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Lecture 3: Brent’s Scheduling Principle
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Last Time: EREW Minimum

procedure MIN(a[/..j])
if i = j then !
return a[/]
else o)
mid = L%J rmid = mid +1 |
in parallel do
left = MIN(&[i..mid]) T(n/2)
right = MIN(a[rmid..j]) T(n/2)
return min(/eft, right) O(1) v
T(n) = O(1) + max{ ;EZ@ } +O(1)
= T(n/2) + O(1)
= ©(log n)
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Runtime of
MIN(a[1..n])?




Saving Space

procedure MIN(&[/..j])
if i = jthen
return g[/]
else
mid = L%J rmid = mid + 1
in parallel do
left = MIN(a[/..mid])
right = MIN(a[rmid..j])

return min(/eft, right)
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Saving Space

procedure MIN(a&[/..f])
if / =/ then
return af/]
else
mid = L%J rmid = mid + 1
in parallel do
almid] = MIN(a[i..mid])
alrmid] = MIN(a[rmid..j])

return min(/eft, right)
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if / =/ then
return af/]
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mid = L%J rmid = mid + 1
in parallel do
almid] = MIN(a[i..mid])
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return min(/eft, right)
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Saving Space

procedure MIN(a&[/..f])
if / =/ then
return af/]
else
mid = L%J rmid = mid + 1
in parallel do
almid] = MIN(a[i..mid])
alrmid] = MIN(a[rmid..j])

return min(a[mid], a[rmid])
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Saving Space

procedure MIN(a&[/..f])
if / =/ then
return af/]
else
mid = L%J rmid = mid + 1
in parallel do
ali] = MIN(a[i..mid])
alrmid] = MIN(a[rmid..j])

return min(al/], a[rmid])

Nodari Sitchinava — Parallel Algorithms

O O
3 g ) Q 2
O
Runtime of

MIN(a[1..n])?




Saving Space

procedure MIN(a&[/..f])
if / =/ then
return af/]
else
mid = L%J rmid = mid + 1
in parallel do
ali] = MIN(a[i..mid])
alrmid] = MIN(a[rmid..j])

return min(al/], a[rmid])
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Saving Space ‘

O O
procedure MIN(a[i..j])
if i = j then
return gl O O
else i S ?
mid = L%J rmid = mid + 1 3
in parallel do 2
al/] = MIN(a[/..mid])
alrmid] = MIN(a[rmid..j]) Runtime of
return min(al/], a[rmid)) MIN(a[1..n])?

Can we compute mid and rmid on the fly?
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Computing mid
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Computing mid
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for / = 1tologndo
fori=1;i<n;i=i+2"do
if i + 26" < nthen
alil = min(a[f], a[i + 2¢='])
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procedure MIN(a[1..n])
for / = 1tologndo
fori=1;i<n;i=i+2"do
if i + 26" < nthen
alil = min(a[f], a[i + 2¢='])
return af1]
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procedure MIN(a[1..n])
for / = 1tologndo
fori=1;i < n;i=i+2"in parallel do
if i + 2= < nthen
alil = min(a[i], a[i + 2:='])
return af1]
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Computing mid

1 2 3 4 5 6 7 839 10 11 12 13 14 15 16

(=4 |TA [TTTTTITTTTTTT]
2 3 4;5 6 7 8 9 10 11 12|13 14 15 16
/=3 | | | HEN | | | | | | | fori=1;i < ni=i+23do
\ \
1 23 4 5 67 8 9 1011 12 13 1415 16
E 2 |_r¥ | | | | | | | | | | | | | | fori=1;i < nmi=i+2°do
1 314 516 718 11112 15 16
€=1 | | |_FJ |_r J fori=1;i < mi=i+2 do
N T'<‘ N
1 2 3 4 5 6 7 8 9 13 ﬁ |:|

Runtime of
procedure MIN(a[1..n]) MIN(&a[1..n])?

