
ICS 621: Analysis of Algorithms Fall 2019

Lecture 9
Prof. Nodari Sitchinava Scribe: Jeremy Ong, Sushil Shrestha

1 Analysis of the Height of a Treap

Recall from prior lecture that Yi,k is an indicator random variable such that

Yi,k =

{
1 such that node xi is proper ancestor of node xj in a treap

0 such that node xi is not proper ancestor of node xj in a treap

Then the height of any node xk in the treap can be defined as height(xk) =
n∑

i=1

Yi,k.

From the previous lecture, we know that Pr[Yi,k = 1] = 1
|i−k|+1 .

Let us define Y<k =
k−1∑
i=1

Yi,k and Y>k =
n∑

i=k+1

Yi,k. Then height(xk) = Y<k + Y>k.

Recall from homework the random variable Z(k) =
k∑

i=2

Zi, where Zi is an indicator random variable such

that Pr[Zi = 1] = 1/i.

Lemma 1. For any integer a ≥ 0:

1. Pr[Y<k = a] = Pr[Z(k) = a]

2. Pr[Y>k = a] = Pr[Z(n−k+1) = a]

Proof. We’ll prove the first equality above. The proof of the second equality is similar.

Y<k =
k−1∑
i=1

Yi,k = Yk−1,k + Yk−2,k + . . . + Y1,k

Z(k) =
k∑

i=2

Zi = Z2 + Z3 + . . . + Zk

Observe that the distribution of the pairs of random variables in each term of the summations above is
identical, i.e., for every integer 1 ≤ j ≤ k − 1:

Pr[Yk−j,k = 1] =
1

j + 1
= Pr[Zj+1 = 1]

Therefore, for every non-negative integer a: Pr[Y<k = a] = Pr[Z(k) = a]

The above lemma states that the random variables Y<k and Z(k) are identically distributed, denoted as
Y<k ∼ Z(k). Similarly, Y>k ∼ Z(n−k+1). Thus, we can analyze the height of each node xk by using the
bound we obtained in the homework:
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Pr[Z(n) > 4 log n] < 1/n2

For a node xk, let’s find the probability that the height of that node is greater than a certain value r.

Pr [height(xk) > r] = Pr

[
n∑

i=1

Yi,k > r

]
= Pr [Y<k + Y>k > r]

= Pr
[
Z(k) + Z(n−k+1) > r

]
≤ Pr[(Z(k) ≥ r/2) ∨ (Z(n−k+1) ≥ r/2)]

≤ Pr
[
Z(k) ≥ r/2

]
+ Pr

[
Z(n−k+1) ≥ r/2

]
(by union bound)

For r = 8 log n,

Pr[height(xk) > 8 log(n)] ≤ Pr
[
Z(k) ≥ 4 log n

]
+ Pr

[
Z(n−k+1) ≥ 4 log n

]
≤ Pr

[
Z(n) ≥ 4 log n

]
+ Pr

[
Z(n) ≥ 4 log n

]
= 2 · Pr[Z(n) ≥ 4 log n]

= 2/n2

The height of a treap will be equal to the max of height of all the nodes in the tree. So the probability of
height of treap being greater than any number t can be computed as following.

Pr[height(treap) ≥ 8 log n] = Pr[

n∨
k=1

height(xk) ≥ 8 log n]

≤
n∑

k=1

Pr[height(xk) > 8 log n] (by the union bound)

≤
n∑

k=1

2/n2

= 2/n

I.e., the height of a treap is O(log n) with high probability.

2 Computational Geometry

Computational geometry is a branch of computer science devoted to the study of algorithms which can be
stated in terms of geometry.

As a convention to be used throughout the class, we define following.

• A point is defined by its coordinates p = (px, py)

• A line is defined by its slope and y-intercept y = kx+m =⇒ l = (k,m)

• A line is defined by two points. p = (px, py) and q = (qx, qy)
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Problem 1

Given two points p = (px, py) and q = (qx, qy) which define a line, derive a condition to check whether a
point r = (rx, ry) lies above or below this line.

Solution

To determine whether a point lies above or below a line, we can use the slope and y-intercept of line to find
a desired value of y for given x. If the desired value is greater than ry, the point lies below the line and if
the desire value is less than ry, the point lies above the line.

(px, py)

(qx, qy)

(rx, ry)

{} kx+m

ry

Figure 1: Position of a point with respect to a line segment

Hence the conditions that determine if a point is above a line segment can be written as:

ry > krx +m

A point lies below a line segment if:

ry < krx +m

The slope, k, and y-intercept, m of a line segment can be found using following formula.

k =
py − qy
px − qx

m =
pxqy − pyqx
px − py

Using the inequalities above, we can find out whether a point r lies above or below any line segment l.

However, in practice limitted precision of floating point variables might result in errors in computing the
slope and y-intercept, resulting in undesired outcomes. To circumvent the lack of precision problem, we want
to avoid the division operator as much as possible. So we will avoid the division by changing the division
operation to multiplication instead by multiplying both side by the term (px − py) resulting in

ry(px − py) T (py − qy)rx + pxqy − pyqx
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Another way is to orient the line from p to q, denoted −→pq, define the following matrix and use its determinant:

M =

∣∣∣∣∣∣
px py 1
qx qy 1
rx ry 1

∣∣∣∣∣∣
= px

∣∣∣∣qy 1
ry 1

∣∣∣∣− py ∣∣∣∣qx 1
rx 1

∣∣∣∣+ 1

∣∣∣∣qx qy
rx ry

∣∣∣∣
= px(qy − ry)− py(qx − rx) + (qxry − qyrx)

Since the line is oriented, the left-right relationship is more appropriate than above below:

if M < 0 then point will be to left of the line −→pq
M > 0 then point will be to right of the line −→pq

Which is an equivalent definition.

