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T (n)

Dependency graph

Work: Total # of operations = Sequential runtime
W (n)

3



ICS 621: Analysis of Algorithms – Parallel Algorithms

Understanding Parallel Runtime

procedure PARALLELFOO()
a = 7
spawn

d = 27
e = 15
sync

b = 20
c = 14

4



ICS 621: Analysis of Algorithms – Parallel Algorithms

Understanding Parallel Runtime

procedure PARALLELFOO()
a = 7
spawn

d = 27
e = 15
sync

b = 20
c = 14

procedure ABOVE()
a = 7

procedure LEFT()
d = 27
e = 15

procedure RIGHT()
b = 20
c = 14

procedure BELOW()

4



ICS 621: Analysis of Algorithms – Parallel Algorithms

Understanding Parallel Runtime
procedure ABOVE()

a = 7
procedure LEFT()

d = 27
e = 15

procedure RIGHT()
b = 20
c = 14

procedure BELOW()

procedure PARALLELFOO()
ABOVE()
spawn

LEFT()

sync
BELOW()

RIGHT()

4



ICS 621: Analysis of Algorithms – Parallel Algorithms

Understanding Parallel Runtime

Parallel Runtime

procedure ABOVE()
a = 7

procedure LEFT()
d = 27
e = 15

procedure RIGHT()
b = 20
c = 14

procedure BELOW()

procedure PARALLELFOO()
ABOVE()
spawn

LEFT()

sync
BELOW()

RIGHT()

T (ABOVE) + 1 + max(T (LEFT), T (RIGHT)) + 1 + T (BELOW)

= T (ABOVE) + max
{

T (LEFT)
T (RIGHT)

}
+ T (BELOW) + O(1)

4



ICS 621: Analysis of Algorithms – Parallel Algorithms

Proper Pseudocode

procedure PARALLELFOO()
ABOVE()
spawn

LEFT()

sync
BELOW()

RIGHT()

5



ICS 621: Analysis of Algorithms – Parallel Algorithms

Proper Pseudocode
procedure PARALLELFOO()

ABOVE()
spawn RIGHT()
LEFT()
sync
BELOW()

procedure PARALLELFOO()
ABOVE()
spawn

LEFT()

sync
BELOW()

RIGHT()

5



ICS 621: Analysis of Algorithms – Parallel Algorithms

Proper Pseudocode
procedure PARALLELFOO()

ABOVE()
spawn RIGHT()
LEFT()
sync
BELOW()

procedure PARALLELFOO()
ABOVE()
in parallel do

RIGHT()
LEFT()

BELOW()

procedure PARALLELFOO()
ABOVE()
spawn

LEFT()

sync
BELOW()

RIGHT()

5



ICS 621: Analysis of Algorithms – Parallel Algorithms

Taking a step further
procedure PARALLELFOO()

ABOVE()
in parallel do

RIGHT()
LEFT()

BELOW()

procedure PARALLELFOO()
ABOVE()
in parallel do

RIGHT()
MIDDLE()
LEFT()

BELOW()

6



ICS 621: Analysis of Algorithms – Parallel Algorithms

Taking a step further
procedure PARALLELFOO()

ABOVE()
in parallel do

RIGHT()
LEFT()

BELOW()

procedure PARALLELFOO()
ABOVE()
in parallel do

RIGHT()
MIDDLE()
LEFT()

BELOW()procedure PARALLELFOO()
ABOVE()
spawn

LEFT()

sync
BELOW()

MIDDLE() RIGHT()

6



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel for loop

for i = 1 to n in parallel do
a[i ] = a[i ] + 1

Spawn n threads t1, t2, . . . tn
Each thread ti (where i = 1, 2, . . . , n) do:

a[i ] = a[i ] + 1
Synchronize all n threads

7



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel for loop

for i = 1 to n in parallel do
a[i ] = a[i ] + 1

Spawn n threads t1, t2, . . . tn
Each thread ti (where i = 1, 2, . . . , n) do:

a[i ] = a[i ] + 1
Synchronize all n threads

7



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel for loop

for i = 1 to n in parallel do
a[i ] = a[i ] + 1

Spawn n threads t1, t2, . . . tn
Each thread ti (where i = 1, 2, . . . , n) do:

a[i ] = a[i ] + 1
Synchronize all n threads

Parallel Runtime: T (n) = O(1)

