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Understanding (Parallel) Runtime

procedure FOO()
a=7/
b =20
c=14
d=27
e=15
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Understanding (Parallel) Runtime

procedure FOO()
a=7
b=20
c=14
d=27
e=15

Runtime = 5 steps
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Understanding (Parallel) Runtime

procedure FOO() procedure PARALLELFOO()
a=7/ a=7/
b =20 spawn {
c=14 b =20
d=27 c=14
e=15 }
d=27
Runtime = 5 steps e=15
sync
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Understanding (Parallel) Runtime

procedure FOO() procedure PARALLELFOO()
a=7/ a=7/
b =20 spawn ___
c=14 b =20
d=27 l c=14
e=15
d =27 /
Runtime = 5 steps e=15
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a=/7/
spawn __

b =20
c=14

d=27
e=15

sync



Understanding (Parallel) Runtime

procedure FOO() procedure PARALLELFOO()

a=7/ a=/7/
b =20 —»>  spawn___
c=14 b=20
d=27 l c=14
e=15

d=27 /

Runtime = 5 steps e=15
sync
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Understanding (Parallel) Runtime

procedure FOO() procedure PARALLELFOO()
a=7/ a=/7/
b =20 spawn __
c=14 —» Dpb=20
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Understanding (Parallel) Runtime

procedure FOO() procedure PARALLELFOO()

a=7/ a=/7/
b =20 spawn __
c=14 b=20
d=27 l —» c=14
e=15

d=27 /

Runtime = 5 steps > e=15
sync
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Understanding (Parallel) Runtime

procedure FOO()
a=7
b=20
c=14
d=27
e=15

Runtime = 5 steps
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procedure PARALLELFOO()
a=7
spawn __

b =20
c=14

d=27
e=15

sync

Runtime = 5 steps



Parallel Execution as a DAG

procedure PARALLELFOO()
a=7
spawn __

b =20
c=14

d=27
e=15

sync
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Parallel Execution as a DAG

procedure PARALLELFOO() Dependency graph
a=/7/
spawn ___

b =20
c=14

d=27
e=15

sync
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Parallel Execution as a DAG

procedure PARALLELFOO() Dependency graph
a=/7/
spawn ___

b =20
c=14

d=27
e=15

sync

» Parallel runtime: Longest path length in the dependency graph
= 1(n)
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Parallel Execution as a DAG

procedure PARALLELFOO() Dependency graph
a=/7/
spawn ___

b =20
c=14
d =27

e=15
sync

s Parallel runtime: Longest path length in the dependency graph
= T(n)

» Work: Total # of operations = Sequential runtime
» W(n)
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Understanding Parallel Runtime

procedure PARALLELFOO()
a=7
spawn __

b =20
c=14

d=27
e=15

sync
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Understanding Parallel Runtime

procedure PARALLELFOO()
a=7
spawn __

b =20
c=14

d=27
e=15

sync
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a=7/
procedure LEFT()

d=27

e=15
procedure RIGHT()

b=20

c=14

procedure BELOW()



Understanding Parallel Runtime

rocedure ABOVE
procedure PARALLELFOO() P ()

a=/7/
:s:wvi() procedure LEFT()
d=27
¢ \ e=15
procedure RIGHT()
LEFT() RIGHT() b = 20
‘ / c =14
procedure BELOW()
sync
BELOW()
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Understanding Parallel Runtime

procedure PARALLELFOO()

_7
ABOVE() 2
spawn 4 o7

¢ \ e =15
LEFT() RIGHT()

sync
BELOW()

Parallel Runtime

procedure ABOVE()

procedure LEFT()

procedure RIGHT()

b =20
¢ / c=14
procedure BELOW()

T(ABOVE) + 1 + max(T(LEFT), T(RIGHT)) + 1 + T(BELOW)

T (LEFT)

— T(ABOVE) + max{ T(RIGHT)
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Proper Pseudocode

procedure PARALLELFOO()
ABOVE()
spawn

v

LEFT() RIGHT()

v

sync
BELOW()
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Proper Pseudocode

procedure PARALLELFOO()
procedure PARALLELFOO()

