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return a[n]
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Prefix Sums

for i =2tondo
alil = a[il + a[i — 1]
return a[n]

for i = 2 to nin parallel do
ali] = a[il + a[i — 1]
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return a[nj
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Start n — 1 threads b, . . . t,
Each thread t; (where i =2, ..., n) do:

READ r0; < a[/]
EXECUTE

WRITE

READ r1; < a[i — 1]
EXECUTE rO; < r0; + ri;
WRITE a[/] < rO;
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fori=2to ndo 5[13[16[2021] | O(n)

alil = ali] + a[i — 1]
return a[n]

VYooY
for i = 2to nin parallel do 51311/ 7|5
ali] = ali] + a[i — 1]

—
Start n — 1 threads b, ...,

Each thread t; (where i =2, ..., n) do:
READ r0; < a[/]
EXECUTE
WRITE
READ r1; < a[i — 1]
EXECUTE rO; < r0; + ri;
WRITE a[/] < rO;

return a[nj
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Time
fori=2tondo 5 [13[16]2021 O(n)
alil = alil + a[i — 1]
return a[n]
IR
for i = 2 to nin parallel do 513(11| 7|5 O(1)

ali] = ali] + a[i — 1]

—
Start n — 1 threads b, ...,

Each thread t; (where i =2, ..., n) do:
READ r0; < a[/]
EXECUTE
WRITE
READ r1; < a[i — 1]
EXECUTE rO; < r0; + ri;
WRITE a[/] < rO;

return a[nj
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function PREFIX-SUMS(A, i, j)

if / > j then return

mid - | ]

PREFIX-SUMS(A, i, mid)
PREFIX-SUMS(A, mid + 1, )

for Kk = mid + 1toj do
Alk] = A[K] + Almid]
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function PREFIX-SUMS(A, i, )
if / > j then return > Base case

mid - | ]

PREFIX-SUMS(A, i, mid)

W = 2W(n/2
PREFIX-SUMS(A, mid + 1, ) (n) (n/2) + O(n)

= O(nlog n)

for Kk = mid + 1toj do
Alk] = A[K] + Almid]
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function PREFIX-SUMS(A, i, )
if / > j then return > Base case

mid = |4

PREFIX-SUMS(A, i, mid)

PREFIX-SUMS(A, mid + 1, ) ey = 202« old

= O(nlog n)

for k = mid + 1 to j in parallel do
Alk] = A[K] + Almid]

Nodari Sitchinava — Parallel Algorithms



Parallel Prefix Sums 58341

5[13[16 2021

function PREFIX-SUMS(A, i, )
if / > j then return > Base case

mid = |4

PREFIX-SUMS(A, i, mid)
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O(n)
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function PREFIX-SUMS(A, i, )
if / > j then return > Base case

mid = |4

in parallel do

PREFIX-SUMS(A, i, mid)

PREFIX-SUMS(A, mid + 1, j) Tim = 27(n/2)+ O(1)

O(n)

for k = mid + 1 to j in parallel do
Alk] = A[K] + Almid]
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function PREFIX-SUMS(A, I,f) | (&, ) = STARTTWOTHREADS()

if/ Z _/ then return t; do: PREFIX-SUMS(A, I m/d)
mid - LﬂJ > do: PREFIX-SUMS(A, mid + 1, )
L2 WAITUNTILFINISHED(t, )

in parallel do e
PREFIX-SUMS(A, i, mid)
PREFIX-SUMS(A, mid + 1,))

T(n)

2T(n/2) + O(1)
O(n)

for Kk = mid + 1 to j in parallel do
AlK] = A[k] + Aimid]
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function PREFIX-SUMS(A, i, /) (t, ) = STARTTWOTHREADS()
if/ > ] then return t; do: PREFIX-SUMS(A, I mid)
mid_— L,-ﬂ-J t, do: PREFIX-SUMS(A, mid + 1, )
— L2 WAITUNTILFINISHED(t, ¢
in parallel do o e
PREFIX-SUMS(A, /, m/d) | T(n) = max {T ([2]), T (]2])}
PREFIX-SUMS(A, mid + 1, ) +O(1)

< T(n/2)+0(1)
for kK = mid + 1 to j in parallel
Alk] = A[K] + Almid]
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function PREFIX-SUMS(A, i, )
if / > j then return

mia = | 4
in parallel do e

(t1, ) = STARTTWOTHREADS()

iy do: PREFIX-SUMS(A, i, mid)

> do: PREFIX-SUMS(A, mid + 1, )
WAITUNTILFINISHED(t, )