7



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 1

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 1

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 1

i = 1

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 16

i = 1

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 16

i = 2

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 16 9

i = 2

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 16 9

i = 3

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4

i = 3

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4

i = 4

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4 5

i = 4

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4 5

i = 5

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4 5 2

i = 5

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4 5 2

Time

O(n)

i = 5

i = 1
L: a[i ] = a[i ] + 1

i = i + 1
if i ≤ n: JUMPTO L

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

for i = 1 to n in parallel do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4 5 2

Time

O(n)

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

for i = 1 to n in parallel do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4 5 2

Time

O(n)

Start n threads t1, t2, . . . tn
Each thread ti (where i = 1, 2, . . . , n) do:

a[i ] = a[i ] + 1

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

for i = 1 to n in parallel do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4 5 2

5 8 3 4 1

Time

O(n)

Start n threads t1, t2, . . . tn
Each thread ti (where i = 1, 2, . . . , n) do:

a[i ] = a[i ] + 1

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

for i = 1 to n in parallel do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4 5 2

5 8 3 4 1

Time

O(n)

i = 1 2 3 4 5

Start n threads t1, t2, . . . tn
Each thread ti (where i = 1, 2, . . . , n) do:

a[i ] = a[i ] + 1

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

for i = 1 to n in parallel do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4 5 2

5 8 3 4 16 9 4 5 2

Time

O(n)

i = 1 2 3 4 5

Start n threads t1, t2, . . . tn
Each thread ti (where i = 1, 2, . . . , n) do:

a[i ] = a[i ] + 1

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

for i = 1 to n in parallel do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4 5 2

5 8 3 4 16 9 4 5 2

Time

O(n)

O(1)

i = 1 2 3 4 5

Start n threads t1, t2, . . . tn
Each thread ti (where i = 1, 2, . . . , n) do:

a[i ] = a[i ] + 1

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example

for i = 1 to n do
a[i ] = a[i ] + 1

for i = 1 to n in parallel do
a[i ] = a[i ] + 1

5 8 3 4 16 9 4 5 2

5 8 3 4 16 9 4 5 2

Time

Parallel Time = time of the slowest thread

O(n)

O(1)

i = 1 2 3 4 5

Start n threads t1, t2, . . . tn
Each thread ti (where i = 1, 2, . . . , n) do:

a[i ] = a[i ] + 1

8



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example: Finding minimum

5 8 3 2 9 7a :

9



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example: Finding minimum

5 8 3 2 9 7a :

9



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example: Finding minimum

a : 5 8 2 9 73

9



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example: Finding minimum

a : 5 8 2 9 73

Recurse Recurse

9



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example: Finding minimum

a : 5 8 2 9 7

3

3

Recurse Recurse

2

9



ICS 621: Analysis of Algorithms – Parallel Algorithms

Simple example: Finding minimum

a : 5 8 2 9 7

3

3

Recurse Recurse

2

min

2

9



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

mid =
⌊ i+j

2

⌋
lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ])

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

mid =
⌊ i+j

2

⌋
lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ])

return min(lef t , r ight)

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

mid =
⌊ i+j

2

⌋
lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ])

return min(lef t , r ight)

if i == j then
return a[i ]

else

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

return min(lef t , r ight)

if i == j then
return a[i ]

else

mid =
⌊ i+j

2

⌋
in parallel do

lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ])

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

return min(lef t , r ight)

if i == j then
return a[i ]

else

mid =
⌊ i+j

2

⌋
in parallel do

lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ]) Runtime of

MIN(a[1..n])?

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

return min(lef t , r ight)

if i == j then
return a[i ]

else

mid =
⌊ i+j

2

⌋
in parallel do

lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ]) Runtime of

T (n)

MIN(a[1..n])?

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

return min(lef t , r ight)

if i == j then
return a[i ]

else

mid =
⌊ i+j

2

⌋
in parallel do

lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ]) Runtime of

O(1)

T (n)

MIN(a[1..n])?

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

return min(lef t , r ight)

if i == j then
return a[i ]

else

mid =
⌊ i+j

2

⌋
in parallel do

lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ]) Runtime of

O(1)

T (n/2)

T (n)

MIN(a[1..n])?