ABOVE()
ABOVE() spawn RIGHT()
Spawn LEFT()
¢ \ sync
LEFT() RIGHT() BELOW()
sync
BELOW()
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Proper Pseudocode

procedure PARALLELFOO()
ABOVE()
spawn

v

LEFT() RIGHT()

v

sync
BELOW()
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procedure PARALLELFOO()
ABOVE()
spawn RIGHT()
LEFT()
sync
BELOW()

procedure PARALLELFOO()
ABOVE()
in parallel do
RIGHT()
LEFT()
BELOW()



Taking a step further

procedure PARALLELFOO()
ABOVE()
in parallel do
RIGHT()
LEFT()
BELOW()
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procedure PARALLELFOO()
ABOVE()
in parallel do
RIGHT()
MIDDLE()
LEFT()
BELOW()



Taking a step further

procedure PARALLELFOO() procedure PARALLELFOO()
ABOVE() ABOVE()
in parallel do in parallel do
RIGHT() RIGHT()
LEFT() MIDDLE()
BELOW() LEFT()
procedure PARALLELFOO() BELOW()
ABOVE()
Spawn \
LEFT() MIDDLE() RIGHT()
BELOW()
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Parallel for loop

for i = 1 to nin parallel do

alil = a[i] + 1
\




Parallel for loop

for i = 1 to nin parallel do

alil = a[i] + 1

™~

Spawn nthreads ty, b, . . . f,

Each thread f; (where i =1,2, ..., n) do:
alil = a[i] + 1

Synchronize all n threads
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Parallel for loop

for i = 1 to nin parallel do

alil = a[i] + 1

™~

Spawn nthreads ty, b, . . . f,

Each thread f; (where i =1,2, ..., n) do:
alil = a[i] + 1

Synchronize all n threads

Parallel Runtime: T(n) = O(1)
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Simple example

fori=1tondo
al] = ali]+ 1
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Simple example

fori=1tondo
al] = ali]+ 1




Simple example

fori=1tondo
al] = ali] + 1

for i = 1 to nin parallel do
ali] = a[i] + 1
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Simple example

fori=.1to.ndo 61974152 o(n)
al] = a[i] + 1

for i = 1 to nin parallel do
ali] = a[i] + 1

T~

Start nthreads t4, b, . . . t,
Each thread t; (where i =1,2, ..., n) do:
alil = ali] + 1
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Simple example

fori=.1to.ndo 61974152 o(n)
al] = a[i] + 1

fori=' 1 t0{7in parallel do 51813141
ali] = a[i] + 1

T~

Start nthreads t4, b, . . . t,
Each thread t; (where i =1,2, ..., n) do:
alil = ali] + 1
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Simple example

Time
al] = a[i] + 1
i=1 2 3 4 5
. . BRERE
for i = 1 to nin parallel do 51813141

alil = ali] + 1

T~

Start nthreads t4, b, . . . t,
Each thread t; (where i =1,2, ..., n) do:
alil = ali] + 1
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Simple example

Time
for/=.1to.ndo ARNINEE o(n)
al] = a[i] + 1
i=1 2 3 4 5
. . VYOV oY Y
for i = 1 to nin parallel do 61974152

alil = ali] + 1

T~

Start nthreads t4, b, . . . t,
Each thread t; (where i =1,2, ..., n) do:
alil = ali] + 1
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Simple example

Time
al] = a[i] + 1
i=1 2 3 4 5
. . BRERE
for i = 1 to nin parallel do 619141512 o)

alil = ali] + 1

T~

Start nthreads t4, b, . . . t,
Each thread t; (where i =1,2, ..., n) do:
alil = ali] + 1
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Simple example

Time
al] = a[i] + 1
i=1 2 3 4 5
. . BRERE
for i = 1 to nin parallel do 619141512 o)

alil = ali] + 1

T~

Start nthreads t4, b, . . . t,
Each thread t; (where i =1,2, ..., n) do:
alil = ali] + 1

[Parallel Time = time of the slowest thread]
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Simple example: Finding minimum
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Finding Minimum




Finding Minimum

procedure MIN(&[/..f])




Finding Minimum

procedure MIN(a[/..f])

mid = |4

left = MIN(a[/..mid])
right = MIN(a[mid + 1..j])
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Finding Minimum

procedure MIN(&[/..j])

mid = |14

left = MIN(a[/..mid])
right = MIN(a[mid + 1..j])

return min(/eft, right)
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Finding Minimum

procedure MIN(&[/..f])
if i == j then
return g[/]
else

mid = |4

left = MIN(a[/..mid])
right = MIN(a[mid + 1..j])

return min(/eft, right)
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Finding Minimum ‘

