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Introduction

Geostatistical Inverse Modeling: a Bayesian framework to estimate grid-scale,
spatially distributed model parameters using indirect observations
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Subsurface characterization (e.g. hydraulic tomography)

Real-time estimation (e.g. contaminant tracking)

Optimization (e.g. pumping schedule estimation)
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Introduction: Inverse Problem

Input s TOUGH2 h(s) Output y

In the forward problem, given model parameters, s, TOUGH2 predicts the
state of the system y

s is typically permeability, but could be other rock properties, or boundary
conditions

y are the primary variables of the EOS module

In the inverse problem, we use measurements of y to estimate s

TOUGH2 is now used to calculate the sensitivity of measurements to
parameters H = ∂y

∂s
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Inverse Problem in Hierarchical Bayesian Framework

Consider the measurement equation

y = h(s) + v v ∼ N (0,R)

y := nobs × 1 noisy measurements pressure, temperature
h := forward model TOUGH2
v := measurement and model error uncertainty and error
s := nunknowns × 1 permeability

s ∼ N (sprior ,Qprior )

Parameters are treated as random variables in a statistical framework
(e.g., Gelman, Calin, and Stern, 2013; Kitanidis, 2010, Kitanidis, 1995)

Use covariances Q and R to represent variability and uncertainty

Objective: A best estimate of unknowns and corresponding uncertainty
at each grid cell of the TOUGH2 model, given a set of measurements

Using Bayes’ rule, the posterior pdf is

p(s|y) ∝ p(y |s)︸ ︷︷ ︸
Data misfit

p(s)︸ ︷︷ ︸
Prior

Data misfit - How well the model reproduces data
Prior - Prior knowledge of unknown field structure

Best estimate is obtained by maximizing the likelihood of s given a set of
measurements y, using GN optimization:

p(s) ∼ exp

−1

2
(y − h(s))>R−1(y − h(s))︸ ︷︷ ︸

likelihood

−1

2
(s− sprior )

>Q−1
prior(s− sprior )︸ ︷︷ ︸

prior
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Inverse Problem: the challenges for large systems

Input s TOUGH2 h(s) Measurements y

For large-scale systems:

Typically many unknowns, few measurements nobs � nunknowns

Requires O(min(nobs , nunknowns)) TOUGH2 runs or more

High dimensional matrix operations

Therefore:

Fast Linear Algebra is necessary to enable computations and storage

Matrix-matrix, matrix-vector multiplications

Reduce number of forward runs

Finetuning and evaluation of the inversion design and parameters is critical
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pyPCGA: Geostatistical inversion in Python

Principal Component Geostatistical Approach:
A computationally efficient algorithm for geostatistical inversion based on
compression of covariance matrices and Jacobian-free evaluation of sensitivity.1
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1Lee and Kitanidis, 2014, Kitanidis and Lee, 2014
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pyPCGA: Geostatistical inversion in Python

Compression of the covariance matrix reduces the number of matrix-vector
multiplications to O(npc):

Qprior ≈ Unpc Σnpc UT
npc

Calculation of sensitivity matrix requires TOUGH2 runs, black-box style, using
the finite difference approach:

Hs =
h (s + ∆s)− h (s)

∆s

Computations involving large matrices (Q, H) utilize fast linear algebra that
allows fully parallelizable, fast matrix-vector multiplications:

Fast Fourier Transform (FFT) approach for regular grids2

Fast Multipole Method (FMM) and Hierachical Matrices Approach for
unstructured grids3

2https://github.com/arvindks/kle
3https://github.com/ruoxi-wang/PBBFMM3D
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pyPCGA: Geostatistical inversion in Python

Computational gain:

Matrix computations scale linearly with number of unknowns

∼ O(100) forward model runs for large domains (∼ 106 unknowns)

Parallelization further accelerates inversion

Linear scaling makes possible the inversion of domains with millions of
unknowns and observations4.

4Lee et al., 2016
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An inversion package for TOUGH2 users

pyPCGA-TOUGH: An open-source package for geostatistical inversion

Compatible with PyTOUGH5, extension of PyTOUGH for TOUGH2-MP

Tutorial-like templates with visualizations, to get started

Tool for designing monitoring, and assessing information content of data

Framework for powerful statistical estimation for TOUGH2 models

Connects with packages for fast linear algebra tools

Can be extended with other types of inversion

Allows reproducibility and method comparison

5https://github.com/acroucher/PyTOUGH
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pyPCGA-TOUGH: Geostatistical inversion for TOUGH2
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pyPCGA-TOUGH: Getting started

0 Set up the forward and inverse problem

Is the problem physically (numerically) feasible?

Are measurements sensitive to parameters?

What is a reasonable first guess for the unknowns?

Implementation for consistent ”obs” for runs with different parameters?
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pyPCGA-TOUGH: Getting started

pyPCGA: Python Interface of PCGA algorithm

Integrated with pyTOUGH
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pyPCGA-TOUGH: Running the inversion

1 Read inversion parameters

2 Run inversion
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pyPCGA-TOUGH: Test Case

Synthetic case: 300m × 100m × 100m, Log-normal permeability
Boundary conditions: injection-extraction system, warm water injected
Simulation time: 374 days
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pyPCGA-TOUGH: Test Case

Unknowns: 3000 permeabilities (pmx values)
Measurements: Pressure collected every ∼ 5 days at 128 monitoring locations
between the injection and extraction well (npress.obs. = 7400)
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pyPCGA-TOUGH: Test Case

Unknowns: 3000 permeabilities
Measurements: 7400 pressure measurements
Principal components: 30
Time to run (with parallelization): 10 minutes on 36-cores
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pyPCGA-TOUGH: Test Case 2 (Joint inversion)

Unknowns: 3000 permeabilities
Measurements: pressure and temperature measurements

Joint inversion of P,T data reduces the uncertainty.
Useful for design of monitoring network.
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pyPCGA-TOUGH: Test Case

Inversion evaluation: Measurement fit (RMSE), objective function, L2-norm
w.r.t. true field, convergence behavior

Post-processing of inversion results allows finetuning of parameters (model
error, tolerance, finite difference δ, prior covariance parameters)
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pyPCGA-TOUGH: An inversion package for TOUGH2 users

pyPCGA-TOUGH offers an open-source package for geostatistical inversion for
TOUGH2-MP models. Package development is ongoing.

Upcoming additions include:

Extension of PyTOUGH with tools for sensitivity evaluation

Tutorial templates for inversion using EOS1, EOS3, ECO2N

Visualization tools fast predictive model validation using cR/Q2 criteria
automatic covariance model parameter calibration

New faster linear algebra for unstructured grids (PBBFMM3D, and
HMatrix)

Level-set and total variation method for sharp boundaries estimation

https://github.com/jonghyunharrylee/pyPCGA

https://github.com/amaliak/pyPCGA-TOUGH
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PCGA: method development and applications
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