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SUBJECTIVE EQUILIBRIA UNDER BELIEFS OF EXOGENOUS

UNCERTAINTY: LINEAR QUADRATIC CASE

G. ARSLAN1,∗, S. YÜKSEL2

Abstract. We consider a stochastic dynamic game where the players have their own linear
state dynamics and quadratic cost functions. The players are coupled through some environment
variables, generated by another linear system driven by the states and decisions of all players.
Each player observes his own states realized up to the current time as well as the past realizations
of his own decisions and the environment variables. Each player (incorrectly) believes that the
environment variables are generated by an independent exogenous stochastic process. In this
setup, we study the notion of “subjective equilibrium under beliefs of exogenous uncertainty
(SEBEU)”. At an SEBEU, each player’s strategy is optimal with respect to his subjective
belief; moreover, the objective probability distribution of the environment variables is consistent
with players’ subjective beliefs. We construct an SEBEU in pure strategies, where each player
strategy is an affine function of his own state and his estimate of the system state.

Keywords: Game Theory, Subjective Equilibrium, Distributional Consistency, Stochastic Dy-
namic Games.

AMS Subject Classification: 91A15, 93E20.

1. Introduction

In this paper, we consider a linear-quadratic non-cooperative dynamic game played in discrete-
time. In our model, the players have their own state and decision variables; furthermore, our
model includes the so-called “environment variables”, that are common to all players. The
state and decision variables of all players as well as the environment variables belong to finite-
dimensional Euclidian spaces. Each player’s state evolves according to a linear stochastic recur-
sion driven by his own decisions as well as the environment variables . Environment variables, on
the other hand, are generated by a separate linear stochastic recursion driven by the state and
decision variables of all players. At each stage, the players select their decisions simultaneously
based on their own information available at the time, which consist of their own state variables
realized up to the current time as well as the past realizations of their own decisions and the
common environment variables. Following the collective decisions of all players during each
stage, the environment variables for that stage are realized, the players incur their stage-costs,
and all of the system states evolve to the next stage. Each player’s stage-cost is determined
according to a quadratic function of the player’s own state and decision variable as well as the
common environment variables realized during the stage. Each player wishes to minimize the
expected value of his own long-term cost, that is a discounted sum of his stage-costs.

In our setup, each player’s problem depends on the decisions of the other players only through
the environment variables. However, a player has no knowledge about the other players, not even
the presence of the other players. As mentioned above, each player observes the past realizations
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of the environment variables during any stage but he has no knowledge of how the environment
variables are generated. When the strategies of the other players are fixed, each player faces
a partially observed sequential decision problem, however, the player is not aware of this fact.
As such, each player incorrectly assumes that the environment variables, that are sequentially
revealed to the player, is an independent random sequence that is exogenous to his problem.
Each player has a belief represented by a subjective probability distribution for the environment
variables. Under such beliefs, the players seek to minimize their expected long-term costs by
choosing “optimal strategies”.

An equilibrium situation arises when players employ optimal strategies, with respect to their
beliefs, and the resulting objective marginal probability distribution for the environment vari-
ables is consistent with their subjective beliefs. Such strategies and beliefs are said to form
a subjective equilibrium under beliefs of exogenous uncertainty (SEBEU) [3]. At an SEBEU,
if the objective marginal probability distribution of the environment variables is revealed to a
player (who does not question his assumption of independence and exogeneity for the environ-
ment variables) would have no reason to change his belief; consequently, he/she would have no
incentive to change his strategy.

The notion of the SEBEU is related to the notion of price-taking behavior in mathematical
economics [2, 21] and can be regarded as a generalization of price-taking behavior to stochastic
dynamic games. The notion of the SEBEU is distinct from the well-known notions of Nash
equilibrium and mean-field equilibrium [16, 19] as well as from the other notions of subjective
equilibrium in the literature [1, 10, 11, 18, 25, 26]. In particular, a Nash equilibrium in our setup
would require each player to take into account the effects of his own decisions on the environment
variables that, in turn, affects the player’s cost as well as his state evolution. In general, this
leads to an infinite regression where each player needs to estimate the other players’ states, the
other players’ estimates of their opponents’ states, and so on. The players at an SEBEU ignore
such closed-loop effects, which essentially decouples player problems and leads to a significant
simplification of the overall problem. The notion of stationary equilibrium in [1] is hinged on
a condition of consistency between the player beliefs on the population states being constant
and the long-run average of the actual population states (over an infinite-population); see also
the analogous notion of oblivious equilibrium in [25]. We also selectively cite [13] where the
players make optimal decisions by maintaining subjective nested beliefs over others types and
their beliefs about others. We refer the reader to [3] for a review of the related literature vis-a-vis
the notion of the SEBEU as well as for a motivational application on the Autonomous Demand
Response (ADR) problem on price-sensitive control of energy usage in multiple (possibly very
large number of) units, e.g., [9, 22].

The existence of the SEBEU and its various properties are studied in [3] for compact-metric
space models, i.e., all state, decision, and environment variables belong to compact metric spaces.
In particular, the existence of an SEBEU in mixed strategies is established; moreover, an SEBEU
is shown to be an approximate Nash equilibrium in large-scale games. In this paper, our main
objective is to obtain the counterparts of the results of [3] for linear-quadratic models described
above, which fall outside the compact-metric models considered in [3]. Moreover, we aim to
obtain more explicit and refined results by exploiting the specific linear-quadratic structure of
the models.

A significant body of literature, pioneered in large part by Tamer Başar over several seminal
publications studies multi-stage linear-quadratic games under various asymmetric information
patterns and demonstrates the richness and fragility of equilibrium properties to informational
changes. A linear-quadratic-Gaussian (LQG) game in which each player makes his own noisy
linear observations of the system state in addition to having access to the past (but not the
current) observations of the system state by his opponents (called one-step delay observation
sharing pattern) is studied in [4,5]. The existence of a unique Nash equilibrium, that is affine in
the information variables, via contraction properties of best-response dynamics is established in
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several studies including [4,5], whereas exact expressions are presented in [5] for the two-player
case; see also [20]. A remarkable insight is that if one also shares actions, leading to one-step-
delay sharing, the Nash equilibria become non-unique even when the one-step delay observation
sharing would lead to a unique equilibrium [4, 5]. For further results on informational fragility
and existence of equilibria for static and dynamic problems, we refer the reader to [6, 7, 23]
and [27, Chapter 10].

Among further relevant studies, [14] shows the existence of a unique Markov perfect equilib-
rium in two-player LQG games where the posterior beliefs of the players on the system state
given the common information evolves independently of the player strategies. [24] considers
two-player finite-horizon LQG games where each player observes his own state (but not his
opponent’s state) and the joint decisions. Under certain conditions, [24] constructs a perfect
Bayesian equilibrium in such games. [8] shows that equilibrium strategies can be computed in
zero-sum two-team linear-quadratic games with decentralized information structures under a
mutual quadratic invariance condition. To the best of the authors’ knowledge, the existing re-
sults in the literature are not applicable to the general linear-quadratic models considered in
this paper.

Contributions. We present sufficient conditions, which involve only the primitive problem
data, under which the SEBEU strategies can be explicitly constructed in pure strategies for the
linear-quadratic models. Our construction, for both finite-horizon and infinite-horizon cases,
lead to pure strategies that are affine functions of players’ own states and their estimates of
the system state. When the primitive random variables are Gaussian, the players’ estimates of
the system state can be generated by a linear recursion, i.e., a Kalman filter. We note that a
SEBEU for the linear setup considered in our paper (when the primitive random variables are
Gaussian) admits solutions that are always linear, whenever an equilibrium exists. On the other
hand, a Nash equilibrium may or may not be linear and to our knowledge, beyond the setups
studied in [4,5] and noted in [27, Chapter 10], the existence and structure of Nash equilibria in
partially observed settings has not been studied in the literature. Finally, when the number of
decision makers is infinite, we show that an SEBEU is also a Nash equilibrium.

Notation. N0 and N denote the nonnegative and positive integers, respectively; R denotes
the real numbers; [ · ]′ denotes the transpose of a vector or matrix; | · | denotes the Euclidean
norm for a vector; |x|2Q := x′Qx for a vector x and a matrix Q; A ≽ 0 denotes a nonnegative

definite matrix A, whereas A ≻ 0 denotes a positive definite matrix A; P(T) denotes the set
of probability measures on the Borel sigma algebra B(T) of a topological space T; P [·], E[·],
and cov[·] denote the probability, the expectation, and the covariance, respectively, (Eµ[·] is also
used to emphasize the underlying strategy µ); f(x) = O(x) means lim supx→0 |f(x)/x| is finite.

