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Computation Geometry

Computational problems on discrete geometric objects:

= Points

= Lines & line segments
= Planes

s Surfaces

s Circles/spheres

ICS 621: Analysis of Algorithms — Computational Geometry
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Data Representation (2-D)
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Data Representation (2-D)

Representation

s Points a
b

p:(a, b)

s (Non-vertical) lines (

C:y=mx+Db

A

slope y-intercept




Data Representation (2-D)

Representation
a POintS d A p:(4,4)
( b ) Syl
(a, b i _ Ay
p ( ) g_ /[ Ay m = A
1 X

= (Non-vertical) lines ( m ) TTEIT / —
b .
l:y=mx+b Z N b
/ \ S~

slope y-intercept Liy=2x—2

Point p = (4, b) Line ¢ = (m, b)
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General Position Assumption

= No two points have the same y-coordinates (no vertical lines)

= No three points are co-linear
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s Input: Set of n points in R?
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Convex Hull

s Input: Set of n points in R?
s Output: Smallest convex polygon that contains all points

P12

P9

Polygon: circular sequence of points connected by line segments
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Convex Hull

s Input: Set of n points in R?

s Output: Smallest convex polygon that contains all points

Output:
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Polygon: circular sequence of points connected by line segments
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Convex Hull

s Input: Set of n points in R?
s Output: Smallest convex polygon that contains all points

Output:
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Polygon: circular sequence of points connected by line segments
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Convex Hull

s Input: Set of n points in R?
s Output: Smallest convex polygon that contains all points

-
- ~ -

Output:

P2:Pg: P12, P9, P11, P13, P8

convex Not convex

Polygon: circular sequence of points connected by line segments

S is convex iff for every pair of points p, g € S, the segment pgisin S.
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Segment pg

Given two points p = (px, py) and q = (qgx, qy)




Segment pqg
Given two points p = (px, py) and g = (gx, qy)

/q

p

Definition. The segment pq is the set of all points r = axp + (1 — «)q for all
0<ux<1,le,

= (1) = (2) + (1 o0(%) = (S
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Segment pqg
Given two points p = (px, py) and g = (gx, qy)

q
p/\ r= 0.5'0 + O.5q _ (O.pr+0.5qx)

0.5p,+0.5q,

Definition. The segment pq is the set of all points r = axp + (1 — «)q for all
0<ux<1,le,

= (1) = (2) + (1 o0(%) = (S
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Segment pqg
Given two points p = (px, py) and g = (gx, qy)

q

0.5 x+0-5 X
N r=0.5p+0.5q9 = (o_5gy+o.5gy)

Definition. The segment pq is the set of all points r = axp + (1 — «)q for all
0<ux<1,le,

= (1) = (2) + (1 o0(%) = (S
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Convex Hull

s Input: Set of n points in R?
s Output: Smallest convex polygon that contains all points

Output:

P2:Pg: P12, P9, P11, P13, P8

Polygon: circular sequence of points connected by line segments

S is convex iff for every pair of points p, g € S, the segment pgisin S.
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Convex Hull

s Input: Set of n points in R?
s Output: Smallest convex polygon that contains all points

Output:

P2:Pg: P12, P9, P11, P13, P8

In clockwise order

Polygon: circular sequence of points connected by line segments

S is convex iff for every pair of points p, g € S, the segment pgisin S.
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Deciding the Ordering

/7
counter-clockwise
clockwise

counter-clockwise

= b
ry = mry +

clockwise




Line ¢ through two points p and g

Given two points p = (px, py) and q = (qgx, qy)
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Line ¢ through two points p and g

Given two points p = (px, py) and q = (qgx, qy)

C:y=mx+b




Line ¢ through two points p and g
Given two points p = (px, py) and g = (qx, qy)

C:y=mx+b

p

py=m-px+b
Qy=m'QX+b

Solve for mand b
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Line ¢ through two points p and g
Given two points p = (px, py) and g = (qx, qy)