for / = 1tologndo
fori=1;i < n;i=i+2"in parallel do
if i + 26" < nthen
alil = min(a[f], a[i + 2¢='])
return af1]
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Computing mid
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Runtime of

procedure MIN(a[1..n]) MIN(a[1..n])?
for / = 1 tologndo

fori=1;i < n;i=i+2%in paralleldo | | log
if i + 2~1 < nthen o) | 2. 0(1) = O(logn)
a[i] = min(a[i], ali + 2¢= 1)) =1

return af1]
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Recursion vs. parallel for loop

procedure MIN(a[/..J])
if / = j then
return g[/]
else
mid = L%J rmid = mid + 1
in parallel do
ali] = MIN(a[i..mid])
a[rmid] = MIN(a[rmid..j])
return min(a[/], a[rmid])

procedure MIN(&[1..n])
for / =1tologndo

fori=1;i < n;i=i+2%in parallel do

if i + 2677 < nthen
alil = min(a[f], a[i + 2°=))
return af1]
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Advantages of recursion vs. parallel for loop

= Every recursive program can be converted into an iterative one (and
vice versa)
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Advantages of recursion vs. parallel for loop

= Every recursive program can be converted into an iterative one (and
vice versa)

s Recursion is slightly slower — O(1) factor
= Recursion is often easier to design and understand

= Analysis of recursive algorithm requires solving recurrences

= A programming language might support one more efficiently than
another

= Spawning n threads might be slow (for large n)
» Hidden cost of the parallel for loop
= At most O(log n), but often negligible
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Fewer than n processors?
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Fewer than n processors?
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procedure MIN(a[1..n])

for / = 1 to log n do A
fori=1;i < n;i=i+2%in parallel do
if i + 27 < nthen
alil = min(a[i], a[i + 2°= ")) Y
return g[1]

Upper part
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Fewer than n processors?

(=log2 <«—— P=n/2"

procedure MIN(a[1..n])

for {=log | 2| +1tologndo
fori=1;i < n;i=i+2"in parallel do
if i + 2°=1 < nthen
alil = min(a[i], a[i + 2°= "))
return a[1]
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Fewer than n processors?

(=log2 <«—— P=n/2"

procedure MIN(a[1..n])

for / = 1 to P in parallel do
Start= ...

for k = start+1to ... do
If a[k] < a[start] then
alstart] = a[k]
for { =log | 2| + 1 to log n do
fori=1;i < n;i=i+2%in parallel do
if i + 2°=" < nthen
alil = min(a[i], afi + 2°=1))
return g[1]
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Fewer than n processors?

(=log2 <«—— P=n/2"

procedure MIN(a[1..n])

for / = 1 to P in parallel do
Start= ...

for k = start+1to start+ [n/P| — 1do
If a[k] < a[start] then
alstart] = a[k]
for { =log | 2| + 1 to log n do
fori=1;i < n;i=i+2%in parallel do
if i + 2°=" < nthen
alil = min(a[i], afi + 2°=1))
return g[1]
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procedure MIN(a[1..n])
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procedure MIN(a[1..n])

for / = 1 to P in parallel do
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Fewer than n processors?
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procedure MIN(a[1..n])

for / = 1 to P in parallel do
start= (i—1)-[n/P| +1
for k = start+1to start+ [n/P| — 1do
If a[k] < a[start] then
alstart] = a[k]
for { =log | 2| + 1 to log n do
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Fewer than n processors?

(=log2 <«—— P=n/2"

procedure MIN(a[1..n])

for / = 1 to P in parallel do
start= (i—1)-[n/P| +1
for k = start+1to start+ [n/P| — 1do
If a[k] < a[start] then
alstart] = a[k]
for { =log | 2| + 1 to log n do
fori=1;i < n;i=i+2%in parallel do
if i + 2°=" < nthen
alil = min(a[i], a[i + 2°=1))
return g[1]
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O(n/P)

\

A

O (Iogn — (Iog g + 1))
= O(log P)
v Total:

Tp(n) = O(% + log P)




Recursion with fewer than n processors?