2. Subjective equilibrium under beliefs of exogenous uncertainty

2.1. Model and definitions. Consider a decentralized stochastic system with N decision mak-
ers, N ∈ N, where the i-th decision maker is referred to as DMi, i ∈ [1, N ] := {1, . . . , N}. Time
variable t ∈ [0, T ) := {0, . . . , T − 1} is an integer where T ∈ N is the time horizon; we will also

allow for T = ∞ in which case [0, T ) = N0. Each DMi has its own state xit ∈ Rni
x , control

input uit ∈ Rni
u , and random disturbance wi

t ∈ Rni
w at time t ∈ [0, T ), where ni

x, n
i
u, n

i
w ∈ N.

In addition, there are so-called environment variables denoted by yt ∈ Rny at time t ∈ [0, T ),
where ny ∈ N. Each DMi has linear state dynamics as:

xit+1 = Ai
tx

i
t +Bi

tu
i
t + Ci

tyt + wi
t, t ∈ [0, T ) (1)

starting from some (possibly random) initial state xi0, and a quadratic cost function given by:

cit(x
i, ui, y) = |xi|2Qi

t
+ |ui|2Ri

t
+ 2y′(Ki

tu
i + Li

tx
i), (2)
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where Ai
t, B

i
t, C

i
t , Q

i
t, R

i
t, K

i
t , L

i
t are appropriate dimensional matrices (Qi

t ≻ 0, Ri
t ≻ 0), for

all i ∈ [1, N ], t ∈ [0, T ). Each DMi has also a quadratic terminal cost function ciT (x
i) = |xi|2

Qi
T
,

where Qi
T ≻ 0, when T ∈ N (ciT ≡ 0 when T = ∞). The environment variables are generated

by the linear dynamics

x0t+1 =A0
tx

0
t +

∑
i∈[1,N ]

(B1,i
t uit +B2,i

t xit) + w0
t , (3)

yt =Dtx
0
t +

∑
i∈[1,N ]

(E1,i
t uit + E2,i

t xit) + ξt, (4)

where x0t ∈ Rn0
x is the state of the environment dynamics (x00 is some possibly random initial

state), ξt ∈ Rnξ , w0
t ∈ Rn0

w are random disturbances, for some n0
x, nξ, n

0
w ∈ N, and A0

t , B
1,i
t , B2,i

t ,

Dt, E
1,i
t ,E2,i

t are appropriate dimensional matrices, for all i ∈ [1, N ], t ∈ [0, T ).
Each DMi has access to the information (Iit , Yt−1) at time t ∈ [0, T ), where

Iit := ((xik)k∈[0,t], (u
i
k)k∈[0,t)), Yt−1 := (yk)k∈[0,t), t ∈ [0, T ). (5)

A pure strategy for DMi is a collection si = (sit)t∈[0,T ) of measurable mappings sit : Iit ×Y[0,t) →
Ui, where Iit := (Rni

x)[0,t] × (Rni
u)[0,t), Y := Rny , t ∈ [0, T ). For both T ∈ N and T = ∞,

(IiT , YT−1) ∈ IiT × Y[0,T ) denotes DMi’s entire history of observations. We let Si denote the set
of pure strategies for each DMi. If DMi employs a pure strategy si ∈ Si, then

uit = sit(I
i
t , Yt−1), t ∈ [0, T ). (6)

For any joint pure strategy s = (s1, . . . , sN ) ∈ S := S1 × · · · × SN employed, each DMi incurs a
long-term cost

J̄ i(si, s−i) = E

[ ∑
t∈[0,T )

(βi)tcit(x
i
t, u

i
t, yt) + (βi)T ciT (x

i
T )

]
, (7)

where s−i ∈ S−i := ×j ̸=iSj denotes the pure strategies of all DMs other than DMi, βi ∈ [0, 1] is
DMi’s discount factor (βi ∈ [0, 1) when T = ∞). The expectation in (7) is taken with respect

to the probability distribution over the set IiT × Y[0,T ) of histories induced by s ∈ S. Note that
each DMi’s cost is influenced by the other DMs only through the environment variables YT−1.

Suppose now that each DMi views the sequence of environment variables as an independent
exogenous (that is, primitive, generated by nature independently of the all other primitive
random variables) random sequence ZT−1 := (zt)t∈[0,T ) with a given probability distribution ζ ∈
P(Y[0,T )) instead of the endogenous sequence YT−1 generated by (1)-(6). We note that ZT−1 need
not be a collection of independent random variables. We define DMi’s cost corresponding to a
pure strategy si ∈ Si and a deterministic sequence of environment variables Z̄T−1 = (z̄t)t∈[0,T ) ∈
Y[0,T ) as:

J i(si, Z̄T−1) := E

[ ∑
t∈[0,T )

(βi)tcit
(
xit, u

i
t, z̄t

)
+ (βi)T ciT (x

i
T )

]
, (8)

where

xit+1 =Ai
tx

i
t +Bi

tu
i
t + Ci

t z̄t + wi
t, t ∈ [0, T ),

uit =sit(I
i
t , Z̄t−1), t ∈ [0, T ),

with Z̄t−1 := (z̄k)k∈[0,t), for t ∈ [0, T ). Note that the expectation in (8) is taken with re-

spect to the probability distribution over the set IiT of DMi’s state-control histories induced by

(si, Z̄T−1) ∈ Si × Y[0,T ). Accordingly, each DMi who models the environment variables as an

independent exogenous random sequence with the probability distribution ζ ∈ P(Y[0,T )) aims
to minimize Eζ [J i(si, ·)] by choosing a pure strategy si ∈ Si. Therefore, from DMi’s viewpoint,
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no DM has any influence on the environment variables and the cost Eζ [J i(si, ·)] is independent
of the strategies of all DMs other than DMi.

To ensure that the long-term cost (7) and (8) are well-defined for any joint strategy s ∈ S
and independent exogenous distribution ζ ∈ P(Y[0,T )) for the environment variables, we make
the following assumption throughout this paper.

Assumption 1. X0,W0,W1, . . . , ξ0, ξ1, . . . , are mutually independent and have finite second-
order moments where Xt := (xit)i∈[0,N ], Wt := (wi

t)i∈[0,N ].

Definition 1. A joint strategy s = (s1, . . . , sN ) ∈ S is called a subjective equilibrium under
beliefs of exogenous uncertainty (SEBEU) in pure strategies if there exists subjective beliefs

ζ1, . . . , ζN ∈ P(Y[0,T )), where ζi is DMi’s belief about the environment variables, such that the
following two conditions hold.

(i) Each DMi’s strategy si is optimal with respect to its subjective belief ζi, i.e.,

Eζi [J i(si, ·)] ≤ Eζi [J i(s̃i, ·)], ∀i ∈ [1, N ], s̃i ∈ Si

(ii) Each DMi’s subjective belief ζi is consistent with the objective probability distribution
ζs of the environment variables, i.e.,

ζi(B) = ζs(B), ∀i ∈ [1, N ], B ∈ B(Y[0,T )),

where ζs ∈ P(Y[0,T )) is generated by s endogenously through (1)-(6).

Note that, at an SEBEU, each DMi ignores the influence of its own strategy si on the envi-
ronment variables in minimizing its long-term cost. In contrast, the well-known concept of Nash
equilibrium in pure strategies requires a joint pure strategy s = (s1, . . . , sN ) ∈ S to satisfy

J̄ i(si, s−i) ≤ J̄ i(s̃i, s−i), ∀i ∈ [1, N ], s̃i ∈ Si, (9)

where each DMi takes into account the entire influence of its own strategy si on its long-term
cost including through the environment variables.

3. Linear quadratic systems

In this section, we show how to construct an SEBEU in pure strategies under certain condi-
tions.