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

return min(lef t , r ight)

if i == j then
return a[i ]

else

mid =
⌊ i+j

2

⌋
in parallel do

lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ]) Runtime of

O(1)

T (n/2)
T (n/2)

T (n)

MIN(a[1..n])?

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

return min(lef t , r ight)

if i == j then
return a[i ]

else

mid =
⌊ i+j

2

⌋
in parallel do

lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ]) Runtime of

O(1)

T (n/2)
T (n/2)
O(1)

T (n)

MIN(a[1..n])?

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

return min(lef t , r ight)

if i == j then
return a[i ]

else

mid =
⌊ i+j

2

⌋
in parallel do

lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ]) Runtime of

O(1)

T (n/2)
T (n/2)
O(1)

T (n)

T (n) = O(1) + max
{

T (n/2)
T (n/2)

}
+ O(1)

MIN(a[1..n])?

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

return min(lef t , r ight)

if i == j then
return a[i ]

else

mid =
⌊ i+j

2

⌋
in parallel do

lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ]) Runtime of

O(1)

T (n/2)
T (n/2)
O(1)

T (n)

T (n) = O(1) + max
{

T (n/2)
T (n/2)

}
+ O(1)

= T (n/2) + O(1)

MIN(a[1..n])?

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Finding Minimum 5 8 2 9 7

3

3

2

min

2

Recurse Recurse
procedure MIN(a[i ..j ])

return min(lef t , r ight)

if i == j then
return a[i ]

else

mid =
⌊ i+j

2

⌋
in parallel do

lef t = MIN(a[i ..mid ])
r ight = MIN(a[mid + 1..j ]) Runtime of

O(1)

T (n/2)
T (n/2)
O(1)

T (n)

T (n) = O(1) + max
{

T (n/2)
T (n/2)

}
+ O(1)

= T (n/2) + O(1)
= Θ(log n)

MIN(a[1..n])?

10



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 1

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 1

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 113

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 113

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 11316

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 11316

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 11316 20

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 11316 20

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 11316 2120

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 1

Time

1316 2120 O(n)

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 1

Time

1316 2120 O(n)

5 8 3 4 1

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

for i = 2 to n in parallel do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 1

5 8 3 4 1

Time

1316 2120 O(n)

5 8 3 4 1

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

for i = 2 to n in parallel do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 1

5 8 3 4 1

Time

1316 2120 O(n)

5 8 3 4 1

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

for i = 2 to n in parallel do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 1

5 8 3 4 1

Time

1316 2120

1311 7 5

O(n)

5 8 3 4 1

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Not-so-simple example: Prefix Sums

for i = 2 to n do
a[i ] = a[i ] + a[i − 1]

return a[n]

for i = 2 to n in parallel do
a[i ] = a[i ] + a[i − 1]

return a[n]

5 8 3 4 1

5 8 3 4 1

Time

1316 2120

1311 7 5 O(1)

O(n)

5 8 3 4 1

11



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 1

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 1

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 1

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 1

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 1

5 8 3 4 1

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

5 8 3 4 1

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

5 8 3 4 1

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+ 5 8 3 4 1

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

5 8 3 4 1

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

T (n) = 2T (n/2) + O(n)

= O(n log n)

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

W (n) = 2W (n/2) + O(n)

= O(n log n)

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

W (n) = 2W (n/2) + O(n)

= O(n log n)

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

T (n) = 2T (n/2) + O(n)

= O(n log n)

T (n) = 2T (n/2) + O(1)

= O(n)

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

T (n) = 2T (n/2) + O(1)

= O(n)

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

T (n) = 2T (n/2) + O(1)

= O(n)

(t1, t2) = STARTTWOTHREADS()
t1 do: PREFIX-SUMS(A, i , mid)
t2 do: PREFIX-SUMS(A, mid + 1, j)
WAITUNTILFINISHED(t1, t2)

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

+O(1)
≤ 2T (n/2) + O(1)

T (n) = max
{

T
(⌈

n
2

⌉)
, T
(⌊

n
2

⌋)}

(t1, t2) = STARTTWOTHREADS()
t1 do: PREFIX-SUMS(A, i , mid)
t2 do: PREFIX-SUMS(A, mid + 1, j)
WAITUNTILFINISHED(t1, t2)

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

= O(log n)

5 8 3 4 1

+O(1)
≤ 2T (n/2) + O(1)