0 0
procedure MIN(a[i..j])
if i == j then
return a[/] O O
else ° SN :
mid = | % | O

in parallel do
left = MIN(a[/..mid])
right = MIN(a[mid + 1..j])

return min(/eft, right)
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Finding Minimum

procedure MIN(&[/..f])
if i == j then
return g[/]
else
mid = |4
in parallel do
left = MIN(a[/..mid])
right = MIN(a[mid + 1..j])

return min(/eft, right)
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MIN(a[1..n])?




Finding Minimum ‘

s s
procedure MIN(a[i..j])
if / == then !
return g[/] U %
else : & ® :
mid = | 7 | T(n) %
in parallel do 2
left = MIN(a[/..mid])
right = MIN(a[mid + 1..j]) Runtime of
return min(/eft, right) v MIN(a[1..n])?
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Finding Minimum ‘

s s
procedure MIN(a[i..j])
if i == j then “ “
return g[/] U %
else o(1) : & ® :
mid = | 7 | v T(n) %
in parallel do 2
left = MIN(a[/..mid])
right = MIN(a[mid + 1..j]) Runtime of
return min(/eft, right) v MIN(a[1..n])?
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Finding Minimum ‘

s s
procedure MIN(&[i..j])
if i == j then “ “
return g[/] U %
else o) - Y -
mid = | 7 | v T(n) %
in parallel do 2
left = MIN(ali..mid)]) T(n/2)
right = MIN(a[mid + 1..j]) Runtime of
return min(/eft, right) v MIN(a[1..n])?
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Finding Minimum ‘

s s
procedure MIN(a[i..j])
if i == j then “ |
return g[/] U %
else o) - Y -
mid = | 7 | v T(n) %
in parallel do 2
left = MIN(a[i..mid)]) T(n/2)
right = MIN(a[mid +1..j])  T(n/2) Runtime of
return min(/eft, right) v MIN(a[1..n])?
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Finding Minimum ‘

s s
procedure MIN(a[i..j])
if i == j then “ |
return g[/] U %
else o) - Y -
mid = | 7 | v T(n) %
in parallel do 2
left = MIN(a[i..mid)]) T(n/2)
right = MIN(a[mid +1..j])  T(n/2) Runtime of
return min(/eft, right) O(1) v MIN(a[1..n])?
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Finding Minimum ‘

O O
procedure MIN(a[i..j])
if i == j then “ “
return g[/] U %
else o) - Y -
mid = | 7 | v T(n) %
in parallel do 2
left = MIN(&[/i..mid]) T(n/2)
right = MIN(a[mid +1..j])  T(n/2) Runtime of
return min(/eft, right) O(1) v MIN(a[1..n])?
T(n) = O(1) + max{ ;EZ@ } +0(1)
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Finding Minimum ‘

s s
procedure MIN(a[i..j])
if i == j then “ |
return g[/] U %
else o) - Y -
mid = | 7 | v T(n) %
in parallel do 2
left = MIN(a[i..mid)]) T(n/2)
right = MIN(a[mid +1..j])  T(n/2) Runtime of
return min(/eft, right) O(1) v MIN(a[1..n])?

T(n) = O(1) + max{ T(Z/Z) } +0(1)
- T(n/2) + O(1)
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Finding Minimum ‘

e U
procedure MIN(a[i..j])
if i == j then | $
return g[/] U %
else o) - Y -
mid = | 7 | v T(n) %
in parallel do
left = MIN(a[i..mid)]) T(n/2)
right = MIN(a[mid +1..j])  T(n/2) Runtime of
return min(/eft, right) O(1) v MIN(a[1..n])?