3.1. Finite-horizon case (T ∈ N). Suppose that DMi instead aims to minimize Eζ [J i(si, ·)]
over the set of pure strategies Si for an independent exogenous sequence (zt)t∈[0,T ) of environ-

ment variables with a given probability distribution ζ ∈ P(Y[0,T )). If Assumption 1 holds and
maxt∈[0,T )E[|zt|2] < ∞, an optimal strategy minimizing Eζ [J i(si, ·)] over si ∈ Si is obtained as:

sit(I
i
t , Zt−1) =F i

tx
i
t +

∑
k∈[t,T )

Gi
t,kE[zk|Zt−1] +H i

t , t ∈ [0, T ),

where (F i
t )t∈[0,T ), (G

i
t,k)0≤t≤k<T , (H

i
t)t∈[0,T ) are matrices of appropriate dimensions, which are

pre-computable independently of the sequence (zt)t∈[0,T ) of environment variables; see Appen-
dix A.1.

Therefore, a joint strategy s = (si)i∈[1,N ] ∈ S is an SEBEU if

sit(I
i
t , Yt−1) = F i

tx
i
t +

∑
k∈[t,T )

Gi
t,kE[yk|Yt−1] +H i

t , i ∈ [1, N ], t ∈ [0, T ) (10)
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and

yt =Dtx
0
t +

∑
j∈[1,N ]

E1,j
t

(
F j
t x

j
t +

∑
k∈[t,T )

Gj
t,kE[yk|Yt−1] +Hj

t

)
+

∑
j∈[1,N ]

E2,j
t xjt + ξt, (11)

x0t+1 =A0
tx

0
t +

∑
j∈[1,N ]

B1,j
t

(
F j
t x

j
t +

∑
k∈[t,T )

Gj
t,kE[yk|Yt−1] +Hj

t

)
+

∑
j∈[1,N ]

B2,j
t xjt + w0

t , (12)

xjt+1 =Aj
tx

j
t +Bj

t

(
F j
t x

j
t +

∑
k∈[t,T )

Gj
t,kE[yk|Yt−1] +Hj

t

)
+ Cj

t yt + wj
t , j ∈ [1, N ] (13)

provided maxt∈[0,T )E[|yt|2] < ∞. This reveals that an SEBEU of the form above can be obtained
if a random sequence of environment variables having finite second-order moments and satisfying
(11)-(13), called equilibrium environment variables, can be constructed. We next attempt to
construct equilibrium environment variables via the conditional expectations E[yk|Yt−1], 0 ≤
t ≤ k < T .

We write (11)-(13) in the vector form as:

yt =DtXt +
∑

k∈[t,T )

Gp
t,kE[yk|Yt−1] +Hp

t + ξt, (14)

Xt+1 =AtXt +
∑

k∈[t,T )

GX
t,kE[yk|Yt−1] +HX

t + Ctyt +Wt, (15)

where Dt, Gp
t,k, H

p
t , At, GX

t,k, HX
t , Ct, 0 ≤ t ≤ k < T , are matrices of appropriate dimension. For

each k ∈ [0, T ) and arbitrary X̂k|k−1, we introduce the following linear equations{ ŷt|k−1 = DtX̂t|k−1 +
∑

n∈[t,T )

Gp
t,nŷn|k−1 +Hp

t + ξ̂t,

X̂t+1|k−1 = AtX̂t|k−1 +
∑

n∈[t,T )

GX
t,nŷn|k−1 +HX

t + Ctŷt|k−1 + Ŵt

}
, t ∈ [k, T ), (16)

where ξ̂t := E[ξt], Ŵt := E[Wt], and ŷt|k−1 are the unknowns representing the conditional expec-

tations E[yt|Yk−1], t ∈ [k, T ). We will refer to (16) as Eq(k, X̂k|k−1). Evidently, the existence of
equilibrium environment variables (yt)t∈[0,T ) requires solutions ŷt|k−1 to Eq(k,E[Xk|Yk−1]) for
all realizations of Yk−1 that can be generated by (14)-(15).

Assumption 2. For each k ∈ [0, T ) and arbitrary X̂k|k−1, the linear equations Eq(k, X̂k|k−1)
in (16) has a unique solution. We note that such a solution is necessarily in the form

ŷt|k−1 = at,k−1X̂k|k−1 + bt,k−1, t ∈ [k, T ),

where (at,k−1)t∈[k,T ) and (bt,k−1)t∈[k,T ) depend only on the constants Dt, Gp
t,n, H

p
t , ξ̂t, At, GX

t,n,

HX
t , Ct, Ŵt, 0 ≤ k ≤ t ≤ n < T .

Assumption 2 is satisfied, for example, when the matrices E1,j
t , E2,j

t , B1,j
t , B2,j

t , for all j ∈
[1, N ], t ∈ [0, T ), are sufficiently small in size, i.e., when the sensitivity of the environment
variables to the states and decisions of the DMs is sufficiently small. Note that the linear
equations Eq(k, X̂k|k−1), for any k ∈ [0, T ), can be written as: ŷk|k−1

...
ŷT−1|k−1

 = Λk

 ŷk|k−1
...

ŷT−1|k−1

+ΥkX̂k|k−1+Θk
,

where Λk, Υk,Θk
are constants of appropriate dimension, which depend on Dt, Gp

t,n, Hp
t , ξ̂t,

At, GX
t,n, HX

t , Ct, Ŵt, 0 ≤ k ≤ t ≤ n < T . Furthermore, the matrices F j
t , G

j
t,k, H

j
t defining
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each DMj ’s optimal controller are independent of E1,j
t , E2,j

t , B1,j
t , B2,j

t . Accordingly, when the

matrices E1,j
t , E2,j

t , B1,j
t , B2,j

t , for all j ∈ [1, N ], t ∈ [0, T ), are sufficiently small in size, I − Λk

is invertible.
Under Assumption 1 and 2, it is natural to introduce the following candidate equilibrium

environment variables, which is an independent exogenous sequence (ȳt)t∈[0,T ) generated by the
recursion, for t ∈ [0, T ),

ȳt =DtX̄t +
∑

n∈[t,T )

Gp
t,n(an,t−1E[X̄t|Ȳt−1] + bn,t−1) +Hp

t + ξt, (17)

X̄t+1 =AtX̄t +
∑

n∈[t,T )

GX
t,n(an,t−1E[X̄t|Ȳt−1] + bn,t−1) +HX

t + Ctȳt +Wt, (18)

where (an,t−1)n∈[t,T ) and (bn,t−1)n∈[t,T ) are as in Assumption 2, Ȳt−1 = (ȳk)k∈[0,t), for t ∈ [0, T ),

and X̄0 = X0. It can be shown that the random sequence (ȳt)t∈[0,T ) generated by (17)-(18) is in-
deed a sequence of equilibrium environment variables. This leads to the existence of the SEBEU.

Theorem 1. Consider the finite-horizon linear quadratic problem of this subsection. If Assump-
tion 1 and 2 hold, there exists an SEBEU strategy s ∈ S defined by:

sit(I
i
t , Yt−1) = F i

tx
i
t +Gi

t
ˆ̄Xt|t−1(Yt−1) + Ȟ i

t , i ∈ [1, N ], t ∈ [0, T ), (19)

where Gi
t :=

∑
k∈[t,T )

Gi
t,kak,t−1, Ȟ

i
t :=

∑
k∈[t,T )

Gi
t,kbk,t−1 +H i

t , and
ˆ̄Xt|t−1(·) denotes the state esti-

mator mapping from Ȳt−1 to E[X̄t|Ȳt−1] based on (17)-(18).