PREFIX-SUMS(A, i, mid)
PREFIX-SUMS(A, mid + 1, j)

for kK = mid + 1 to j in parallel
Alk] = A[K] + Almid]
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function PREFIX-SUMS(A, I,f) | (&, ) = STARTTWOTHREADS()

if/ Z _/ then return t; do: PREFIX-SUMS(A, I m/d)
mid - LﬂJ > do: PREFIX-SUMS(A, mid + 1, )
L2 WAITUNTILFINISHED(t, )

in parallel do e
PREFIX-SUMS(A, i, mid)
PREFIX-SUMS(A, mid + 1,))

Work: W(n) = O(nlog n)
Time: T(n) = O(log n)
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Number of Nodes in Perfect Binary Trees

Problem. Using induction, prove that a perfect binary tree with n leaves
has 2n — 1 total nodes.
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Problem. Using induction, prove that a perfect binary tree with n leaves
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has 2k — 1 total nodes.
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Inductive Hypothesis: For all k < n, a perfect binary tree with k leaves
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Let f(n) = total number of nodes in a perfect tree with n leaves
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Number of Nodes in Perfect Binary Trees

Problem. Using induction, prove that a perfect binary tree with n leaves
has 2n — 1 total nodes.
Inductive Hypothesis: For all k < n, a perfect binary tree with k leaves
has 2k — 1 total nodes.

f(n)=1+2-f(n/2)

f(n/2) f(n/2)
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Problem. Using induction, prove that a perfect binary tree with n leaves
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Problem. Using induction, prove that a perfect binary tree with n leaves
has 2n — 1 total nodes.
Inductive Hypothesis: For all k < n, a perfect binary tree with k leaves
has 2k — 1 total nodes.

f(ny=1+2-f(n/2=1+2-(2-2—-1)=1+2-(n—1)=1+(2n—2) =2n— 1
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Inductive Hypothesis: For all k < n, a perfect binary tree with k leaves
has 2k — 1 total nodes.
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Number of Nodes in Perfect Binary Trees

Problem. Using induction, prove that a perfect binary tree with n leaves
has 2n — 1 total nodes.
Inductive Hypothesis: For all k < n, a perfect binary tree with k leaves
has 2k — 1 total nodes.

f(n) = f(n/2) + n

f(n/2)
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Number of Nodes in Perfect Binary Trees

Problem. Using induction, prove that a perfect binary tree with n leaves
has 2n — 1 total nodes.
Inductive Hypothesis: For all k < n, a perfect binary tree with k leaves
has 2k — 1 total nodes.

f(ny=f(n/2)+n=(2-2—1)+n

f(n/2)
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Number of Nodes in Perfect Binary Trees

Problem. Using induction, prove that a perfect binary tree with n leaves
has 2n — 1 total nodes.
Inductive Hypothesis: For all k < n, a perfect binary tree with k leaves
has 2k — 1 total nodes.

f(ny=f(n/2)+n=(2-2—-1)+n=(n—1)+n=2n—1

f(n/2)

n
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

i

[
2 80686086888680G0O
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procedure PREFIX-Sums(a[1..n)) Claim. b[i] = ) _ a[K]
k=1

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])
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Work-efficient Prefix Sums

21
procedure PREFIX-SUMS(g[1..n]) Claim. b[i] = ) _ a[K]
k=1 ,
for i = 1 to 2 in parallel do Proof. By |.H. b[/] = l; blK]

b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

Claim. b[i] = 22 alk]
k=1 :

Proof. By I.H. b[i] = 3_ b[K]
, k=1

/

(a[2k — 1] + a[2k])

i

a
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procedure PREFIX-SumMs(a[1..n])

for i =1to 7 in parallel do
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])

for i =1to 7 in parallel do
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Claim. b[i] = 22 alk]
k=1 :
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

Claim. b[i] = 22 alk]
k=1 :

Proof. By I.H. b[i] = 3_ b[K]
, k=1

- 213 (a[2k — 1] + a[2k])

k=1
for i = 1to 2 in parallel do (< B
a(21) = i1 T} |||||||_(kz=;a[2k. 11)
¥ <Z a[2k]>
unn @) Eun NI
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

Claim. b[i] = Z a[k]
k=1

Proof. By I.H. b[i] = Zb[k]

- Z (a[2k — 1] + a[2K])

= (zlj a2k — 1]
[TILLLI\ W
+ <Z a[2k]
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

Claim. b[i] = Z a[k]
k=1

Proof. By I.H. b[i] = Zb[k]

- Z (a[2k — 1] + a[2K])
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

Claim. b[i] = Z a[k]
k=1

Proof. By I.H. b[i] = Zb[k]