T(n) = O(1) + max{ T(Z/Z) } +0(1)

= T(n/2) + O(1)
= BO(log n)
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Not-so-simple example: Prefix Sums

fori=2tondo 518132

alil = ali] + a[i — 1]
return a[n]
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Not-so-simple example: Prefix Sums

fori=2tondo 518132

alil = ali] + a[i — 1]
return a[n]
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Not-so-simple example: Prefix Sums

fori=2tondo sH3l3 2

alil = ali] + a[i — 1]
return a[n]
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Not-so-simple example: Prefix Sums

fori=2tondo sH3l3 2

alil = ali] + a[i — 1]
return a[n]
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Not-so-simple example: Prefix Sums

fori=2tondo 5 13[6/4

alil = ali] + a[i — 1]
return a[n]
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Not-so-simple example: Prefix Sums

fori=2tondo 53[6/4

alil = ali] + a[i — 1]
return a[n]
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Not-so-simple example: Prefix Sums

for i =2tondo
alil = a[il + a[i — 1]
return a[n]

ICS 621: Analysis of Algorithms — Parallel Algorithms

13

16

y
20 1




Not-so-simple example: Prefix Sums

for i =2tondo
alil = a[il + a[i — 1]
return a[n]

ICS 621: Analysis of Algorithms — Parallel Algorithms

v

13

16

20 1




Not-so-simple example: Prefix Sums

for i =2tondo
alil = a[il + a[i — 1]
return a[n]
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Not-so-simple example: Prefix Sums

for i =2tondo
alil = a[il + a[i — 1]
return a[n]
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Not-so-simple example: Prefix Sums [5

for i =2tondo
alil = a[il + a[i — 1]
return a[n]
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Not-so-simple example

for i =2tondo
alil = a[il + a[i — 1]
return a[n]

for i = 2 to nin parallel do
ali] = a[il + a[i — 1]
return a[nj
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Not-so-simple example

for i =2tondo
alil = a[il + a[i — 1]
return a[n]

for i = 2 to nin parallel do
ali] = a[il + a[i — 1]
return a[nj
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Not-so-simple example

for i =2tondo
alil = a[il + a[i — 1]
return a[n]

for i = 2 to nin parallel do
ali] = a[il + a[i — 1]
return a[nj
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: Prefix Sums [57873 (4
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Not-so-simple example

for i =2tondo
alil = a[il + a[i — 1]
return a[n]

for i = 2 to nin parallel do
ali] = a[il + a[i — 1]
return a[nj

ICS 621: Analysis of Algorithms — Parallel Algorithms

: Prefix Sums [5

5 [13[16(2021
VYoV oy
513[11] 7| 5




Parallel Prefix Sums




Parallel Prefix Sums
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Parallel Prefix Sums
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Parallel Prefix Sums 5
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Parallel Prefix Sums

16 4

e_e—aa=
=SSN

_Recursion

== 77
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Parallel Prefix Sums
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Parallel Prefix Sums
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Parallel Prefix Sums
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Parallel Prefix Sums

513

function PREFIX-SUMS(A, i, j)

if / > j then return

mid - | ]

PREFIX-SUMS(A, i, mid)
PREFIX-SUMS(A, mid + 1, )

for Kk = mid + 1toj do
Alk] = A[K] + Almid]

ICS 621: Analysis of Algorithms — Parallel Algorithms
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Parallel Prefix Sums 58341

n
AN
5[13[16 2021
NS
function PREFIX-SUMS(A, i, )
if / > j then return > Base case
mid = ||

PREFIX-SUMS(A, i, mid)

T = 2T(n/2
PREFIX-SUMS(A, mid + 1, ) (n) (n/2) + O(n)

= O(nlog n)

for Kk = mid + 1toj do
Alk] = A[K] + Almid]
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Parallel Prefix Sums 58341

n
AN
5[13[16 2021
NS
function PREFIX-SUMS(A, i, )
if / > j then return > Base case
mid = ||

PREFIX-SUMS(A, i, mid)

W = 2W(n/2
PREFIX-SUMS(A, mid + 1, ) (n) (n/2) + O(n)

= O(nlog n)

for Kk = mid + 1toj do
Alk] = A[K] + Almid]
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Parallel Prefix Sums 58341
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function PREFIX-SUMS(A, i, )
if / > j then return > Base case
mid = ||

PREFIX-SUMS(A, i, mid)

W(n) =
PREFIX-SUMS(A, mid + 1, )) ) 20y 2) - )

= O(nlog n)

for k = mid + 1 to j in parallel do
Alk] = A[K] + Almid]
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Parallel Prefix Sums 58341

4
AN
5[13[16 2021
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function PREFIX-SUMS(A, i, )
if / > j then return > Base case
mid = ||

PREFIX-SUMS(A, i, mid)