T (n) = max
{

T
(⌈

n
2

⌉)
, T
(⌊

n
2

⌋)}

= O(log n)

(t1, t2) = STARTTWOTHREADS()
t1 do: PREFIX-SUMS(A, i , mid)
t2 do: PREFIX-SUMS(A, mid + 1, j)
WAITUNTILFINISHED(t1, t2)

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

Work: W (n) = O(n log n)

Time: T (n) = O(log n)

(t1, t2) = STARTTWOTHREADS()
t1 do: PREFIX-SUMS(A, i , mid)
t2 do: PREFIX-SUMS(A, mid + 1, j)
WAITUNTILFINISHED(t1, t2)

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

Work: W (n) = O(n log n)

Time: T (n) = O(log n)

(t1, t2) = STARTTWOTHREADS()
t1 do: PREFIX-SUMS(A, i , mid)
t2 do: PREFIX-SUMS(A, mid + 1, j)
WAITUNTILFINISHED(t1, t2)

Best sequential time

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

Work: W (n) = O(n log n)

Time: T (n) = O(log n)

(t1, t2) = STARTTWOTHREADS()
t1 do: PREFIX-SUMS(A, i , mid)
t2 do: PREFIX-SUMS(A, mid + 1, j)
WAITUNTILFINISHED(t1, t2)

Best sequential time

T (n) = O(n)

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Prefix Sums

5 8 3 4 11316 5

+

2120

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

5 8 3 4 1

Work: W (n) = O(n log n)

Time: T (n) = O(log n)

(t1, t2) = STARTTWOTHREADS()
t1 do: PREFIX-SUMS(A, i , mid)
t2 do: PREFIX-SUMS(A, mid + 1, j)
WAITUNTILFINISHED(t1, t2)

Best sequential time

T (n) = O(n)

Not work-efficient!

12



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

n

2 · n
2

4 · n
4

8 · n
8

16 · n
16

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

n

2 · n
2

4 · n
4

8 · n
8

16 · n
16

= n

= n

= n

= n

= n

log n

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

W (n) = 2W (n/2) + O(n)

= O(n log n)5 8 3 4 11316 5

+

2120

n

2 · n
2

4 · n
4

8 · n
8

16 · n
16

= n

= n

= n

= n

= n

log n

13



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9
+ + + + + + + +

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9
+ + + + + + + +

4 7 7 6 9 6 3 15

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9
+ + + + + + + +

4 7 7 6 9 6 3 15

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

a

b

procedure PREFIX-SUMS(a[1..n])

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9

4 7 7 6 9 6 3 15

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]
PREFIX-SUMS(b[1.. n

2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9

4 11 18 24 33 39 42 57

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]
PREFIX-SUMS(b[1.. n

2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9

4 11 18 24 33 39 42 57

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9

4 11 18 24 33 39 42 57

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9

4 11 18 24 33 39 42 57

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

=
i∑

k=1
(a[2k − 1] + a[2k ])

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9

4 11 18 24 33 39 42 57

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

=
i∑

k=1
(a[2k − 1] + a[2k ])

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

=
(

i∑
k=1

a[2k − 1]
)

+
(

i∑
k=1

a[2k ]
)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9

4 11 18 24 33 39 42 57

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

=
i∑

k=1
(a[2k − 1] + a[2k ])

=
2i∑

k=1
a[k ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

=
(

i∑
k=1

a[2k − 1]
)

+
(

i∑
k=1

a[2k ]
)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

3 1 5 2 3 4 1 5 7 2 1 5 2 1 6 9

4 11 18 24 33 39 42 57

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

=
i∑

k=1
(a[2k − 1] + a[2k ])

=
2i∑

k=1
a[k ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

=
(

i∑
k=1

a[2k − 1]
)

+
(

i∑
k=1

a[2k ]
)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57

4 11 18 24 33 39 42 573 5 3 1 7 1 2 6

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

=
i∑

k=1
(a[2k − 1] + a[2k ])

=
2i∑

k=1
a[k ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

=
(

i∑
k=1

a[2k − 1]
)

+
(

i∑
k=1

a[2k ]
)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57

4 11 18 24 33 39 42 573 5 3 1 7 1 2 6

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

=
i∑

k=1
(a[2k − 1] + a[2k ])