Proof. Consider any 0 ≤ k ≤ ℓ < T and arbitrary X̂k|k−1. The equations Eq(k, X̂k|k−1) for

t ∈ [ℓ, T ) coincide with the equations Eq(ℓ, X̂ℓ|k−1), where X̂ℓ|k−1 is obtained by propagating

X̂k|k−1 through (16). By Assumption 2, this implies that, for t ∈ [ℓ, T ),

at,k−1X̂k|k−1 + bt,k−1 = at,ℓ−1X̂ℓ|k−1 + bt,ℓ−1. (20)

By Assumption 2 and substituting (20) into Eq(k, X̂k|k−1), we obtain, for t ∈ [k, T ),

ŷt|k−1 =DtX̂t|k−1 +
∑

n∈[t,T )

Gp
t,n(an,t−1X̂t|k−1 + bn,t−1) +Hp

t + ξ̂t, (21)

X̂t+1|k−1 =AtX̂t|k−1 +
∑

n∈[t,T )

GX
t,n(an,t−1X̂t|k−1 + bn,t−1) +HX

t + Ctŷt|k−1 + Ŵt, (22)

where ŷt,k−1 = at,k−1X̂k|k−1 + bt,k−1. Taking conditional expectations of both sides of (17)-(18)

given Ȳk−1 leads to, for t ∈ [k, T ),

E[ȳt|Ȳk−1] =DtE[X̄t|Ȳk−1] +
∑

n∈[t,T )

Gp
t,n(an,t−1E[X̄t|Ȳk−1]

+ bn,t−1) +Hp
t + ξ̂t, (23)

E[X̄t+1|Ȳk−1] =AtE[X̄t|Ȳk−1] +
∑

n∈[t,T )

GX
t,n(an,t−1E[X̄t|Ȳk−1] + bn,t−1)

+HX
t + CtE[ȳt|Ȳk−1] + Ŵt. (24)

The equations (21)-(22) hold, in particular, for X̂k|k−1 = E[X̄k|Ȳk−1], in which case ŷt,k−1 =

at,k−1E[X̄k|Ȳk−1] + bt,k−1. Therefore, setting X̂k|k−1 = E[X̄k|Ȳk−1] in (21)-(22) and comparing
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the right-hand-sides of (21)-(22) and (23)-(24) for t = k yields

E[ȳk|Ȳk−1] = ak,k−1E[X̄k|Ȳk−1] + bk,k−1 and E[X̄k+1|Ȳk−1] = X̂k+1|k−1.

Using E[X̄k+1|Ȳk−1] = X̂k+1|k−1 and comparing the right-hand-sides of (21)-(22) and (23)-(24)
for t = k + 1 yields

E[ȳk+1|Ȳk−1] = ak+1,k−1E[X̄k|Ȳk−1] + bk+1,k−1 and E[X̄k+2|Ȳk−1] = X̂k+2|k−1.

Using E[X̄k+2|Ȳk−1] = X̂k+2|k−1 and continuing in a similar fashion yields

E[ȳt|Ȳk−1] = at,k−1E[X̄k|Ȳk−1] + bt,k−1, t ∈ [k, T ).

Using this in (17)-(18) shows that the environment variables (ȳt)t∈[0,T ) generated by (17)-(18)
satisfy (14)-(15). Furthermore, due to Assumption 2, (ȳt)t∈[0,T ) have finite second-order mo-
ments. This implies that (ȳt)t∈[0,T ) are equilibrium environment variables, and the strategy
defined by (19) is an SEBEU. �

We remark that Assumption 2 requires the existence of a unique solution to Eq(k, X̂k|k−1) for

arbitrary X̂k|k−1 which is in general not necessary for the existence of equilibrium environment

variables. Assumption 2 can be relaxed so that Eq(k, X̂k|k−1) has a solution only for those

X̂k|k−1 = E[X̄k|Ȳk−1] generated by the dynamics (17)-(18). However, by also noting that an
SEBEU must have the form (10) except on a set of observation histories of probability zero, we
conclude that Assumption 2 cannot be relaxed in a significant way.

At an SEBEU, DMs model the environment variables as an independent exogenous stochastic
process as in (17)-(18) where X̄t is a replica of the system state Xt. This model for the environ-
ment variables and the resulting distribution of the environment variables is consistent with the
actual environment variables generated endogenously by the equilibrium strategies. Therefore,
one can start with such a model for the environment variables (instead of an arbitrary distribu-
tion for the environment variables) and establish the existence of an SEBEU in an alternative
fashion.

In the next subsection, we extend this result to infinite-horizon linear quadratic problems.

3.2. Infinite-horizon case (T = ∞). In this subsection, we further assume that the system

is time-invariant. Hence, the matrices Ai
t, B

i
t, C

i
t , A

0
t , B

1,i
t , B2,i

t , Dt, E
1,i
t , E2,i

t , Qi
t, R

i
t, K

i
t , L

i
t

are all assumed to be independent of the time variable t (hence the subscript t is dropped from
these matrices). Recall that βi ∈ [0, 1), for all i ∈ [1, N ], in the infinite-horizon case.

Assumption 3.

(i) A0 is stable, (Ai, Bi) is stabilizable, for all i ∈ [1, N ]
(ii) X0, W0,W1, . . . , ξ0, ξ1, . . . are mutually independent and have finite second-order mo-

ments
(iii) (Wt)t∈N0, (ξt)t∈N0 are each independent and identically distributed (iid).

Consider an independent exogenous sequence (zt)t∈[0,∞) of environment variables with a given

probability distribution ζ ∈ P(Y[0,∞)) satisfying sup
t∈[0,∞)

E[|zt|2] < ∞. An optimal strategy

minimizing Eζ [J i(si, ·)] over si ∈ Si is given by:

uit = sit(I
i
t , Zt−1) = F ixit +

∑
n∈N0

Gi
nE[zt+n|Zt−1] +H i, t ∈ N0,

where F i, (Gi
n)n∈N0 , H i are constants of appropriate dimensions, which are pre-computable

independently of the sequence (zt)t∈[0,∞) of environment variables; see Appendix A.2.
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Consider now a joint strategy s = (si)i∈[1,N ] ∈ S where the sequence (yt)t∈[0,∞) of environment

variables generated under s has the probability distribution ζs and sup
t∈[0,∞)

E[|yt|2] < ∞. The

joint strategy s is an SEBEU if, for each i ∈ [1, N ], si minimizes Eζs [J i(si, ·)], e.g.,

sit(I
i
t , Yt−1) = F ixit +

∑
n∈N0

Gi
nE[yt+n|Yt−1] +H i, t ∈ N0, (25)

where

yt =Dx0t +
∑

j∈[1,N ]

E1,j

(
F jxjt +

∑
n∈N0

Gj
nE[yt+n|Yt−1] +Hj

)
+

∑
j∈[1,N ]

E2,jxjt + ξt, (26)

x0t+1 =A0x0t +
∑

j∈[1,N ]

B1,j

(
F jxjt +

∑
n∈N0

Gj
nE[yt+n|Yt−1] +Hj

)
+

∑
j∈[1,N ]

B2,jxjt + w0
t , (27)

xjt+1 =Ajxjt +Bj

(
F jxjt +

∑
n∈N0

Gj
nE[yt+n|Yt−1] +Hj

)
+ Cjyt + wj

t , j ∈ [1, N ]. (28)

Therefore, an SEBEU can be obtained via (25) provided a sequence (yt)t∈[0,∞) of environment

variables satisfying (26)-(28) and sup
t∈[0,∞)

E[|yt|2] < ∞, called equilibrium environment variables,

exists. Next, we introduce a set of assumptions to ensure the existence of equilibrium environ-
ment variables.

We rewrite (26)-(28) in the vector form as:

yt =DXt +
∑
n∈N0

Gp
nE[yt+n|Yt−1] +Hp + ξt, (29)

Xt+1 =AXt +
∑
n∈N0

GX
n E[yt+n|Yt−1] +HX + Cyt +Wt, (30)

where D, (Gp
n)n∈N0 , Hp, A, (GX

n )n∈N0 , HX , C are some constants of appropriate dimensions.
Taking the expectation of both sides of (29)-(30) shows that the existence of equilibrium en-
vironment variables requires a solution (ŷt)t∈N0 to the infinite system of linear equations, for
t ∈ N0,

ŷt =DX̂t +
∑
n∈N0

Gp
nŷt+n +Hp + ξ̂0, (31)

X̂t+1 =AX̂t +
∑
n∈N0

GX
n ŷt+n +HX + Cŷt + Ŵ0, (32)

where X̂0 = E[X0]. Accordingly, we make the following assumption.

Assumption 4. The infinite system of linear equations (31)-(32) has a unique solution (ŷt)t∈N0

for any X̂0, which will necessarily be in the form

ŷt = atX̂0 + bt, t ∈ N0, (33)

where (at)t∈N0, (bt)t∈N0 are assumed to be uniformly bounded and depend only on the constants

D, (Gp
n)n∈N0, Hp, ξ̂0, A, (GX

n )n∈N0, HX , C, Ŵ0.