PREFIX-SUMS(A, mid + 1, ) T(n) = 2T(n/2)+0(1)

O(n)

for k = mid + 1 to j in parallel do
Alk] = A[K] + Almid]
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Parallel Prefix Sums 58341
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function PREFIX-SUMS(A, i, )
if / > j then return > Base case
mid = ||

in parallel do

PREFIX-SUMS(A, i, mid)

PREFIX-SUMS(A, mid + 1, j) Tim = 27(n/2)+ O(1)

O(n)

for k = mid + 1 to j in parallel do
Alk] = A[K] + Almid]
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Parallel Prefix Sums 58341

+

@«
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\/\/
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function PREFIX-SUMS(A, I,f) | (&, ) = STARTTWOTHREADS()

if/ Z _/ then return t; do: PREFIX-SUMS(A, I m/d)
mid - LﬂJ > do: PREFIX-SUMS(A, mid + 1, )
L2 WAITUNTILFINISHED(t, )

in parallel do e
PREFIX-SUMS(A, i, mid)
PREFIX-SUMS(A, mid + 1, )

T(n)

2T(n/2) + O(1)
O(n)

for Kk = mid + 1 to j in parallel do
AlK] = A[k] + Aimid]
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Parallel Prefix Sums 58341

+

@«
2021

\/\/
NS

function PREFIX-SUMS(A, i, /) (t, ) = STARTTWOTHREADS()
if/ > ] then return t; do: PREFIX-SUMS(A, I mid)
mid_— L,-ﬂ-J t, do: PREFIX-SUMS(A, mid + 1, )
— L2 WAITUNTILFINISHED(t, ¢
in parallel do o e
PREFIX-SUMS(A, /, m/d) | T(n) = max {T ([2]), T (]2])}
PREFIX-SUMS(A, mid + 1, ) +O(1)

< T(n/2)+0(1)
for kK = mid + 1 to j in parallel
Alk] = A[K] + Almid]
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Parallel Prefix Sums 58341
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function PREFIX-SUMS(A, i, /) (t, ) = STARTTWOTHREADS()
if/ > ] then return t; do: PREFIX-SUMS(A, I mid)
mid_— L,-ﬂ-J t, do: PREFIX-SUMS(A, mid + 1, )
— L2 WAITUNTILFINISHED(t, ¢
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procedure PREFIX-SumMs(a[1..n])

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5])
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procedure PREFIX-SumMs(a[1..n])
if n < 1 then return

for i =1to 7 in parallel do
b[i] = a[2i — 1] + g[2i]
PREFIX-SuMS(b[1..5]) Work:
for i =11to 7 in parallel do
a[2i] = b[i]
if i # 2 then
a[2i + 1] = a[2i + 1] + b[i]
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procedure PREFIX-Sums(a[1..n]) Analysis
if n < 1 then return Time: | T(n) = T(n/2) + O(1)
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function PREFIX-SUMS(A, i, /)
if / > j then return > Base case

mid = L%J
spawn
PREFIX-SUMS(A, i, mid)
PREFIX-SUMS(A, mid + 1, )

sync

for Kk = mid + 1 to j in parallel do
Alk] = A[K] + A[mid]
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function PREFIX-SUMS(A, i, /)
if / > j then return > Base case

mid = | 2|
for K =1 to 2 in parallel do
if k=1 then
PREFIX-SUMS(A, i, mid)
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PREFIX-SUMS(A, mid + 1, )

for Kk = mid + 1 to j in parallel do
Alk] = A[K] + A[mid]

ICS 621: Analysis of Algorithms — Parallel Algorithms



Parallel Sorting
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function MERGESORT(A, i, J)

if / > j then return > Base case
mid = |4

MERGESORT(A, i, mid)
MERGESORT(A, mid + 1,))

MERGE(A, i, mid, j)
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MERGE(A, i, mid, j)

ICS 621: Analysis of Algorithms — Parallel Algorithms



Parallel Sorting

function MERGESORT(A, i, j)
if / > j then return

mid = ||

2

MERGESORT(A, i, mid)
MERGESORT(A, mid + 1,))

MERGE(A, i, mid, j)

(

.