|‘J‘.||||||i||||||||
N — TTT

€=Iog,ﬂ, - P =ny2t ] 111 [ 1111
RER

procedure MIN(a[i..j]) ‘

if i = j then
return g[i] a0 iy
else
mid = ||, rmid = mid + 1
in parallel do Iy! 3
ali] = MIN(a[i..mid])
a[rmid] = MIN(a[rmid..j]) P 4
return min(a[/], a[rmid]) O

Nodari Sitchinava — Parallel Algorithms



Recursion with fewer than n processors?

|‘J‘.||||||i||||||||
N — TTT

€=Iog,ﬂ, - P =ny2t ] 111 [ 1111
RER

procedure MIN(&[/..jf])
Ifj—l+1=1then ‘

return a[/] U %
else .
mid = | 2|, rmid = mid + 1
in parallel do 'y O
ali] = MIN(a[i..mid])
a[lrmid] = MIN(a[rmid..jJ])
return min(a[/], a[rmid]) O
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Recursion with fewer than n processors?

|‘J‘.||||||i||||||||
N — TTT

€=Iog,ﬂ, - P =ny2t ] 111 [ 1111
RER

procedure MIN(&[/..j], n, P)
ifj —i+1 < n/Pthen ‘

return SEQMIN(a[i..j]) & &
else
mid = ||, rmid = mid + 1
in parallel do 'y O
ali] = MIN(a[/..mid], n, P)
alrmid] = MIN(a[rmid..j], n, P) oL R
return min(a[i], a[rmid)) v
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Recursion with fewer than n processors?

{ =log 5

-

= n/2t [] NN LI [

procedure MIN(&[/..j], n, P)
ifj —i+1 < n/Pthen
return SEQMIN(a[/..j])
else "

I‘J‘.IIIIIIiIIIIIIII
1111 1111

B0\ Bo|f A

mid = | 2|, rmid = mid + 1

in parallel do
ali] = MIN(g[/..mid], n, P)

a[rmid] = MIN(a[rmid..j], n,

return min(a[/], a[rmid])

procedure SEQMIN(a]i..j])
fork=i+1toj do
if alk] < &[/] then
ali] = alk]
return g[/]
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Recursion with fewer than n processors?

{ =log 5

-

= n/2t [] NN LI [

procedure MIN(&[/..j], n, P)
if j —i+1 < 2n/P then
return SEQMIN(a[/..j])
else "

I‘J‘.IIIIIIiIIIIIIII
1111 1111

B0\ Bo|f A

mid = | 2|, rmid = mid + 1

in parallel do
ali] = MIN(g[/..mid], n, P)

a[rmid] = MIN(a[rmid..j], n,

return min(a[/], a[rmid])

procedure SEQMIN(a]i..j])
fork=i+1toj do
if alk] < &[/] then
ali] = alk]
return g[/]
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Recursion with fewer than n processors?

¢ = log

n
/—3 -

= n/2t [] NN LI [

procedure MIN(&[i..j], n, P)
if j — i+1 < 2n/P then

return SEQMIN(4[/..J])
else
mid = L%J rmid = mid + 1
in parallel do
ali] = MIN(g[/..mid], n, P)
alrmid] = MIN(a[rmid..j], n,
return min(a[/], a[rmid])

P)

I‘J‘.IIIIIIiIIIIIIII
1111 1111

B0\ Bo|f A

procedure SEQMIN(aJi..j])
fork=i+1toj do
if alk] < &[/] then
ali] = alk]
return a[/]
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Runtime of
MIN(g[1..n])?




Recursion with fewer than n processors?

¢ = log

n
/—3 -

- n/2t | [ [ [

procedure MIN(&[i..j], n, P)
if j — i+1 < 2n/P then

in parallel do
ali/] = MIN(a[/..mid], n, P)
alrmid] = MIN(a[rmid..j], n, P)
return min(a[/], a[rmid])

I‘J‘.IIIIIIiIIIIIIII
1111 1111

B0\ Bo|f A

return SEQMIN(4][i..j]) >
else -
mid = | % |, rmid = mid + 1

procedure SEQMIN(aJi..j])
fork=i+1toj do
if alk] < &[/] then
ali] = alk]
return a[/]

Runtime of
MIN(g[1..n])?