For any k ∈ N0, taking the conditional expectation of both sides of (29)-(30) given Yk−1,

where t ∈ [k,∞), also leads to (31)-(32) with X̂0 replaced with E[Xk|Yk−1]. Therefore, under
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Assumption 4, the conditional expectations of equilibrium environment variables satisfying (29)-
(30), if exist, are given by:

E[yn+k|Yk−1] = anE[Xk|Yk−1] + bn, n ∈ N0, k ∈ N0. (34)

This prompts us to introduce the independent exogenous environment variables (ȳt)t∈[0,∞) gen-
erated by the recursion, for t ∈ N0,

ȳt =DX̄t + GpE[X̄t|Ȳt−1] + Ȟp + ξ̄t, (35)

X̄t+1 =AX̄t + GXE[X̄t|Ȳt−1] + ȞX + Cȳt + W̄t, (36)

where Gp :=
∑

n∈N0

Gp
nan, Ȟp :=

∑
n∈N0

Gp
nbn + Hp, GX :=

∑
n∈N0

GX
n an, ȞX :=

∑
n∈N0

GX
n bn + HX ,

the distribution of (X̄0, (ξ̄t)t∈N0 , (W̄t)t∈N0) is identical to that of (X0, (ξt)t∈N0 , (Wt)t∈N0), and
Ȳt−1 = (ȳk)k∈[0,t). By construction, the environment variables (ȳt)t∈[0,∞) generated by (35)-(36)
satisfy (29)-(30); hence the environment variables (ȳt)t∈[0,∞) are equilibrium environment vari-

ables, provided sup
t∈[0,∞)

E[|ȳt|2] < ∞.

Theorem 2. Consider the infinite-horizon linear quadratic problem of this subsection under
Assumption 3-4. If (ȳt)t∈[0,∞) generated by (35)-(36) satisfies sup

t∈[0,∞)
E[|ȳt|2] < ∞, there exists

an SEBEU strategy s ∈ S defined by

sit(I
i
t , Yt−1) = F ixit +Gi ˆ̄Xt|t−1(Yt−1) + Ȟ i, i ∈ [1, N ], t ∈ N0, (37)

where Gi :=
∑

n∈N0

Gi
nan, Ȟ

i :=
∑

n∈N0

Gi
nbn +H i, and ˆ̄Xt|t−1(·) denotes the state estimator map-

ping Ȳt−1 7→ E[X̄t|Ȳt−1] based on (35)-(36).

Proof. The assumptions and the discussion preceding the theorem ensures that the environment
variables generated by the joint strategy s defined by (37) are equilibrium environment variables
(which are distributed identically to the independent exogenous environment variables generated
by (35)-(36)). �

Theorem 2 constructs an SEBEU under the unique solvability of (31)-(32) for any X̂0 and
the uniform boundedness of the second moments of the environment variables. These conditions
cannot be relaxed as long as we insist on the existence of an equilibrium (with environment vari-
ables having uniformly bounded second-order moments) for every initial state distribution. The
uniform boundedness of the second moments of the environment variables generated under (37)
can be ensured if the closed-loop dynamics (identical to (35)-(36)) are stable. The closed-loop
stability will be discussed in more detail in the Gaussian case shortly.

3.3. Gaussian case. We now turn our attention to the Gaussian case where all primitive ran-
dom variables are jointly Gaussian. With this Gaussian assumption, in both finite-horizon and

infinite-horizon cases, the state estimator ˆ̄Xt|t−1(·) mapping Ȳt−1 7→ E[X̄t|Ȳt−1] can be imple-
mented as the following Kalman filter, for t ∈ [0, T ),

ˆ̄Xt+1|t =At
ˆ̄Xt|t−1 + GX

t
ˆ̄Xt|t−1 + ȞX

t + Ctȳt + Ŵt

+AtΣt|t−1D′
t(DtΣt|t−1D′

t + cov[ξt])
−1(ȳt − (Dt + Gp

t )
ˆ̄Xt|t−1 − Ȟp

t − ξ̂t), (38)

Σt+1|t =At

(
Σt|t−1 − Σt|t−1D′

t(DtΣt|t−1D′
t + cov[ξt])

−1DtΣt|t−1

)
A′

t + cov[Wt], (39)

where X̄0|−1 = E[X0], Σ0|−1 := cov[X̄0] (assumingDtΣt|t−1D′
t+cov[ξt] is invertible for t ∈ [0, T )).

Therefore, under the Gaussian assumption, the players’ decisions at an SEBEU can be generated
by a linear time-varying system in both finite-horizon and infinite-horizon cases.
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In the case of infinite-horizon, it is possible to obtain an SEBEU at which players’ decisions
can be generated by a linear time-invariant system. We recall that, in this case, At, Ct, Dt, GX

t ,

ȞX
t , Gp

t , Ȟ
p
t , Ŵt, cov[Wt], ξ̂t, cov[ξt] are independent of t. Hence, a time-invariant SEBEU can

obtained if cov[X0] = Σ0|−1 = Σ where Σ satisfies

Σ =A
(
Σ− ΣD′(DΣD′ + cov[ξ0])

−1DΣ
)
A′ + cov[W0]. (40)

This ensures Σt|t−1 = Σ, for all t ∈ N0 and leads to the following corollary to Theorem 2.

Corollary 1. Consider the infinite-horizon linear quadratic problem of subsection 3.2 under the
assumptions of Theorem 2. Assume further that (i)

(
X0, (ξt)t∈N0 , (Wt)t∈N0

)
is Gaussian, (ii)

DΣD + cov[ξ0] is invertible, and (iii) cov[X0] = Σ where Σ solves (40). The SEBEU strategy s
in Theorem 2 can be implemented by the linear-time invariant system: i ∈ [1, N ], t ∈ N0,

sit(I
i
t , Yt−1) =F ixit +Gi ˆ̄Xt|t−1 + Ȟ i,

ˆ̄Xt+1|t =A ˆ̄Xt|t−1 + GX ˆ̄Xt|t−1 + ȞX + Cyt + Ŵ0,

+AΣD′(DΣD′ + cov[ξ0])
−1(yt − (D + Gp) ˆ̄Xt|t−1 − Ȟp − ξ̂0).

(provided (yt)t∈[0,∞) generated under s satisfies sup
t∈[0,∞)

E[|yt|2] < ∞).

Implicit in the steady-state initialization condition cov[X0] = Σ is that there exist Σ ≽
0 solving (40), which can be established under reasonable assumptions ensuring closed-loop
stability. Note that, since A0 is stable, A would be stable if Ai + BiF i, i ∈ [1, N ] are stable,
for all i ∈ [1, N ]. In other words, A would be stable if each DM’s own state dynamics (as
the environment variables are seen as external inputs) is stabilized by its own control strategy.
However, the internal dynamics of the environment variables and each DM’s own state dynamics
are coupled in a feedback loop. The strategies of DMs designed to optimize their individual
objectives by viewing the process of environment variables as independent and exogenous cannot
be expected to stabilize this interconnected feedback system. The overall stability of such an
interconnected system (of stable subsystems) can be guaranteed under a condition of weak
coupling, i.e., the coefficients C1, . . . , CN ,K1, . . . ,KN , L1, . . . , LN are sufficiently small, which
makes C,GX sufficiently small. The smallness of these coefficients de-emphasizes the role of the
environment variables on the state dynamics as well as the cost functions of all DMs. This weak
coupling condition along with the conditions for the stability of A guarantees the existence of
Σ ≽ 0 solving (40).

The condition cov[X0] = Σ is clearly a strong one. A possible alternative setting where
steady-state initialization is not required would be the average cost setting.

3.4. Case of identical DMs. We formally introduce the notion of identical DMs as follows.

Definition 2. DMi and DMj are said to be identical if the following two conditions hold.

(i) (Ai
t, B

i
t, C

i
t , β

i, Qi
t, R

i
t,K

i
t , L

i
t) = (Aj

t , B
j
t , C

j
t , β

j , Qj
t , R

j
t ,K

j
t , L

j
t ), for all t ∈ [0, T )

(ii) (xi0, (w
i
t)t∈[0,T )) and (xi0, (w

j
t )t∈[0,T )) have identical distributions.

