(B[1..k], C[1..m], A[1..k + m])
for / = 1 to k in parallel do
Alil = BJi]
for / = 1 to min parallel do
Alk + il = C[/]
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(n) = O(1)
W(n) = O(n)
nN=K+m




PARTITION(A[1..n]) Analysis




PARTITION(A[1..n]) Analysis

procedure PARTITION(A[1..n])

flags[1..n] = MARK(A[1..n])) < T(n) = Ollog n)
B = FILTER(A[1..n], flags[1..n)«+—_— | W(n) = O(n)
FLIP(flags[1..n]) I
C = FILTER(A[1..n], flags[1..n])“ T(n) = O(1)
COMBINE(B, C, A) -
SWAP(A[1], A[B.size]) W(n) = O(n)
return B.size <« [T = o)

W(n) = O(1)
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PARTITION(A[1..n]) Analysis

procedure PARTITION(A[1..n])

flags[1..n] = MARK(A[1..n]) < T(n) = O(log n)
B = FILTER(A[1..n], flags[1..n)) «—— | W(n) = O(n)
FLIP(flags[1..n]) -
C = FILTER(A[1..n], flags[1..n])“] T(n) = O(1)
COMBINE(B, C, A) -
SWAP(A[1], A[B.size]) W(n) = O(n)
return B.size <« T = 0(1)
W(n) = O(1)
Total
T(n) = O(log n)
W(n) = O(n)
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if | < jthen

pivot = RANDOM(/, /)

SWAP(A[/], Alpivot])

Kk = PARTITION(A[/..f])

in parallel do
QUICKSORT(A[I..k — 1])
QUICKSORT(A[K + 1..]])
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if | < jthen

pivot = RANDOM(/, f)

SWAP(A[/], A[pivot])

Kk = PARTITION(A[/..f])

in parallel do
QUICKSORT(A[/i..k — 1])
QUICKSORT(A[K + 1..j])
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if | < jthen

pivot = RANDOM(/, /)

SWAP(A[/], Alpivot])

Kk = PARTITION(A[/..f])

in parallel do
QUICKSORT(A[I..k — 1])
QUICKSORT(A[K + 1..]])
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if | < jthen

pivot = RANDOM(/, /)

SWAP(A[/], Alpivot])

Kk = PARTITION(A[/..f])

in parallel do
QUICKSORT(A[I..k — 1])
QUICKSORT(A[K + 1..]])
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if | < jthen

pivot = RANDOM(/, /)

SWAP(A[/], Alpivot])

Kk = PARTITION(A[/..f])

in parallel do
QUICKSORT(A[I..k — 1])
QUICKSORT(A[K + 1..]])
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if | < jthen

pivot = RANDOM(/, /)

SWAP(A[/], Alpivot])

Kk = PARTITION(A[/..f])

in parallel do
QUICKSORT(A[I..k — 1])
QUICKSORT(A[K + 1..]])

Nodari Sitchinava — Parallel Algorithms

10/12|16

25

5(41|19| 8

PARTITION(A[1..n])

815(141(10/12(16(25|19
~ ~
Recurse Recurse




QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if i < j then A
pivot = RANDOM(/, /)
SWAP(A[/], A[pivot])

10{12|16(25| 5|4 (19| 8

k = PARTITION(A[i..jJ]) PARTITION(A[1..n])
in parallel do
QUICKSORT(A[/..k — 1]) 8|5|4|10/12/16[25[19
QUICKSORT(A[k + 1..j]) ~_ - @~ -
Recurse Recurse

415|8 12|16(19|25
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if i < j then A
pivot = RANDOM(/, /)
SWAP(A[/], A[pivot])

10{12|16(25| 5|4 (19| 8

k = PARTITION(A[i..jJ]) PARTITION(A[1..n])
in parallel do
QUICKSORT(A[/..k — 1]) 8|5|4|10/12/16[25[19
QUICKSORT(A[k + 1..j]) ~_ - @~ -
Recurse Recurse

415|8|10{12{16]|19|25
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if i < j then A
pivot = RANDOM(/, /)
SWAP(A[/], A[pivot])

10{12|16(25| 5|4 (19| 8

k = PARTITION(A[/..j]) PARTITION(A[1..n])
in parallel do
QUICKSORT(A[i..k — 1]) 8|5|4[10/12{16/25|19
QUICKSORT(A[k + 1..]) ~ - ~
Recurse Recurse
Analysis: 415]181(10/12{16]|19(25
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if i < j then A
pivot = RANDOM(/, /)
SWAP(A[/], A[pivot])