=
2i∑

k=1
a[k ]

for i = 1 to n
2 in parallel do

a[2i ] = b[i ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

=
(

i∑
k=1

a[2k − 1]
)

+
(

i∑
k=1

a[2k ]
)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57

4 11 18 24 33 39 42 573 5 3 1 7 1 2 6

+ + + + + + +

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

=
i∑

k=1
(a[2k − 1] + a[2k ])

=
2i∑

k=1
a[k ]

for i = 1 to n
2 in parallel do

a[2i ] = b[i ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

=
(

i∑
k=1

a[2k − 1]
)

+
(

i∑
k=1

a[2k ]
)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57
+ + + + + + +

4 11 18 24 33 39 42 573 9 14 19 31 34 41 48

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

=
i∑

k=1
(a[2k − 1] + a[2k ])

=
2i∑

k=1
a[k ]

for i = 1 to n
2 in parallel do

a[2i ] = b[i ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

=
(

i∑
k=1

a[2k − 1]
)

+
(

i∑
k=1

a[2k ]
)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57
+ + + + + + +

4 11 18 24 33 39 42 573 9 14 19 31 34 41 48

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

=
i∑

k=1
(a[2k − 1] + a[2k ])

=
2i∑

k=1
a[k ]

for i = 1 to n
2 in parallel do

a[2i ] = b[i ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

a[2i + 1] = a[2i + 1] + b[i ]

=
(

i∑
k=1

a[2k − 1]
)

+
(

i∑
k=1

a[2k ]
)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57
+ + + + + + +

4 11 18 24 33 39 42 573 9 14 19 31 34 41 48

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

=
i∑

k=1
(a[2k − 1] + a[2k ])

=
2i∑

k=1
a[k ]

for i = 1 to n
2 in parallel do

a[2i ] = b[i ]
if i 6= n

2 then
a[2i + 1] = a[2i + 1] + b[i ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

procedure PREFIX-SUMS(a[1..n])

=
(

i∑
k=1

a[2k − 1]
)

+
(

i∑
k=1

a[2k ]
)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57
+ + + + + + +

4 11 18 24 33 39 42 573 9 14 19 31 34 41 48

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

Claim. b[i ] =
2i∑

k=1
a[k ]

Proof. By I.H. b[i ] =
i∑

k=1
b[k ]

=
i∑

k=1
(a[2k − 1] + a[2k ])

=
2i∑

k=1
a[k ]

for i = 1 to n
2 in parallel do

a[2i ] = b[i ]
if i 6= n

2 then
a[2i + 1] = a[2i + 1] + b[i ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

if n ≤ 1 then return
procedure PREFIX-SUMS(a[1..n])

=
(

i∑
k=1

a[2k − 1]
)

+
(

i∑
k=1

a[2k ]
)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57
+ + + + + + +

4 11 18 24 33 39 42 573 9 14 19 31 34 41 48

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

for i = 1 to n
2 in parallel do

a[2i ] = b[i ]
if i 6= n

2 then
a[2i + 1] = a[2i + 1] + b[i ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

if n ≤ 1 then return
procedure PREFIX-SUMS(a[1..n])

Time:

Analysis

Work:

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57
+ + + + + + +

4 11 18 24 33 39 42 573 9 14 19 31 34 41 48

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

for i = 1 to n
2 in parallel do

a[2i ] = b[i ]
if i 6= n

2 then
a[2i + 1] = a[2i + 1] + b[i ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

if n ≤ 1 then return
procedure PREFIX-SUMS(a[1..n])

Time:

Analysis

Work:

T (n) = T (n/2) + O(1)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57
+ + + + + + +

4 11 18 24 33 39 42 573 9 14 19 31 34 41 48

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

for i = 1 to n
2 in parallel do

a[2i ] = b[i ]
if i 6= n

2 then
a[2i + 1] = a[2i + 1] + b[i ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

if n ≤ 1 then return
procedure PREFIX-SUMS(a[1..n])

Time:

Analysis

Work:

T (n) = T (n/2) + O(1)
= O(log n)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57
+ + + + + + +

4 11 18 24 33 39 42 573 9 14 19 31 34 41 48

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

for i = 1 to n
2 in parallel do

a[2i ] = b[i ]
if i 6= n

2 then
a[2i + 1] = a[2i + 1] + b[i ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

if n ≤ 1 then return
procedure PREFIX-SUMS(a[1..n])