Tp(n/2) + O(1) ifn> 2

if n < 2
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Recursion with fewer than n processors?

¢ = log

n
/—3 -

procedure MIN(&[i..j], n, P)
if j — i+1 < 2n/P then

I‘J‘.IIIIIIiIIIIIIII
1111 1111

= n/2t [] NN LI L1

B0\ Bo|fo Bu|hn B

procedure SEQMIN(a]i..j])
fork=i+1toj do

return SEQM|N(a[i..j]) > if a[k] < a[l] then
else 1 =
mid = | 2|, rmid = mid + 1 a[q = alk]
in parallel do (ST
ali/] = MIN(a[/..mid], n, P) .
a[rmid] = MIN(&[rmid..jl, n, P) S:‘N”(t;r[qe 2]‘; | same n?
return min(a[/], a[rmid]) - s
[ Te(n/2)+0O(1) ifn> 2
Tp(n) = { o(n) it n < 2
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Recursion with fewer than n processors?

|‘J‘.||||||i||||||||
N — TTT

€=Iog,ﬂ, - P =ny2t ] 111 [ 1111
RER

procedure MIN(&[/..j], n, P)
ifj —i+1 < 2n/P then ‘

return SEQMIN(a[i..j]) & &
else
mid = ||, rmid = mid + 1
in parallel do 'y O
ali] = MIN(a[/..mid], n, P)
alrmid] = MIN(a[rmid..j], n, P) oL R
return min(a[i], a[rmid)) v

Nodari Sitchinava — Parallel Algorithms



Recursion with fewer than n processors?

{=log s =

procedure MIN(&[i..j], P)

if P =1 then
return SEQMIN(a][/..j])
else
mid = L%J rmid = mid + 1

in parallel do
ali] = MIN(a[i..mid], [ £])
a[rmid] = MIN(a[rmid..j], | £ )
return min(a[/], a[rmid])
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Recursion with fewer than n processors?

|‘J‘.||||||i||||||||
N — TTT

€=Iog,ﬂ, - P - n/2t ] 1 [T [

B0\ Bo|f A

procedure MIN(&[i..j], P)

if P =1 then
return SEQMIN(4[/..j])
else
mid = L%J rmid = mid + 1

in parallel do
ali] = MIN(a[i..mid], [ £])
a[rmid] = MIN(a[rmid..j], | £ )
return min(a[/], a[rmid])

Runtime of
MIN(g[1..n])?
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Recursion with fewer than n processors?

{=log s =

(I IIITTTI1]
5 1

%M

P =n/2t | | ] [ |

) Eo\R B

procedure MIN(&[i..j], P)

if P =1 then
return SEQMIN(4[/..j])
else
mid = L%J rmid = mid + 1

in parallel do
ali] = MIN(a[i..mid], [ £])

return min(a[/], a[rmid])

a[rmid] = MIN(a[rmid..j], | £ )

Runtime of
MIN(g[1..n])?

if P> 1
o(n) if P =1
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Recursion with fewer than n processors?

(I IIITTTI1]

e
{=logp = /E‘Lﬁé? ?D' '
procedure MIN(&[i..j], P)
if P =1 then
return SEQMIN(4[/..j])
else
mid = | 2|, rmid = mid + 1
in parallel do
ali] = MIN(a[i..mid], [ £]) Runtime of
alrmid] = MIN(a[rmid..j], | £]) MINE[1..7])?
return min(a[/], a[rmid])
{ P/2 (n/2) + O(1) if P> 1
if P=1
=0(3+ Iog P)
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Tp(n) = O (# +log P)




\untime of MIN on P processors

Tp(n) = O (4 +log P)

If P=1: T;(n) = O(n)
It P=n: T,(n) = O(log n)




Runtime of MIN on P processors

Tp(n) = O (4 +log P)