10{12|16(25| 5|4 (19| 8

k = PARTITION(A[/..j]) PARTITION(A[1..n])
in parallel do
QUICKSORT(A[i..k — 1]) 8|5|4[10/12{16/25|19
QUICKSORT(A[k + 1..]) ~ - ~
Recurse Recurse
Analysis: 415]181(10/12{16]|19(25

O(log n)| recursive levels in expectation
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..f])
if | < jthen
pivot = RANDOM(i, j) %7
SWAP(A[f], A[pivot])
K = PARTITION(A[I..[]) -

) |[10/12]16[25/ 5| 4 [19] 8

PARTITION(A[1..n])

in parallel do W(n) = O(n)
QUICKSORT(A[/..k — 1]) 8|5|4(10/12|16|25|19
QUICKSORT(A[Kk + 1..j]) - ~_
Recurse Recurse
Analysis: 415]81(10|12|16(19(25

O(log n)| recursive levels in expectation

Each level:
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..j]) T(n) = O(1)
if | < jthen
= 10(12(16|25| 5|4 (19
pivot = RANDOM(i, j) f W(n) = O(1) 8

SWAP(A[i], Alpivot])

k = PARTITION(A[/..j]) < PARTITION(A[1..n])

in parallel do W(n) = O(n)
QUICKSORT(A[/..k — 1]) 8|5|4(10/12|16|25|19
QUICKSORT(A[Kk + 1..j]) - ~_
Recurse Recurse
Analysis: 415]81(10|12|16(19(25

O(log n)| recursive levels in expectation
T(n) = O(log n)
W(n) = O(n)

Each level:
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QUICKSORT(A[1..n])

procedure QUICKSORT(A[/..j]) T(n) = O(1)
if | < jthen
= 10(12(16|25| 5|4 (19
pivot = RANDOM(i, j) f W(n) = O(1) 8

SWAP(A[i], Alpivot])

k = PARTITION(A[/..j]) < PARTITION(A[1..n])

in parallel do W(n) = O(n)
QUICKSORT(A[I..k — 1]) 8|5|4(10(12|16(25|19
QUICKSORT(A[k + 1..j]) ~ -~
Recurse Recurse
Analysis: 415]181(10/12{16]|19(25
O(log n)| recursive levels in expectation
(log n) vers In exp | Expected
Each level: | ()= 0Ollogn) tale | T(7) = Ollog? )
W(n) = O(n) otal:
W(n) = O(nlog n)
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m
for / = 1 to k in parallel do o O T
Ali] = BI/] o
for / = 1 to min parallel do
Ak + 1] = C[/]

¢
procedure COMPACT(Aq, Ao, ..., Ay, sizes[1..£)) >n=)_|A
=1
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m
for / = 1 to k in parallel do o O T
Ali] = BI/] o
for / = 1 to min parallel do
Ak + 1] = C[/]

Sizes : 2 8 4 5 3

¢
procedure COMPACT(Aq, Ao, ..., Ay, sizes[1..£)) >n=)_|A
=1

Nodari Sitchinava — Parallel Algorithms



Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m
for / = 1 to k in parallel do o O T
Ali] = BI/] o
for / = 1 to min parallel do
Ak + 1] = C[/]

Sizes : 2 8 4 5 3

0
procedure COMPACT(Aq, Ao, ..., Ay, sizes[1..£)) >n=)_|A
sizes[0] =0 =1

PREFIX-SUMS(sizes)
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m
for / = 1 to k in parallel do o O T
Ali] = BI/] o
for / = 1 to min parallel do
Ak + 1] = C[/]

sizes: 0 2 8 4 5 3

0
procedure COMPACT(Aq, Ao, ..., Ay, sizes[1..£)) >n=)_|A
sizes[0] =0 =1

PREFIX-SUMS(sizes)
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m
for / = 1 to k in parallel do o O T
Ali] = BI/] o
for / = 1 to min parallel do
Ak + 1] = C[/]

sizes: 0 2 1014 19 22

0
procedure COMPACT(Aq, Ao, ..., Ay, sizes[1..£)) >n=)_|A
sizes[0] =0 =1

PREFIX-SUMS(sizes)
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m
for / = 1 to k in parallel do o O T
Ali] = BI/] o
for / = 1 to min parallel do
Ak + 1] = C[/]

sizes: 0 2 1014 19 22

¢
procedure COMPACT(A1, Ao, ..., Ay, Sizes[1..4]) >n=)_|A
sizes[0] = 0 =
PREFIX-SUMS(sizes)
A = new array of size n = sizes[/(]
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m

for / = 1 to k in parallel do o O T
Alil = BIi] —

for / = 1 to min parallel do
Alk +i] = CIi]