Time:

Analysis

Work: W (n) = W (n/2) + O(n)

T (n) = T (n/2) + O(1)
= O(log n)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work-efficient Prefix Sums

4 11 18 24 33 39 42 57
+ + + + + + +

4 11 18 24 33 39 42 573 9 14 19 31 34 41 48

for i = 1 to n
2 in parallel do

b[i ] = a[2i − 1] + a[2i ]

for i = 1 to n
2 in parallel do

a[2i ] = b[i ]
if i 6= n

2 then
a[2i + 1] = a[2i + 1] + b[i ]

PREFIX-SUMS(b[1.. n
2 ])

a

b

if n ≤ 1 then return
procedure PREFIX-SUMS(a[1..n])

Time:

Analysis

Work: W (n) = W (n/2) + O(n)
= O(n)

T (n) = T (n/2) + O(1)
= O(log n)

14



ICS 621: Analysis of Algorithms – Parallel Algorithms

Recursion vs. parallel for loop

15



ICS 621: Analysis of Algorithms – Parallel Algorithms

Recursion vs. parallel for loop

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
spawn

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

sync

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

15



ICS 621: Analysis of Algorithms – Parallel Algorithms

Recursion vs. parallel for loop

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
for k = 1 to 2 in parallel do

if k = 1 then
PREFIX-SUMS(A, i , mid)

else
PREFIX-SUMS(A, mid + 1, j)

for k = mid + 1 to j in parallel do
A[k ] = A[k ] + A[mid ]

15



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Sorting

16



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Sorting
function MERGESORT(A, i , j)

if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
MERGESORT(A, i , mid)
MERGESORT(A, mid + 1, j)

MERGE(A, i , mid , j)

16



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Sorting
function MERGESORT(A, i , j)

if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
MERGESORT(A, i , mid)
MERGESORT(A, mid + 1, j)

MERGE(A, i , mid , j)

T (n) = 2T (n/2) + TMERGE

= 2T (n/2) + O(n)

16



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Sorting
function MERGESORT(A, i , j)

if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
MERGESORT(A, i , mid)
MERGESORT(A, mid + 1, j)

MERGE(A, i , mid , j)

T (n) = 2T (n/2) + TMERGE

= 2T (n/2) + O(n)

= O(n log n)

16



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Sorting

T (n) = 2T (n/2) + TMERGE

= 2T (n/2) + O(n)

= O(n log n)

function MERGESORT(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do {

MERGESORT(A, i , mid)
MERGESORT(A, mid + 1, j)
}
MERGE(A, i , mid , j)

16



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Sorting

T (n) = 2T (n/2) + TMERGE

= 2T (n/2) + O(n)

function MERGESORT(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do {

MERGESORT(A, i , mid)
MERGESORT(A, mid + 1, j)
}
MERGE(A, i , mid , j)

16



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Sorting

T (n) = 2T (n/2) + TMERGE

= 2T (n/2) + O(n)

function MERGESORT(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do {

MERGESORT(A, i , mid)
MERGESORT(A, mid + 1, j)
}
MERGE(A, i , mid , j)

= O(n)

16



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Sorting

T (n) = 2T (n/2) + TMERGE

= 2T (n/2) + O(n)

function MERGESORT(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do {

MERGESORT(A, i , mid)
MERGESORT(A, mid + 1, j)
}
MERGE(A, i , mid , j)

O(log n) With parallel
merging

16



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Sorting

T (n) = 2T (n/2) + TMERGE

= 2T (n/2) + O(n)

function MERGESORT(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do {

MERGESORT(A, i , mid)
MERGESORT(A, mid + 1, j)
}
MERGE(A, i , mid , j)

= O(log2 n)

O(log n) With parallel
merging

16



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

O(n)

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

O(n)

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

< 5

< 5< 5

O(n)

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

1 2 3 21

1 2 3 4 5

< 5

< 5< 5

O(n)

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

1 2 3 21

1 2 3 4 5

< 5

< 5< 5

4 = 2 + 2

O(n)