If P=1: T;(n) = O(n) <——— Sequential runtime for finding minimum
If P=n: T,(n) = O(log n)
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Runtime of MIN on P processors

Tp(n) = O (4 +log P)

If P=1: T;(n) = O(n) <«—— Sequential runtime for finding minimum
If P=n: T,(n) = O(logn) <+—— Parallel runtime with n processors
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Work-Depth Analysis

We use two metrics to analyze parallel algorithms




Work-Depth Analysis

We use two metrics to analyze parallel algorithms

Work: W(n)
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(Parallel) Time: T(n)




Work-Depth Analysis

We use two metrics to analyze parallel algorithms

Work: W(n) (Parallel) Time: T(n)

Also denoted as:
= D(n): depth
= S(n): span
" To(n) (P =00)

Also denoted as:
= [4(n): sequential time
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Work-Depth Analysis

We use two metrics to analyze parallel algorithms

Work: W(n) (Parallel) Time: T(n)

Also denoted as:
= D(n): depth
= S(n): span
" To(n) (P =00)

Also denoted as:
= [4(n): sequential time

Work-efficient parallel algorithm:

W (n) = O(time of the fastest sequential algorithm)
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Analysis Example




Analysis Example




Analysis Example




Analysis Example

procedure MIN(a[/..f])
if / = j then
return g[/]
else

2
in parallel do

mid = | 2 |; rmid = mid + 1

left = MIN(a[i..mid])
right = MIN(a[rmid..j])

return min(/eft, right)

Span

T(n)=T(n/2) +©O(1)
= O(log n)
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W(n) =2W(n/2) + B(1)




Analysis Example

procedure MIN(a[/..f])
if / = j then
return g[/]
else

2
in parallel do

left = MIN(a[i..mid])
right = MIN(a[rmid..j])

return min(/eft, right)

mid = | 2 |; rmid = mid + 1

Span

T(n)=T(n/2) +©O(1)
= O(log n)
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Analysis Example 2




Analysis Example 2

procedure MIN(a[/..f])
for / =1tologndo
fori=1;i < n;i=i+2"in parallel do
if i + 2= < nthen
alil = min(a[i], a[i + 2°= 1))
return g[1]

Span Work
log n log n
T(n)=>_©(1) T(n)=>_
=1 =1
= BO(log n)
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Analysis Example 2

procedure MIN(a[/..f])
for / =1tologndo
fori=1;i < n;i=i+2"in parallel do
if i + 2= < nthen
alil = min(a[i], a[i + 2°= 1))
return g[1]

Span Work
log n log n
T(n)=>_©(1) T(n)=)_ 7
=1 =1
= BO(log n)
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Analysis Example 2

procedure MIN(a[/..f])
for / =1tologndo
fori=1;i < n;i=i+2"in parallel do
if i + 2= < nthen
alil = min(a[i], a[i + 2°= 1))
return g[1]

Span Work
log n log n
T(n)=»_ O(1) T(n) =) o
=1 =1
= O(log n) = O(n)
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Brent's Scheduling Principle




Brent's Scheduling Principle

Theorem. Any PRAM algorithm with work W(n) and span T(n), can be
implemented on a P-processor PRAM to run in time

To(n) = O ( W/_f,”) ; T(n))
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Brent's Scheduling Principle

Theorem. Any PRAM algorithm with work W(n) and span T(n), can be
implemented on a P-processor PRAM to run in time Tp(n) = O (@ + T(n))
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Brent's Scheduling Principle

Theorem. Any PRAM algorithm with work W(n) and span T(n), can be
implemented on a P-processor PRAM to run in time Tp(n) = O (@ + T(n))

Proof. Let A be the original PRAM algorithm with work W(n) and span T(n).
Let p; be the number of “virtual” processors used by A in step J.
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Brent's Scheduling Principle

Theorem. Any PRAM algorithm with work W(n) and span T(n), can be
implemented on a P-processor PRAM to run in time Tp(n) = O (@ + T(n))

Proof. Let A be the original PRAM algorithm with work W(n) and span T(n).
Let p; be the number of “virtual” processors used by A in step J.