sizes: 0 2 1014 19 22

¢
procedure COMPACT(A1, Ao, ..., Ay, Sizes[1..4]) >n=)_|A
sizes[0] = 0 =
PREFIX-SUMS(sizes)
A = new array of size n = sizes[/(]
for i = 1 to £ in parallel do
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m

for / = 1 to k in parallel do o O T
Alil = BIi] —

for / = 1 to min parallel do
Alk +i] = CIi]

sizes: 0 2 1014 19 22

0
procedure COMPACT(A1, Ao, ..., Ay, Sizes[1..4]) >n=)_|A
sizes[0] =0 i=1

PREFIX-SUMS(sizes)
A = new array of size n = sizes[/(]
for i = 1 to £ in parallel do

for j = 1 to |A;| in parallel do
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m

for / = 1 to k in parallel do o O T
Alil = BIi] —

for / = 1 to min parallel do
Alk +i] = CIi]

sizes: 0 2 1014 19 22

¢
procedure COMPACT(A1, Ao, ..., Ay, Sizes[1..4]) >n=)_|A

sizes[0] =0 i=1

PREFIX-SUMS(sizes)

A = new array of size n = sizes[/(]

for i = 1 to £ in parallel do

for j = 1 to |A;| in parallel do
Alsizes[i — 1] + j] = AilJ]
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m

for / = 1 to k in parallel do o O T
Alil = BIi] —

for / = 1 to min parallel do
Alk +i] = CIi]

sizes: 0 2 1014 19 22

¢
procedure COMPACT(Aq, Ao, ..., Ay, sizes[1..£)) >n=)_|A

sizes[0] = 0 =

PREFIX-SUMS(sizes)

A = new array of size n = sizes[/(]

for i = 1 to £ in parallel do

for j = 1 to |A;| in parallel do
Alsizes[i — 1] + j] = AilJ]
return A
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m

for / = 1 to k in parallel do o O T
Alil = BIi] —

for / = 1 to min parallel do
Alk +i] = CIi]

sizes: 0 2 1014 19 22

/
procedure COMPACT(A;, As, ..., Ay, sizes[1..£]) >n=)_|A
sizes[0] =0 ; i1
PREFIX-SUMS(sizes) < Tin)= Otlog ¢)

A = new array of size n = sizes[/] W(n) = O(¢)

for i = 1 to £ in parallel do
for j = 1 to |A;| in parallel do
Alsizes[i — 1] + j] = AilJ]
return A

Nodari Sitchinava — Parallel Algorithms



Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m

for / = 1 to min parallel do
Alk +i] = CIi]

for / = 1 to k in parallel do o O T
Alil = BIi] —

sizes: 0 2 1014 19 22
’
procedure COMPACT(A+, Az, ..., Ay, Sizes[1..0)) >n=)_|A
sizes[0] =0 P /=1
PREFIX-SUMS(sizes) < Tin)= Otlog ¢)
A = new array of size n = sizes[{] | W(n) = O({) T(n) = O(1)
for i = 1 to £ in parallel do W(n) = O(1

for j = 1 to |A;| in parallel do
Alsizes[i — 1] + J] = AilJ]
return A
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m
for / = 1 to k in parallel do o O T
Ali] = BI/] o
for / = 1 to min parallel do
Ak + 1] = C[/]

sizes: 0 2 1014 19 22

¢
procedure COMPACT(A+, Az, ..., Ay, Sizes[1..0)) >n=)_|A
sizes[0] =0 i=1
PREFIX-SUMS(sizes) - T(n) = Oflog £)
A = new array of size n = sizes[{] | W(n) = O(() T(n) = O(1)
for i = 1 to £ in parallel do
= [ w(n) = 0(1
for j = 1 to |A;| in paralleldo | «—— | 7(n) = O(1) ) = O
Alsizes[i — 1] + ] = f‘V W(n) = O(n)
return A
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Compact

procedure COMBINE(B[1..k], C[1.m], A[1.k+ m]) | m
for / = 1 to k in parallel do o O T
Ali] = BI/] o
for / = 1 to min parallel do
Ak + 1] = C[/]

sizes: 0 2 1014 19 22

(
procedure COMPACT(A+, Az, ..., Ay, Sizes[1..0)) >n=)_|A
sizes[0] =0 i=1

PREFIX-SUMS(sizes) - T(n) = Oflog £)
A = new array of size n = sizes[{] «____| W(n) = O(() T(n) = O(1)
for i = 1 to £ in parallel do N\ |
- = | W(n) = O(1
for j = 1 to |A;| in paralle Total n) = 0(1) ) = O
Alsizes]i — 1] +j] = Al (n) = O(n)
return A “"|1 T(n) = O(log ¥)
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Summary

FILTER
BROADCAST (PREFIX-COPY)
PARTITION

QUICKSORT

COMPACT