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

1 2 3 21

1 2 3 4 5

< 5

< 5< 5

C

A B

function MERGE(A, B, C)
for i = 1 to |A| in parallel do

k = i + PREDECESSOR(A[i ], B)
C[k ] = A[i ]

for j = 1 to |B| in parallel do
k = j + PREDECESSOR(B[j ], A)
C[k ] = B[j ]

4 = 2 + 2

O(n)

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

1 2 3 21

1 2 3 4 5

< 5

< 5< 5

C

A B

function MERGE(A, B, C)
for i = 1 to |A| in parallel do

k = i + PREDECESSOR(A[i ], B)
C[k ] = A[i ]

for j = 1 to |B| in parallel do
k = j + PREDECESSOR(B[j ], A)
C[k ] = B[j ]

4 = 2 + 2

function PREDECESSOR(x , A)
for i = 1 to |A| do

if A[i ] > x then
return i − 1

return |A|

O(n)

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

1 2 3 21

1 2 3 4 5

< 5

< 5< 5

C

A B

function MERGE(A, B, C)
for i = 1 to |A| in parallel do

k = i + PREDECESSOR(A[i ], B)
C[k ] = A[i ]

for j = 1 to |B| in parallel do
k = j + PREDECESSOR(B[j ], A)
C[k ] = B[j ]

4 = 2 + 2

function PREDECESSOR(x , A)
for i = 1 to |A| do

if A[i ] > x then
return i − 1

return |A| Still O(n)

O(n)

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

1 2 3 21

1 2 3 4 5

< 5

< 5< 5

C

A B

function MERGE(A, B, C)
for i = 1 to |A| in parallel do

k = i + PREDECESSOR(A[i ], B)
C[k ] = A[i ]

for j = 1 to |B| in parallel do
k = j + PREDECESSOR(B[j ], A)
C[k ] = B[j ]

4 = 2 + 2

O(n)

function PREDECESSOR(x , A)
return BINARYSEARCH(x , A)

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

1 2 3 21

1 2 3 4 5

< 5

< 5< 5

C

A B

function MERGE(A, B, C)
for i = 1 to |A| in parallel do

k = i + PREDECESSOR(A[i ], B)
C[k ] = A[i ]

for j = 1 to |B| in parallel do
k = j + PREDECESSOR(B[j ], A)
C[k ] = B[j ]

4 = 2 + 2

O(n)

function PREDECESSOR(x , A)
return BINARYSEARCH(x , A)

O(log n)

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Parallel Merging

3 5 8 1 4

1 3 4 5 8

1 2 3 21

1 2 3 4 5

< 5

< 5< 5

C

A B

function MERGE(A, B, C)
for i = 1 to |A| in parallel do

k = i + PREDECESSOR(A[i ], B)
C[k ] = A[i ]

for j = 1 to |B| in parallel do
k = j + PREDECESSOR(B[j ], A)
C[k ] = B[j ]

4 = 2 + 2

function PREDECESSOR(x , A)
return BINARYSEARCH(x , A)

O(log n)

O(log n)

17



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work vs Parallel Time

Time using p processors: Tp(n)?

18



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work vs Parallel Time

Time using p processors: Tp(n)?

Work: Total # of operations = Sequential runtime: W (n) = T1(n)
(Parallel) Time: # of operations of slowest thread: T (n) = T∞(n)

18



ICS 621: Analysis of Algorithms – Parallel Algorithms

Work vs Parallel Time

Time using p processors: Tp(n)?

Work: Total # of operations = Sequential runtime: W (n) = T1(n)
(Parallel) Time: # of operations of slowest thread: T (n) = T∞(n)

Tp = O
(

W (n)
p + T∞(n)

)Brent’s Scheduling Principle:

18



ICS 621: Analysis of Algorithms – Parallel Algorithms

Time using p processors

Tp(n) = O
(

W (n)
p + T∞(n)

)

19



ICS 621: Analysis of Algorithms – Parallel Algorithms

Time using p processors

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
spawn

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

sync
for k = mid + 1 to j in parallel do

A[k ] = A[k ] + A[mid ]

Tp(n) = O
(

W (n)
p + T∞(n)

)

19



ICS 621: Analysis of Algorithms – Parallel Algorithms

Time using p processors

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
spawn

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

sync
for k = mid + 1 to j in parallel do

A[k ] = A[k ] + A[mid ]

W = 2W (n/2) + O(n)

= O(n log n)