Finally, because the multiplication is a slow operation, we can reduce the number of multiplications by using
the following alternative computation of the determinant of the above matrix:

M =

∣∣∣∣px − rx py − ry
qx − rx qy − ry

∣∣∣∣ = (px − rx)(qy − ry)− (qx − rx)(py − ry)

resulting in only two multiplications.

It is easy to see that all three of the above definitions are equivalent.

3 Convex Hull

For any region S, S is convex if for every p and q in S, the line segment drawn between p and q must be in
S. That is, S is convex if for any 0 < α < 1, αp+ (1− α)q is in S.

p

q

Figure 2: S (blue portion) is not convex, since the line segment pq is not fully within S.

The convex hull of S can be defined in the following ways:

• The minimum convex set that contains S.

• The intersection of all convex sets that contain S.
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Informally, the convex hull of set S of points on a plane can be visualized by hammering a nail into each
point, stretching an imaginary rubber band around these nails and releasing it. The rubber band will stretch
to fit the entire set while contracting around the outermost points of the set, providing us with the shape of
the convex hull of S.

Figure 3: The convex hull (red) of a set of points.

So now that we have a definition of a convex hull, how can we compute the convex hull of a set of points?
First, we specify that our algorithm should take as input a set of points S, and return the set of points
forming the convex hull of S, in clockwise order. Since all points must be within the convex hull, any
segment forming part of the hull points should include points only on one side of its supporting line. If we
define that all points in S should be to the right of any oriented line segment forming part of the convex
hull, we will get the clockwise orientation for those segments. So what would this algorithm look like?

Algorithm 1

1: procedure Slow-CH(S)
2: E ← ∅
3: for every pair (p, q) in S × S such that p 6= q do
4: valid← true
5: for each r in S such that r 6= p & r 6= q do
6: if r is to the left of −→pq then
7: valid← false
8: end if
9: end for

10: if valid == true then
11: E.add(−→pq)
12: end if
13: end for
14: Sort points in E in clockwise order
15: return E
16: end procedure

What is the runtime of this algorithm? The outer for loop iterates once for every pair of points. There are
O(n2) such pairs. The inner loop then iterates once for each point, for O(n) iterations. This gives us a total
runtime of O(n3). Sorting the points clockwise can be performed in O(n2) time, but finding for each segment
si, the other segment sj , whose starting point is equal to the ending point of si. So the overall runtime of
the algorithm is O(n3). Tractable, but we can do better.

Instead of checking every possible pair of points for inclusion in the convex hull, we can just construct the
hull incrementally. Such an algorithm is known as an incremental construction algorithm.
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Algorithm 2 Computes the upper hull of a set S of points in the plane

1: procedure Upper-CH(S)
2: E ← ∅ . will store a convex hull of points seen so far
3: Sort points in S by their x-coordinates . giving us {p1, p2, ..., pn}
4: E.add(p1)
5: E.add(p2)
6: for i = 3 to n do
7: E.add(pi)
8: k ← E.size
9: while k ≥ 3 & E[k] is to the left of

−−−−−−−−−−−−−→
E[k − 2], E[k − 1] do . last three points make a left turn

10: E[k − 1]← E[k] . remove the next to last point from E
11: E.size← E.size− 1
12: k ← k − 1
13: end while
14: end for
15: return E
16: end procedure

The above algorithm only returns the upper portion of the convex hull of S, but an algorithm to construct
the lower half is symmetric.

So what is the runtime of this algorithm? We have a for loop that iterates O(n) times, as well as a while
loop that appears to iterate a possible O(n) times as well. This would give a runtime of O(n2). However, if
we realize that each point in S can only be added to E at most once and removed at most once, it becomes
clear that the total work of the for loop is only O(n). Since the initial sorting of the input points by their
x-coordinates takes O(n log n) time, our total runtime is O(n log n).

Now that we have an algorithm that runs in O(n log n) time, can we do even better?

Lemma 2. The convex hull problem has a lower bound of Ω(n log n).

Proof. To show that convex hull takes at least O(n log n) time, we can reduce the problem of sorting to the
convex hull problem using the following linear time algorithm.

Algorithm 3 Sorts A in increasing order via Convex Hull computation

1: procedure CH-Sort(A)
2: P ← ∅
3: for i = 1 to n do
4: P.add((A[i], A[i]2))
5: end for
6: C ← Lower-CH(P )
7: for i = n downto 1 do
8: output C[i].x coord
9: end for

10: end procedure

The set of points P forms a parabola, and since a parabola is convex and our convex hull algorithm outputs
the clockwise sorted points forming the hull, our inputs are now sorted in ascending order. We know
that sorting has a lower bound of Ω(n log n). Therefore, the convex hull problem also has lower bound of
Ω(n log n).

Actually, the fastest known convex hull algorithm takes O(n log h) time, where h is the number of points
in the convex hull (an example of an output-sensitive algorithm). Doesn’t this contradict our previous
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proof that a convex hull takes O(n log n) time to compute? In our reduction above, every point passed into
the convex hull algorithm was on the (convex) parabola, and therefore on the convex hull. If we used such a
O(n log h) algorithm to solve sorting, h would be equal to n, and we would still need Ω(n log n) time to sort.
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