When DMi and DMj are identical, Eζi [J i(si, ·)] = Eζj [J j(sj , ·)] for any (si, ζi) = (sj , ζj).
We note that, due to the assumption Ri

t ≻ 0 for all t ∈ [0, T ), a DM’s optimal strategy with

respect to any belief ζ ∈ P(Y[0,T )) is essentially unique, i.e., it can differ from that derived
in Appendix only on a set of observation histories of probability zero. Therefore, the optimal
strategies of identical DMs with respect to any common belief ζ ∈ P(Y[0,T )) can differ only on
a set of observation histories of probability zero. As a result, the strategies of identical DMs at
an SEBEU (if exists) can be taken as identical.
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We should also point out that, when DMi and DMj are identical, the estimates E[xik|Yk−1]

and E[xjk|Yk−1] generated by an SEBEU would be identical as well. Therefore, when DMi

and DMj are identical, DMs can implement their SEBEU strategies by generating only one of

E[xik|Yk−1] or E[xjk|Yk−1]. For example, when all DMs are identical, the SEBEU strategies can

be implemented by generating only E[xik|Yk−1], for a generic DMi, instead of generating the
estimates E[Xk|Yk−1] of the entire system state.

3.5. Case of countably infinite set of identical DMs. We adopt the infinite-horizon setup
of subsection 3.2 with a countable set (DMi)i∈N of identical DMs. The matrices Ai, Bi, Qi,
Ri, Ki, Li are all assumed to be independent of the index i (hence the superscript i is dropped
from these matrices), and the matrices Ci are assumed to satisfy Ci = 0, for all i ∈ N, i.e.,
the individual state dynamics are not directly controlled through the environment variables.
Furthermore, the environment variable at each time t ∈ N0 is determined by the empirical
average of the decisions as well as the states:

yt = lim sup
N̄→∞

1

N̄

∑
j∈[1,N̄ ]

(E1ujt + E2xjt ) + ξt,

where E1, E2 are constants of appropriate dimension. In addition, we strengthen Assumption 3
as follows.

Assumption 5.

(i) (A,B) is stabilizable
(ii) x10, x

2
0, . . . , w1

0, w
2
0, . . . , w1

1, w
2
1, . . . , ξ0, ξ1, . . . are mutually independent and have finite

second-order moments
(iii) (xi0)i∈N, (w

i
t)i∈N,t∈N0, (ξt)t∈N0 each is iid.

Consider an independent exogenous sequence (zt)t∈[0,∞) of environment variables which is iid
with finite second-order moments and distribution ζ. As in the previous cases, suppose that
each DMi instead aims to minimize Eζ [J i(si, ·)] over si ∈ Si. An optimal strategy for each DMi

is obtained as:
uit = sit(I

i
t , Zt−1) = Fxit +GE[z0] +H, (41)

where F , G :=
∑

n∈N0

Gn, H are constants of appropriate dimensions, which are pre-computable

independently of the sequence (zt)t∈[0,∞) of environment variables; see Appendix A.2.

Consider now a joint strategy s = (si)i∈N ∈ S such that the sequence (yt)t∈[0,∞) of environment

variables generated under s is iid with distribution ζs (E[|yt|2] = E[|y0|2] < ∞, for all t ∈ N0).
The joint strategy s is an SEBEU if each si minimizes Eζs [J i(si, ·)], e.g.,

sit(I
i
t , Yt−1) = Fxit +GE[y0] +H, (42)

where

yt =(E1F + E2) lim sup
N̄→∞

1

N̄

∑
j∈[1,N̄ ]

xjt + E1GE[y0] + E1H + ξt (43)

xjt+1 =Axjt +B(Fxjt +GE[y0] +H) + wj
t , j ∈ N. (44)

Therefore, an SEBEU can be constructed via (42) provided an iid sequence
(yt)t∈[0,∞) of environment variables satisfying (43)-(44) (as a random sequence) can be obtained.

Due to Assumption 5, (xit)i∈N generated by (44) would be iid with finite second-order moments,

for any t ∈ N0. As a result, we would have lim supN̄→∞
1
N̄

∑
j∈[1,N̄ ]

xjt = E[x1t ], for any t ∈ N0, and

yt =(E1F + E2)E[x1t ] + E1GE[y0] + E1H + ξt,

E[x1t+1] =AE[x1t ] +B(FE[x1t ] +GE[y0] +H) + E[w1
t ].
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Thus, if the linear equations

ŷ0 =(E1F +E2)x̂0 + E1Gŷ0 + E1H + ξ̂0, (45)

x̂0 =Ax̂0 +B(Fx̂0 +Gŷ0 +H) + ŵ1
0. (46)

have a solution (ŷ0, x̂0) and (E[y0], E[x10]) = (ŷ0, x̂0), then the environment variables generated
by the strategies

uit = sit(I
i
t , Yt−1) = Fxit +Gŷ0 +H, i ∈ N (47)

would be iid with finite second-order moments and satisfy (43)-(44). This leads to the following
result whose proof follows from the preceding discussion.

Theorem 3. Consider the infinite-horizon linear quadratic problem of subsection 3.2 with a
countably infinite set of identical DMs under Assumption 5. If (E[y0], E[x10]) = (ŷ0, x̂0) where
(ŷ0, x̂0) solves (45)-(46), there exists an SEBEU strategy s ∈ S defined by (47).

In the case where the environment variables are determined by the average decisions of a
countable set of identical DMs, no individual DM can change the sequence of environment
variables by unilaterally deviating to an alternative strategy; therefore, an SEBEU is also a
Nash equilibrium, which is in fact a mean-field equilibrium [15,17,19].

4. An example

We present an example where T = 2, all DMs are identical, and the environment variables
are generated by:

yt =
1

N

∑
i∈[1,N ]

xit︸ ︷︷ ︸
:=x̄t

+ξt, t ∈ [0, 2).

We also assume, in addition to Assumption 1, that all primitive random variables

x10, . . . , x
N
0 , w1

0, w
N
0 , . . . , w1

1, . . . , w
N
1 , ξ0, ξ1

are mutually independent Gaussian random variables with zero-mean and cov[ξ0] > 0.
In this case, the SEBEU established by Theorem 1 takes the form, for each i ∈ [1, N ],

si0(x
i
0) =F0x

i
0 +G0,0 ˆ̄x0 +G0,1 ˆ̄x1,

si1(x
i
1, y0) =F1x

i
1 +G1,1 ˆ̄x1|0(y0),

where F0, F1, G0,0, G0,1, G1,1, are given in Appendix A.1 and

ˆ̄x0 = E[x̄0],

ˆ̄x1 = (A0 +B0F0)ˆ̄x0 +B0(G0,0 ˆ̄x0 +G0,1 ˆ̄x1) + C0 ˆ̄x0,

ˆ̄x1|0(y0) = (A0 +B0F0)ˆ̄x0|0(y0) +B0(G0,0 ˆ̄x0 +G0,1 ˆ̄x1) + C0y0,

ˆ̄x0|0(y0) = E[x̄0|y0] = cov[x̄0](cov[x̄0] + cov[ξ0])
−1y0.

Since E[x̄0] = 0 (by assumption) and

(I −B0G0,1)ˆ̄x1 = (A0 +B0F0 +B0G0,0 + C0)E[x̄0] (48)

an SEBEU exists corresponding to any ˆ̄x1 in the null space of I −B0G0,1. On the other hand, if
x̄0 was not assumed to be zero-mean and (48) does not have a solution for ˆ̄x1, an SEBEU does
not exist.
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Let us now consider the case where I − B0G0,1 is non-singular (and E[x̄0] = 0 as assumed).
The SEBEU, which is essentially unique, is

si0(x
i
0) =F0x

i
0, (49)

si1(x
i
1, y0) =F1x

i
1 +GN

1 y0, (50)

where

GN
1 =G1,1

(
(A0 +B0F0)cov[x̄0](cov[x̄0] + cov[ξ0])

−1 + C0

)
.

Due to cov[x̄0] =
1
N cov[x10], we have limN→∞GN

1 = G1,1C0; the state feedback gains F0, F1 are
independent of the number of DMs. Obtaining the set of Nash equilibria is not as straightfor-
ward; however, it is possible to show that, for any ϵ > 0, the SEBEU (49)-(50) constitutes an
ϵ−Nash equilibrium if the number of DMs is sufficiently large. To show this, we obtain DMi’s
optimal response s̃i,N ∈ Si to the strategies (49)-(50) as follows.