Tp(n) = O
(

W (n)
p + T∞(n)

)

19



ICS 621: Analysis of Algorithms – Parallel Algorithms

Time using p processors

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
spawn

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

sync
for k = mid + 1 to j in parallel do

A[k ] = A[k ] + A[mid ]

W = 2W (n/2) + O(n)

= O(n log n)

T∞(n) = T∞(n/2) + O(1)
= O(log n)

Tp(n) = O
(

W (n)
p + T∞(n)

)

19



ICS 621: Analysis of Algorithms – Parallel Algorithms

Time using p processors

function PREFIX-SUMS(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
spawn

PREFIX-SUMS(A, i , mid)
PREFIX-SUMS(A, mid + 1, j)

sync
for k = mid + 1 to j in parallel do

A[k ] = A[k ] + A[mid ]

W = 2W (n/2) + O(n)

= O(n log n)

T∞(n) = T∞(n/2) + O(1)
= O(log n)

Tp(n) = O
(

W (n)
p + T∞(n)

)

Tp(n) = O
(

n log n
p + log n

)
19



ICS 621: Analysis of Algorithms – Parallel Algorithms

Time using p processors

function MERGE(A, B, C)
for i = 1 to |A| in parallel do

k = i + PREDECESSOR(A[i ], B)
C[k ] = A[i ]

for j = 1 to |B| in parallel do
k = j + PREDECESSOR(B[j ], A)
C[k ] = B[j ]

function PREDECESSOR(x , A)
return BINARYSEARCH(x , A)

Tp(n) = O
(

W (n)
p + T∞(n)

)

19



ICS 621: Analysis of Algorithms – Parallel Algorithms

Time using p processors

function MERGE(A, B, C)
for i = 1 to |A| in parallel do

k = i + PREDECESSOR(A[i ], B)
C[k ] = A[i ]

for j = 1 to |B| in parallel do
k = j + PREDECESSOR(B[j ], A)
C[k ] = B[j ]

function PREDECESSOR(x , A)
return BINARYSEARCH(x , A)

W (n) = O(log n)
T∞(n) = O(log n)

W (n) = O(n log n)
T∞(n) = O(log n)

Tp(n) = O
(

W (n)
p + T∞(n)

)

19



ICS 621: Analysis of Algorithms – Parallel Algorithms

Time using p processors

function MERGE(A, B, C)
for i = 1 to |A| in parallel do

k = i + PREDECESSOR(A[i ], B)
C[k ] = A[i ]

for j = 1 to |B| in parallel do
k = j + PREDECESSOR(B[j ], A)
C[k ] = B[j ]

function PREDECESSOR(x , A)
return BINARYSEARCH(x , A)

W (n) = O(log n)
T∞(n) = O(log n)

W (n) = O(n log n)
T∞(n) = O(log n)

Tp(n) = O
(

W (n)
p + T∞(n)

)

Tp(n) = O
(

n log n
p + log n

)
19



ICS 621: Analysis of Algorithms – Parallel Algorithms

Time using p processors

function MERGESORT(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do {

MERGESORT(A, i , mid)
MERGESORT(A, mid + 1, j)
}
MERGE(A, i , mid , j)

Tp(n) = O
(

W (n)
p + T∞(n)

)

19



ICS 621: Analysis of Algorithms – Parallel Algorithms

Time using p processors

function MERGESORT(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do {

MERGESORT(A, i , mid)
MERGESORT(A, mid + 1, j)
}
MERGE(A, i , mid , j)

W (n) = 2W (n) + O(n log n)

= O(n log2 n)

T∞(n) = T∞(n/2) + O(log n)

= O(log2 n)

Tp(n) = O
(

W (n)
p + T∞(n)

)
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Time using p processors

function MERGESORT(A, i , j)
if i ≥ j then return . Base case
mid =

⌊ i+j
2

⌋
in parallel do {

MERGESORT(A, i , mid)
MERGESORT(A, mid + 1, j)
}
MERGE(A, i , mid , j)

W (n) = 2W (n) + O(n log n)

= O(n log2 n)

T∞(n) = T∞(n/2) + O(log n)

= O(log2 n)

Tp(n) = O
(

W (n)
p + T∞(n)

)

Tp(n) = O
(

n log2 n
p + log2 n

)
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