T(n)=2T(n/2) + Tyeree
=2T(n/2) + O(n)
= O(nlog n)

ICS 621: Analysis of Algorithms — Parallel Algorithms

> Base case



Parallel Sorting
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function MERGESORT(A, i, J)
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function MERGE(A, B, C)

for i = 1 to |A| in parallel do
kK = i + PREDECESSOR(A[/], B)

Clk] = A[i]

for j = 1 to |B| in parallel do
k = j + PREDECESSOR(BIj], A)

Clk] = B[]
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Parallel Merging

v
3[5]8 14| B o(n)

C 13458\

T 4-242
<5
function MERGE(A, B, C) function PREDECESSOR(X, A)

for i = 1 to |A| in parallel do fori=1to |A| do

K = | + PREDECESSOR(A[/], B) if Al/] > x then

Clk] = A[i] return / — 1
for j = 1 to | B| in parallel do return |A

k =/ + PREDECESSOR(B][/], A)

Clk] = B[]

ICS 621: Analysis of Algorithms — Parallel Algorithms



Parallel Merging

v
3[5]8 14| B o(n)

C 13458\

T 4-242
<5
function MERGE(A, B, C) function PREDECESSOR(x, A)
for i = 1 to |A| in parallel do fori=1to |A| do
K = | + PREDECESSOR(A[/], B) if Al/] > x then
Clk] = A[i] return / — 1
for j = 1 to | B| in parallel do return |A| [Still O( n)j
k =/ + PREDECESSOR(B][/], A)

Clk] = B[]
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Parallel Merging

A Sé8 1]4] B o(n)
C 1 3458\
\;5/4‘5\/4=2+2

function MERGE(A, B, C)

for i = 1 to |A| in parallel do

Kk = | + PREDECESSOR(A[/], B)

Clk] = A[i]

for j = 1 to |B| in parallel do

k = j + PREDECESSOR(BI[]], A)

Clk] = B[]

ICS 621: Analysis of Algorithms — Parallel Algorithms

function PREDECESSOR(x, A)

return BINARYSEARCH(x, A)



Parallel Merging

A Sé8 114] B o(n)
C 1 3458\\
\;5/4‘5\/4=2+2

function MERGE(A, B, C)

for i = 1 to |A| in parallel do

Kk = | + PREDECESSOR(A[/], B)

Clk] = A[i]

for j = 1 to |B| in parallel do

k = j + PREDECESSOR(BI[]], A)

Clk] = B[]

ICS 621: Analysis of Algorithms — Parallel Algorithms

function PREDECESSOR(x, A)

return BINARYSEARCH(x, A)

[O(Iog n)j




Parallel Merging

'
3[5]8 1[4] B [O(logn)]

C 13458\\

T 4-242

<5
function MERGE(A, B, C) function PREDECESSOR(x, A)
for i = 1 to |A| in parallel do return BINARYSEARCH(x, A)
Kk = | + PREDECESSOR(A[/], B)
Clk] = Ali] [O(|09 n)]

for j = 1 to |B| in parallel do
k = j + PREDECESSOR(BI[]], A)
Clk] = B[]
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Work vs Parallel Time

Time using p processors: T,(n)?

= Work: Total # of operations = Sequential runtime: W(n) = T1(n)
= (Parallel) Time: # of operations of slowest thread: T(n) = T (N)
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Work vs Parallel Time

Time using p processors: T,(n)?

= Work: Total # of operations = Sequential runtime: W(n) = T1(n)
= (Parallel) Time: # of operations of slowest thread: T(n) = T (N)

Brent’s Scheduling Principle:

T.=0 (W;m . Too(n))

ICS 621: Analysis of Algorithms — Parallel Algorithms
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Time using p processors

p

T,(n) = O (M + Too(N)

)

function PREFIX-SUMS(A, i, )
if / > j then return

mid = | Y|
spawn
PREFIX-SUMS(A, i, mid)
PREFIX-SUMS(A, mid + 1, )
sync
for Kk = mid + 1 to j in parallel do
AlK] = Alk] + Almid]

ICS 621: Analysis of Algorithms — Parallel Algorithms

> Base case



Time using p processors

p

T,(n) = O (M . Too(n))

function PREFIX-SUMS(A, i, )
if / > j then return

mid = | Y|
spawn
PREFIX-SUMS(A, i, mid)
PREFIX-SUMS(A, mid + 1, )
sync
for Kk = mid + 1 to j in parallel do
AlK] = Alk] + Almid]