- Z (a[2k — 1] + a[2K])

a[2i + 1] = a[2i + 1] + B[]
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
al2i] = b[i]

Claim. b[i] = Z a[k]
k=1

Proof. By I.H. b[i] = Zb[k]

- Z (a[2k — 1] + a[2K])

if / #/ 7 then =

a[2/+ 1] = al2/ + 1] + b[/]

= (zlj a2k — 1]
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
al2i] = b[i]

Claim. b[i] = Z a[k]
k=1

Proof. By I.H. b[i] = Zb[k]

- Z (a[2k — 1] + a[2K])

if / #/ 7 then =

a[2/+ 1] = al2/ + 1] + b[/]

= (zlj a2k — 1]
[TILLLI\ W
+ <Z a[2k]
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)
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])
for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i]

Ahdhindl
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Work:
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])

Analysis

if n g 1 the:\ _return Time: | T(n) = T(n/2) + O(1)
for i =1to 5 in parallel do

b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5]) Work:
for i =11to 7 in parallel do

a[2i] = bli]

if i # 7 then

a[2i + 1] = a[2i + 1] + b[i]

4) (11) (18) (24 (33 (39 (42 (57
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])

Analysis

if n <1 then return Time: | T(n) = T(n/2) + O(1)

for i =1to 7 in parallel do = O(log n)

b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5]) Work:
for i =11to 7 in parallel do

a[2i] = bli]

if i # 7 then

a[2i + 1] = a[2i + 1] + b[i]
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Work-efficient Prefix Sums

procedure PREFIX-SumMs(a[1..n])

if n <1 then return Time: | T(n) = T(n/2) + O(1)

for i =1to 7 in parallel do = O(log n)
b[i] = a[2i — 1] + g[2i]

Analysis

PREFIX-SUMS(b[1..2]) Work: | W(n) = W(n/2) + O(n)
for i =11to 7 in parallel do

a[2i] = byi]
if i 7 then
a[2i + 1] = a[2i + 1] + b[i]

4) (11) (18) (24 (33 (39 (42 (57
+ + +

2 (YA XS 4819243 (3334394 1[4 4857
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Work-efficient Prefix Sums

procedure PREFIX-Sums(a[1..n]) Analysis
if n < 1 then return Time: | T(n) = T(n/2) + O(1)
for i =1to 7 in parallel do ' - O(log n)
b[i] = al2i — 1] + a[2]]
PREFIX-SUMS(b[1..2]) Work: | W(n) = W(n/2) + O(n)
for i = 1 to £ in parallel do = O(n)
a[2i] = b[i]
ifi;lgthen ] HEERER
a[2i + 1] = a[2i + 1] + b[i] =

4) (11) (18) (24 (33 (39 (42 (57
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2 (YA XS 4819243 (3334394 1[4 4857
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = a[2i + 1] + b[/] ‘
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = a[2i + 1] + b[/] ‘
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
al2i + 1] = a[2i + 1] + b[/] ‘
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Balanced-Tree Technique

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

if i # 7 then | @
al2i + 1] = al2i + 1] + b[/] ‘ ‘
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Balanced-Tree Technique

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

if i # 7 then | @
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Balanced-Tree Technique

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i=1to 7 in parallel do
b[i] = al2i — 1] + a[2]]
PREFIX-Sums(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

if i # 5 then @
al2i + 1] = a[2i + 1] + b[/] ‘ ‘
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Balanced-Tree Technique

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

if i # 5 then @
al2i + 1] = al2/ + 1] + b[/] @ @
m %
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2

57,
teITIT]
900@9‘@9
A OO A (A (L)

Down-sweep

Nodari Sitchinava — Parallel Algorithms



Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

if / #/ 7 then @
al2i + 1] = a[2i + 1] + b[/] @ @
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Balanced-Tree Technique
procedure PREFIX-SUMS(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]

if / #/ 7 then @

al2i + 1] = a[2i + 1] + b[/] @ @
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2
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Balanced-Tree Technique
procedure PREFIX-SumMs(a[1..n])
if n < 1 then return
for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])

for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i] 2
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Balanced-Tree Technique

procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i =1to 7 in parallel do

Works with any
associative operation

b[i] = a[2i — 1] + g[2i] (a+b)+c=a+(b+c)
PREFIX-SuMS(b[1..5]) (@-b)-c=a-(b-c)
for i =11to 7 in parallel do min(min(a, b), ¢) = min(a, min(b, ¢))
al2i] = bl[i]

if i 7 then
a[2i + 1] = a[2i + 1] + b[i]
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