Ṽ i
1 (I

i
1, y0) :=min

ui
1

{
|xi1|2Q1

+ |ui1|2R1
+ 2E[y′1|Ii1, y0](K1u

i
1 + L1x

i
1)

+ βE
[
|A1x

i
1 +B1u

i
1 + C1y1 + wi

1|2Q2
|Ii1, y0

]}
.

DMi’s optimal response at stage t = 1 is

s̃i,N1 (Ii1, y0) = −(R1 + βB′
1Q2B1)

−1(βB′
1Q2A1x

i
1 + (K ′

1 + βB′
1Q2C1)E[y1|Ii1, y0]).

We write

E[y1|Ii1, y0] =
1

N
xi1 + (A0 +B0F0)E[x̄−i

0 |Ii1, y0] +
N − 1

N
C0y0,

where x̄−i
0 := 1

N

∑
j ̸=i

xj0. From y0 =
1
N xi0 + x̄−i

0 + ξ0, we have

E[x̄−i
0 |Ii1, y0] = cov[x̄−i

0 ](cov[x̄−i
0 ] + cov[ξ0])

−1

(
y0 −

1

N
xi0

)
.

Therefore,

s̃i,N1 (Ii1, y0) = F̃N
1 xi1 + G̃N

1 y0 + F̃N
1,0x

i
0,

where

F̃N
1 :=F1 +O(1/N),

G̃N
1 :=G1,1C0 +O(1/N),

F̃N
1,0 :=O(1/N).

Let

Ṽ i
0 (x

i
0) :=min

ui
0

{
|xi0|2Q0

+ |ui0|2R0
+ 2E[y′0|xi0](K0u

i
0 + L0x

i
0) + βE[Ṽ i

1 (I
i
1, y0)|xi0)]

}
.

DM’s optimal response at stage t = 0 can be derived as:

s̃i,N0 (xi0) = F̃N
0 xi0

where

F̃N
0 :=−

(
R0 + βB′

0M1B0 +O(1/N)
)−1(

βB′
0M1A0 +O(1/N)

)
,

M1 =Q1 + βA′
1

(
Q2 − βQ2B1(R1 + βB′

1Q2B1)
−1B′

1Q2

)
A1.

It is straightforward to see that limN→∞(F̃N
0 , F̃N

1 , G̃N
1 , F̃N

1,0) = (F0, F1, G1,1C0, 0). This im-

plies that, for any ϵ > 0, the SEBEU (49)-(50) is an ϵ−Nash equilibrium if the number of DMs
is sufficiently large.
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We should also remark that the SEBEU strategies (49)-(50) are always linear mappings of
each DMi’s information variables whereas the same does not always hold for Nash equilibria for
such linear quadratic Gaussian models [7, Chapter 7].

5. Conclusion

We extended some of the results in our earlier work on the notion of subjective equilibrium
under beliefs of exogenous uncertainty (SEBEU) to the linear-quadratic case where the players
interact through some environment variables. We established the existence of an SEBEU in
pure strategies under the condition that a linear system of algebraic equations are solvable. Our
results are constructive and the players strategies at an SEBEU are affine functions of their local
state observations and their estimates of the system state. In the Gaussian case, the estimates
of the system state can be generated by a Kalman filter. We pointed out that an SEBEU is
also a Nash equilibrium in the case of countable number of identical players. Showing that an
SEBEU is an approximate Nash equilibrium when there is a large but finite number of players
remains as a future research topic.
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Appendix A

We drop the superscript i and derive an optimal response for a generic DM with respect to
independent exogenous environment variables (zt)t∈[0,T ) satisfying sup

t∈[0,T )
E[|zt|2] < ∞. DM has

the knowledge of the distribution of (zt)t∈[0,T ) and has access to the realizations Zt−1 = (zk)k∈[0,t)
at time t ∈ [0, T ) prior to choosing ut. For any random vector ζt, we use the notation ζ̂t = E[ζt]

and ζ̂t|k = E[ζt|Zk]. Assumption 1 holds in the finite-horizon case, whereas Assumption 3 holds
in the infinite-horizon case. By completing the squares, we write DM’s undiscounted cost at
time t ∈ [0, T ) as:

ct(xt, ut, zt) = c̃t(xt, ut, zt)− |zt|2LtQ
−1
t L′

t+KtR
−1
t K′

t
,

where
c̃t(xt, ut, zt) := |xt +Q−1

t L′
tzt|2Qt

+ |ut +R−1
t K ′

tzt|2Rt
.

Since E
[ ∑
t∈[0,T )

βt|zt|2KtQ
−1
t K′

t+LtR
−1
t L′

t

]
is finite and independent of the DM’s strategy, we assume

that DM’s undiscounted cost function at time t ∈ [0, T ) is c̃t without loss of generality.
DM’s optimal response in the finite-horizon case can be obtained using the main result in [12]

which studies the finite-horizon linear quadratic control problem with arbitrary correlated noise;
however, for completeness, we provide a brief derivation of DM’s optimal response below.

A.1. Finite-horizon case. We define DM’s cost-to-go functions as, for all k ∈ [0, T ] and

(Ik, Zk−1) ∈ Ik × Y[0,k),

Vk(Ik, Zk−1) := min
sk,...,sT−1

E

[ ∑
t∈[k,T )

βt−k c̃t(xt, ut, zt) + βT−kcT (xT )
∣∣∣Ik, Zk−1

]
, k ∈ [0, T )

with VT (IT , ZT−1) := cT (xT ), where un = sn(In, Zn−1), sn : (In,Y[0,n)) → U, for n ∈ [k, T ).
These cost-to-go functions satisfy, for k ∈ [0, T ),

Vk(Ik, Zk−1) =min
sk

E
[
c̃k(xk, uk, zk) + βVk+1(Ik+1, Zk)|Ik, Zk−1

]
. (51)

As an induction hypothesis, assume that Vk+1 has the following form, for k ∈ [0, T ),

Vk+1(Ik+1, Zk) = |xk+1|2Mk+1
+ 2x′k+1Nk+1(Zk) +Ok+1(Zk), (52)

where Mk+1 ≽ 0 is an appropriate dimensional matrix, Nk+1, Ok+1 are appropriate dimensional
functions of Zk. VT satisfies this hypothesis with MT = QT , NT = 0, OT = 0. The minimizing
control in (51) is obtained as:

uk = sk(Ik, Zk−1) := Fkxk +Gk,kẑk|k−1 + H̃k(Zk−1), (53)
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where

Fk =− βS−1
k B′

kMk+1Ak, (54)

Gk,k =− S−1
k (K ′

k + βB′
kMk+1Ck), (55)

H̃k(Zk−1) =− βS−1
k B′

k(N̂k+1|k−1 +Mk+1ŵk), (56)

Sk =Rk + βB′
kMk+1Bk. (57)

Substituting the minimizing control (53)-(57) in (51)-(52) results as the following:

Vk(Ik, Zk−1) =|xk|2Qk
+ |Fkxk +Gk,kẑk|k−1 + H̃k(Zk−1)|2Rk

+ 2ẑ′k|k−1(Kk(Fkxk +Gk,kẑk|k−1 + H̃k(Zk−1)) + Lkxk)

+ 2E[|zk|2KkQ
−1
k K′

k+LkR
−1
k L′

k

|Zk−1]

+ βE[|(Ak +BkFk)xk +Bk(Gk,kẑk|k−1

+ H̃k(Zk−1)) + Ckzk + wk|2Mk+1
|Zk−1]

+ βE[2((Ak +BkFk)xk +Bk(Gk,kẑk|k−1

+ H̃k(Zk−1)) + Ckzk + wk)
′Nk+1(Zk)|Zk−1]

+ βE[Ok+1(Zk)|Zk−1]. (58)

Grouping the constant, linear, and quadratic terms in xk for fixed Zk−1, we rewrite Vk(Ik, Zk−1)
as:

Vk(Ik, Zk−1) =|xk|2Mk
+ 2x′kNk(Zk−1) +Ok(Zk−1),

where

Mk =Qk + βA′
k(Mk+1 − βMk+1BkS

−1
k B′

kMk+1)Ak, (59)

Nk(Zk−1) =β(Ak +BkFk)
′N̂k+1|k−1 + v̂k|k−1, (60)

vk =(F ′
kK

′
k + L′

k)zk + β(Ak +BkFk)
′Mk+1(Ckzk + wk), (61)