Example
p4 _ % g _ 4 |;A2|3|4|5|6|7|8 9|10|11|12|13|14|15|16|
p3 _ g g 3 | 2|3|4 5|6|7|8| |9‘ 10|11|12 13|14|15|16|
—_ 1‘ —_—

=1 =2 (1]
P =4 ?E\ F@j e

_ Q _ 1 314 J | 10 11112 15116
P = N s N
Po =N DD L] [ DDDDDDDDDD
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Brent's Scheduling Principle

Theorem. Any PRAM algorithm with work W(n) and span T(n), can be
implemented on a P-processor PRAM to run in time Tp(n) = O (@ + T(n))

Proof. Let A be the original PRAM algorithm with work W(n) and span T(n).
Let p; be the number of “virtual” processors used by A in step J.

Example T
pa=L (=4 |;f|3|4|5|6|7|8 TITITIT] WG = ; P
ps=" L= 3| "L” |T||L|| T < 4.
SIS 2;@5 HD D e
Po =N DD 1 [ DDDDDDDDDD
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Brent's Scheduling Principle

Theorem. Any PRAM algorithm with work W(n) and span T(n), can be
implemented on a P-processor PRAM to run in time Tp(n) = O (@ + T(n))

Proof. Let A be the original PRAM algorithm with work W(n) and span T(n).
Let p; be the number of “virtual” processors used by A in step J.

Example Tp
pa=L (=4 |;A2|3|4|5|6|7|8 TITIITT] Win) = 2. p
ps=g (=3 I [] LII N |1‘1O|H|12LH131T(”)= .(n)1
P2 =7 =2 ;EE ;E:D ;Ej\j ;th i=1
AT S S S ]
Po =N DDDDDDDDDDDDDDDD

We design an algorithm A’ that will run on P (physical) processors,
executing the operations of {%} “virtual” processors of A of step /.
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Brent's Scheduling Principle

Theorem. Any PRAM algorithm with work W(n) and span T(n), can be
implemented on a P-processor PRAM to run in time Tp(n) = O (@ + T(n))

Proof. Let A be the original PRAM algorithm with work W(n) and span T(n).
Let p; be the number of “virtual” processors used by A in step J.

Example T
pa=L (=4 |;f|3|4|5|6|7|8 TITITIT] WG = ; P
ps=" L= 3| "L” |T||L|| T < 4.
SIS 2;@5 HD D e
et
Po =N DD O 000000000 00
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Brent's Scheduling Principle

Theorem. Any PRAM algorithm with work W(n) and span T(n), can be
implemented on a P-processor PRAM to run in time Tp(n) = O (@ + T(n))

Thus, each step of A takes |2 | time on P (physical)
processors, for a total of

7(n) 7(n)

Tp(n) = Z {%1 <

=1 =1

D 1 T(n) T(n)
]
(p+1) - /S'ZH P"+Zi_1 1
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Brent's Scheduling Principle

Theorem. Any PRAM algorithm with work W(n) and span T(n), can be
implemented on a P-processor PRAM to run in time Tp(n) = O (@ + T(n))

Thus, each step of A takes |2 | time on P (physical) T(n)
processors, for a total of W(n) = 21 pi
|=

7(n) 7(n)

Tp(n) = Z {%1 <

=1 =1

> ;T To)

i

(_+1)=_.§:p,+§ 1 T
P Pz =1 T(n)=>_1
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Brent's Scheduling Principle

Theorem. Any PRAM algorithm with work W(n) and span T(n), can be
implemented on a P-processor PRAM to run in time Tp(n) = O (@ + T(n))

Thus, each step of A takes |2 | time on P (physical) T(n)
processors, for a total of W(n) = 21 pi
|=

7(n) 7(n)

Tp(n) = Z {%1 <

> ;T To)
i

(_+1)=_.§:p,+§ 1 T
i=1 i=1 P P =1 =1 T(n)=>_ 1

_0 ( W;n) . T(n))

Q.E.D.
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