C:y=mx+b
q
p
py=m-px+b
Qy=m-Qgx+Db
N Y
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Deciding the Ordering

r =(ry, .
SX Y) /, y=mx+b=

Py—qy . PxQy — Py qx
Px —Qqx X+ Px —Qqx




Deciding the Ordering

r=(rX,r) ' B B
) Y o y=mx+b=u.x+l)qu Py Qx

Px —Qx Px —Qx

counter-clockwise

Py —Qqy
Px —Qqx

PxQy — Py qx
Px —Qqx

= b

'rx+

clockwise




Deciding the Ordering

Py—Qy Px 4y — Py qx
Px —Qx X+ Px —Qx
counter-clockwise
Z __ Py—qy Pxqy — Py Qx
fy = Mix + b = p—a Xt T p—q

clockwise

counter-clockwise

(Px — Q) - 1y = (By — Gy)rx + (PxGy — PyGy)

clockwise
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Deciding the Ordering

r=(ry, y) , Py — —
) . _ __ Py—qy Px 4y —PyQx
o y_mx+b——px_qx-x+ Py
- \\~Umm&+b)
/, p
counter-clockwise
Z __ Py—qy Pxqy — Py Qx

//;Iockwise

Px — Qx < 0
\Wfr-clockwise

(Px — Q) - 1y = (By — Gy)rx + (PxGy — PyGy)

clockwise
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Ordering via Matrix Determinant

counter-clockwise - r p
qg ~ . . .
clockwise counter-clockwise
T px Py .
1 g g|=0
X y < P r p
1T e
clockwise
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Ordering via Matrix Determinant

counter-clockwise - r p
qa ~ . o .
clockwise counter-clockwise
1 px Py }*q
=
1 qX CIy Z O p , :
1T e
clockwise
9 Gy — . 1 dy . 1 Qx
i Iy Iy Ix
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Ordering via Matrix Determinant

counter-clockwise - r p
qa ~ . o .
clockwise counter-clockwise
1 px Py }*q
=
1 qX CIy Z O p , :
1T e
clockwise
9 Gy — . 1 dy . 1 Qx
i Iy Iy Ix

= (Qxry — IxqQy) — Px - (ry — Qy) + Py - (Ix — Qx)
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Ordering via Matrix Determinant

counter-clockwise - r p
qa ~ . o .
clockwise counter-clockwise
1 px Py }*q
=
1 qX CIy Z O p , :
1T e
clockwise
9 Gy — . 1 dy . 1 Qx
i Iy Iy Ix

= (Qxry — IxqQy) — Px - (ry — Qy) + Py - (Ix — Qx)
= Qxly — IxQy — Pxly + Pxqy + PyIx — PyQx
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Ordering via Matrix Determinant

counter-clockwise - r p
qa ~ . o .
clockwise counter-clockwise
1 px Py }*q
=
1 qX Qy Z O p , :
1T e
clockwise
9 Gy — . 1 dy . 1 Qx
i Iy Iy Ix

= (Qxry — IxqQy) — Px - (ry — Qy) + Py - (Ix — Qx)
= Qxly — Ixqy — Pxl'y + PxQy + Pylx — PyQx

= —(Px— Q) -1y + (Py — Gy) - Ix + (PxGy — PyGx) = O

AV
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Ordering via Matrix Determinant

counter-clockwise - r p
qa ~ . o .
clockwise counter-clockwise
1 px Py }*q
=
1 qX Qy Z O p , :
1T e
clockwise
9 Gy — . 1 dy . 1 Qx
i Iy Iy Ix

= (Qxry — IxqQy) — Px - (ry — Qy) + Py - (Ix — Qx)
= Qxly — Ixqy — Pxl'y + PxQy + Pylx — PyQx

= —(Px— Q) -1y + (Py — Gy) - Ix + (PxGy — PyGx) = O

AV

counter-clockwise

(Py — Gy) - I + (PxGy — Pyax) = (Bx — Q) - 1y

clockwise
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Convex Hull

s Input: Set of n points in R?
s Output: Smallest convex polygon that contains all points

Output:

P2:Pg: P12, P9, P11, P13, P8

In clockwise order

Polygon: circular sequence of points connected by line segments

S is convex iff for every pair of points p, g € S, the segment pgisin S.
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“Gift Wrapping” Algorithm
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“Gift Wrapping” Algorithm

Let px be the leftmost point

Pk, Po has the largest slope
among all pg, p;
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“Gift Wrapping” Algorithm

Let px be the leftmost point

Pk, Po has the largest slope
among all pg, p;

P12

P9

ICS 621: Analysis of Algorithms — Computational Geometry



“Gift Wrapping” Algorithm

Let px be the leftmost point

Pk, Po has the largest slope
among all pg, p;

procedure GIFTWRAP([p1..pn])

S = argmin p;
P12 X

k=s
repeat
J = FINDMAXSLOPE(pk, [P1.-pn])
PRINT(p))
k=]
untilk =s
end procedure

P9
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“Gift Wrapping” Algorithm

Let px be the leftmost point

Pk, Po has the largest slope
among all pg, p;

procedure GIFTWRAP([p1..pn])
O(n) s = argminp;

P12 X

O(1) k=s
repeat
O(n) j = FINDMAXSLOPE(px, [P1--Pnl)
O(1) PRINT(p;)
O(1) k=j
untilk =s
end procedure

P9
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“Gift Wrapping” Algorithm

Let px be the leftmost point

Pk, Po has the largest slope
among all pg, p;

procedure GIFTWRAP([p;..pn])

O(n) s =argminp;
P12 X

O(1) k=s
_ repeat

O(n) j = FINDMAXSLOPE(Px, [P1.-Pn])

? | O(1) PRINT(p;)
O(1) k=j

untilk =s
end procedure

P9
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“Gift Wrapping” Algorithm

Let px be the leftmost point

Pk, Po has the largest slope
among all pg, p;

procedure GIFTWRAP([p1..pn])
O(n) s = argminp;

P12 X

O(1) k=s

_ repeat

O(n) j = FINDMAXSLOPE(px, [P1--Pnl)
? | O(1) PRINT(p))

O(1) k=j
o ~ untilk=s

end procedure
h: # of points on the hull

P9
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“Gift Wrapping” Algorithm

Let px be the leftmost point

Pk, Po has the largest slope
among all pg, p;

procedure GIFTWRAP([p1..pn])
O(n) s = argminp;

P12 X

O(1) k=s

_ repeat

O(n) j = FINDMAXSLOPE(px, [P1--Pnl)
? | O(1) PRINT(p))

O(1) k=j
o ~ untilk=s

end procedure
h: # of points on the hull

P9

O(nh)
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“Gift Wrapping” Algorithm

Let px be the leftmost point

Pk, Po has the largest slope
among all pg, p;

procedure GIFTWRAP([p1..pn])
O(n) s = argminp;

P12 X

O(1) k=s

_ repeat

O(n) j = FINDMAXSLOPE(px, [P1--Pnl)
? | O(1) PRINT(p))

O(1) k=j
o ~ untilk=s

end procedure
h: # of points on the hull

P9

O(nh) If h = n, then O(n?)
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Graham’s Scan

Let px be the leftmost point




Graham’s Scan

Let px be the leftmost point
Sort all points radially around py

P12

P9
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Simple polygon, but not convex
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Let px be the leftmost point
Sort all points radially around py
Report points in that order

Simple polygon, but not convex
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Fixing Graham’s Scan
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Fixing Graham’s Scan

)
/\ s |dentify a reflex vertex in O(1) time

riz ® Eliminate reflex vertex in O(1) time

= Repeat until no reflex vertices
remain
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)
/\ s |dentify a reflex vertex in O(1) time

riz ® Eliminate reflex vertex in O(1) time

= Repeat until no reflex vertices
remain

O(n) time
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Fixing Graham’s Scan

)
/\ s |dentify a reflex vertex in O(1) time

riz ® Eliminate reflex vertex in O(1) time

= Repeat until no reflex vertices
remain

O(n) time

O(nlog n) time for initial sorting

ICS 621: Analysis of Algorithms — Computational Geometry