Ok(Zk−1) =βÔk+1|k−1 + λ̂k|k−1 (62)

λk =|Gk,kẑk|k−1 + H̃k(Zk−1)|2Rk
+ 2z′kKk(Gk,kẑk|k−1 + H̃k(Zk−1))

+ |zk|2KkQ
−1
k K′

k+LkR
−1
k L′

k

+ β|Bk(Gk,kẑk|k−1 + H̃k(Zk−1)) + Ckzk + wk|2Mk+1

+ 2β(Bk(Gk,kẑk|k−1 + H̃k(Zk−1)) + Ckzk + wk)
′Nk+1(Zk). (63)

The recursion (59) is the well-known Riccati difference equation for discrete time linear quadratic
problems (without the environment variables), Nk(Zk−1) is obtained from the right hand side of
(58) by collecting the linear terms in xk for fixed Zk−1 and using RkFk+βB′

kMk+1(Ak+BkFk) =
0, and Ok(Zk−1) equals the right hand side of (58) for xk = 0. Since Vk(Ik, Zk−1) satisfies the
induction hypothesis, an optimal strategy for the DM is given by (53). This optimal strategy is
rewritten as, for k ∈ [0, T ),

sk(Ik, Zk−1) =Fkxk +
∑

t∈[k,T )

Gk,t, ẑt|k−1 +Hk,
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where

Gk,k =− S−1
k (K ′

k + βB′
kMk+1Ck),

Gk,t =− βS−1
k B′

k(Φk,tMt+1Ct +Φk,t−1(F
′
tK

′
t + L′

t)), t ∈ [k + 1, T ),

Hk =− βS−1
k B′

k

∑
t∈[k,T )

Φk,tMt+1ŵt,

Φk,k =I, Φk,t =
∏

n∈[k+1,t]

β(An +BnFn)
′, t ∈ [k + 1, T ).

A.2. Infinite-horizon case. Recall that At, Bt, Ct,Kt, Lt, Qt, Rt are independent of t (hence
the subscript t is dropped) and β ∈ (0, 1).

Let J∗
k (xk, Zk−1) denote DM’s optimal cost for the infinite-horizon problem starting from

(xk, Zk−1) at time k ∈ N0. For any T̃ ∈ N, let J∗
k,T̃

(xk, Zk−1) denote DM’s optimal cost for the

finite-horizon version of the problem starting from (xk, Zk−1) at time k ∈ N0 and running over

the horizon [k, T̃ ) (with no terminal cost). We have, for k ∈ N0,

J∗
k,k+1(xk, Zk−1) ≤ J∗

k,k+2(xk, Zk−1) ≤ · · · ≤ J∗
k (xk, Zk−1) < ∞,

where J∗
k (xk, Zk−1) < ∞ is due to the stabilizability of (A,B) and sup

t∈N0

E[|zt|2] < ∞. Hence, for

any k ∈ N0 and (xk, Zk−1), limT̃→∞ J∗
k,T̃

(xk, Zk−1) = J∗
k,∞(xk, Zk−1) for some J∗

k,∞(xk, Zk−1) ≤
J∗
k (xk, Zk−1). Note that

J∗
k,T̃

(xk, Zk−1) = |xk|2Mk
+ 2x′kNk(Zk−1) +Ok(Zk−1),

where Mk, Nk(Zk−1), Ok(Zk−1), k ∈ N0, are generated by the backward recursions (59)-(63)
with the boundary conditions MT̃ = NT̃ = OT̃ = 0. This implies that, for any fixed k ∈ N0 and

Zk−1, Mk, Nk(Zk−1), Ok(Zk−1) converge to some finite values as T̃ → ∞.

It is well known that, as T̃ → ∞, Mk for any fixed k ∈ N0 tends to the unique solution M ≽ 0
of the algebraic Riccati equation

M =Q+ βA′(M − βMBS−1B′M)A (64)

within the set of positive semi-definite matrices since (A,B) is stabilizable and (A,Q1/2) is

detectable. Therefore, as T̃ → ∞, Fk, Gk,k, Sk for any fixed k ∈ N0 introduced in (54)-(57)
converge to

F :=− βS−1B′MA,

G :=− S−1(K ′ + βB′MC),

S :=R+ βB′MB,

respectively, where F renders the matrix
√
β(A + BF ) asymptotically stable. It follows from

(59)-(63) that, as T̃ → ∞, Nk(Zk−1), H̃k(Zk−1), Ok(Zk−1) for any fixed k ∈ N0 and Zk−1 tend
to

Nk,∞(Zk−1) :=
∑
n∈N0

(β(A+BF )′)n ˆ̄vk+n|k−1,

H̃k,∞(Zk−1) :=− βS−1B′
( ∑

n∈N0

(β(A+BF )′)nv̂k+n+1|k−1 +Mŵ0

)
,

Ok,∞(Zk−1) =
∑
n∈N0

βn ˆ̄λk+n|k−1,
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respectively, where

v̄k :=(F ′K ′ + L)zk + β(A+BF )′M(Czk + wk),

λ̄k :=|Gẑk|k−1 + H̃k,∞(Zk−1)|2R + 2z′kK(Gẑk|k−1 + H̃k,∞(Zk−1))

+ |zk|2KQ−1K′+LR−1L′ + β|B(Gẑk|k−1 + H̃k,∞(Zk−1)) + Czk + wk|2M
+ 2β(B(Gẑk|k−1 + H̃k,∞(Zk−1)) + Czk + wk)

′Nk+1,∞(Zk).

Straightforward computation shows that (Jk,∞)k∈N0 satisfy the Bellman equations, i.e.,

J∗
k,∞(xk, Zk−1) = |xk|2M + 2x′kNk,∞(Zk−1) +Ok,∞(Zk−1)

= min
uk∈U

E[|xk +Q−1L′zk|2Q + |uk +R−1K ′zk|2R

+ βJ∗
k+1,∞(xk+1, Zk)|xk, Zk−1] (65)

with the minimizing control

u∗k = s∗k(xk, Zk−1) := Fxk +Gẑk|k−1 + H̃(Zk−1). (66)

Now, let Jk,s∗(xk, Zk−1) denote the cost achieved by the strategy s∗ = (s∗0, s
∗
1, . . . ) starting

from (xk, Zk−1) at time k ∈ N0. Let (x∗n+1, u
∗
n)n∈[k,T̃ ) be generated by (s∗n, zn)n∈[k,T̃ ) from

(x∗k = xk, Zk−1). Since (J∗
k,∞)k∈N0 is non-negative valued, we write

Jk,s∗(xk, Zk−1) ≤ lim
T̃→∞

E

[ ∑
n∈[k,T̃ )

βn−k c̃n(x
∗
n, u

∗
n, zn) + βT̃−kJ∗

T̃ ,∞(x∗
T̃
, ZT̃−1)

∣∣∣∣xk, Zk−1

]

= lim
T̃→∞

E

[ ∑
n∈[k,T̃−1)

βn−k c̃n(x
∗
n, u

∗
n, zn) + βT̃−k−1J∗

T̃−1,∞(x∗
T̃−1

, ZT̃−2)

∣∣∣∣xk, Zk−1

]
...

=J∗
k,∞(xk, Zk−1),

where the equalities are obtained by repeated application of (65)-(66). Therefore, the strategy
s∗ is optimal.

Finally, consider any optimal strategy š = (š0, š1, . . . ). We must have, for k ∈ N0,

J∗
k (xk, Zk−1) = E[c̃k(xk, ǔk, zk) + βJ∗

k+1(Axk +Bǔk + Czk + wk, Zk)|xk, Zk−1]

= min
uk

E[c̃k(xk, uk, zk) + βJ∗
k+1(Axk +Buk + Czk + wk, Zk)|xk, Zk−1],

where ǔk = šk(xk, Zk−1). Since the minimum above is uniquely achieved by s∗k(xk, Zk−1), we
have š = s∗. The optimal strategy is rewritten as:

u∗k = s∗k(xk, Zk−1) = Fxk +
∑
n∈N0

Gnẑk+n|k−1 +H,

where

G0 =− S−1(K ′ + βB′MC),

Gn =− βS−1B′(β(A+BF )′)n((F ′K ′ + L′) + β(A+BF )′MC), n ∈ N,
H =− βS−1B′(I − β(A+BF )′)−1Mŵ0.
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