ICS 621: Analysis of Algorithms — Parallel Algorithms

> Base case

W =2W(n/2) + O(n)
= O(nlog n)




Time using p processors

p

T,(n) = O (M . Too(n))

function PREFIX-SUMS(A, i, )
if / > j then return

mid = | Y|
spawn
PREFIX-SUMS(A, i, mid)
PREFIX-SUMS(A, mid + 1, )
sync
for Kk = mid + 1 to j in parallel do
AlK] = Alk] + Almid]

ICS 621: Analysis of Algorithms — Parallel Algorithms

> Base case

W =2W(n/2) + O(n)

= O(nlog n)
Too(N) = To(n/2) + O(1)
= O(log n)




Time using p processors

p

T,(n) = O (M . Too(n))

function PREFIX-SUMS(A, i, )
if / > j then return

mid = | Y|
spawn
PREFIX-SUMS(A, i, mid)
PREFIX-SUMS(A, mid + 1, )
sync
for Kk = mid + 1 to j in parallel do
AlK] = Alk] + Almid]

ICS 621: Analysis of Algorithms — Parallel Algorithms

> Base case

W =2W(n/2) + O(n)

= O(nlog n)
Too(N) = To(n/2) + O(1)
= O(log n)

T,(n) = O (”';9” + log n)




Time using p processors

Tom = O

Win)

p

" Too(n))

function MERGE(A, B, C)
for i = 1 to |A| in parallel do

function PREDECESSOR(x, A)

Kk = | + PREDECESSOR(A[/], B)

CIk] = A[i]
for j = 1 to |B| in parallel do

k = j + PREDECESSOR(BI[j], A)

Clk] = B[]

ICS 621: Analysis of Algorithms — Parallel Algorithms

return BINARYSEARCH(x, A)



Time using p processors

Toln) = O (M2 + Too(n)

function MERGE(A, B, C) function PREDECESSOR(X, A)
for i = 1 to |A| in parallel do return BINARYSEARCH(x, A)
Kk = | + PREDECESSOR(A[/], B)
Clk] = A[i] W(n) = O(log n)
for j = 1 to | B| in parallel do Too(n) = Olog n)
k = j + PREDECESSOR(B[/], A)
Clk] = B[]

W(n) = O(nlog n)
Tso(n) = O(log n)
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Time using p processors

Toln) = O (M2 + Too(n)

function MERGE(A, B, C) function PREDECESSOR(X, A)
for i = 1 to |A| in parallel do return BINARYSEARCH(x, A)
Kk = | + PREDECESSOR(A[/], B)
Clk] = A[i] W(n) = O(log n)
for j = 1 to | B| in parallel do Too(n) = Olog n)
k = j + PREDECESSOR(B[/], A)
Clk] = BlJ]
W(n) = O(nlog n
Tt = Olog) Tolm = O (3% +logn)

ICS 621: Analysis of Algorithms — Parallel Algorithms



Time using p processors

T,(n) = O (

Win)

p

" Too(n))

function MERGESORT(A, /, J)
if / > j then return

mid = | 2|

in parallel do {
MERGESORT(A, i/, mid)
MERGESORT(A, mid + 1,))

;

MERGE(A, i, mid, j)

ICS 621: Analysis of Algorithms — Parallel Algorithms

> Base case



Time using p processors

Toln) = O (M2 + Too(n)

function MERGESORT(A, /, )
if / > j then return > Base case

mid - | 4

in parallel do { -
MERGESORT(A, i, mid) W(n) = 2W(n) + O(nlog n)
MERGESORT(A, mid + 1, ) = O(nlog® n)

i/lERGE(A, i, mid, ) Too(n) = Too(n/2) + O(log n)
= O(log® n)

ICS 621: Analysis of Algorithms — Parallel Algorithms



Time using p processors

Toln) = O (M2 + Too(n)

function MERGESORT(A, /, )
if / > j then return > Base case

mid - | 4

in parallel do { -
MERGESORT(A, i, mid) W(n) = 2W(n) + O(nlog n)
MERGESORT(A, mid + 1, ) = O(nlog® n)

i/lERGE(A, i, mid, ) Too(n) = Too(n/2) + O(log n)
= O(log® n)

2

To(n) = O (”"’g 7 4 log? n)
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