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SUBJECTIVE EQUILIBRIA UNDER BELIEFS OF EXOGENOUS
UNCERTAINTY: LINEAR QUADRATIC CASE

G. ARSLANY*, S. YUKSEL?

ABSTRACT. We consider a stochastic dynamic game where the players have their own linear
state dynamics and quadratic cost functions. The players are coupled through some environment
variables, generated by another linear system driven by the states and decisions of all players.
Each player observes his own states realized up to the current time as well as the past realizations
of his own decisions and the environment variables. Each player (incorrectly) believes that the
environment variables are generated by an independent exogenous stochastic process. In this
setup, we study the notion of “subjective equilibrium under beliefs of exogenous uncertainty
(SEBEU)”. At an SEBEU, each player’s strategy is optimal with respect to his subjective
belief; moreover, the objective probability distribution of the environment variables is consistent
with players’ subjective beliefs. We construct an SEBEU in pure strategies, where each player
strategy is an affine function of his own state and his estimate of the system state.

Keywords: Game Theory, Subjective Equilibrium, Distributional Consistency, Stochastic Dy-
namic Games.

AMS Subject Classification: 91A15, 93E20.

1. INTRODUCTION

In this paper, we consider a linear-quadratic non-cooperative dynamic game played in discrete-
time. In our model, the players have their own state and decision variables; furthermore, our
model includes the so-called “environment variables”, that are common to all players. The
state and decision variables of all players as well as the environment variables belong to finite-
dimensional Euclidian spaces. Each player’s state evolves according to a linear stochastic recur-
sion driven by his own decisions as well as the environment variables . Environment variables, on
the other hand, are generated by a separate linear stochastic recursion driven by the state and
decision variables of all players. At each stage, the players select their decisions simultaneously
based on their own information available at the time, which consist of their own state variables
realized up to the current time as well as the past realizations of their own decisions and the
common environment variables. Following the collective decisions of all players during each
stage, the environment variables for that stage are realized, the players incur their stage-costs,
and all of the system states evolve to the next stage. Each player’s stage-cost is determined
according to a quadratic function of the player’s own state and decision variable as well as the
common environment variables realized during the stage. Each player wishes to minimize the
expected value of his own long-term cost, that is a discounted sum of his stage-costs.

In our setup, each player’s problem depends on the decisions of the other players only through
the environment variables. However, a player has no knowledge about the other players, not even
the presence of the other players. As mentioned above, each player observes the past realizations
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of the environment variables during any stage but he has no knowledge of how the environment
variables are generated. When the strategies of the other players are fixed, each player faces
a partially observed sequential decision problem, however, the player is not aware of this fact.
As such, each player incorrectly assumes that the environment variables, that are sequentially
revealed to the player, is an independent random sequence that is exogenous to his problem.
Each player has a belief represented by a subjective probability distribution for the environment
variables. Under such beliefs, the players seek to minimize their expected long-term costs by
choosing “optimal strategies”.

An equilibrium situation arises when players employ optimal strategies, with respect to their
beliefs, and the resulting objective marginal probability distribution for the environment vari-
ables is consistent with their subjective beliefs. Such strategies and beliefs are said to form
a subjective equilibrium under beliefs of exogenous uncertainty (SEBEU) [3]. At an SEBEU,
if the objective marginal probability distribution of the environment variables is revealed to a
player (who does not question his assumption of independence and exogeneity for the environ-
ment variables) would have no reason to change his belief; consequently, he/she would have no
incentive to change his strategy.

The notion of the SEBEU is related to the notion of price-taking behavior in mathematical
economics [2,21] and can be regarded as a generalization of price-taking behavior to stochastic
dynamic games. The notion of the SEBEU is distinct from the well-known notions of Nash
equilibrium and mean-field equilibrium [16,19] as well as from the other notions of subjective
equilibrium in the literature [1,10,11,18,25,26]. In particular, a Nash equilibrium in our setup
would require each player to take into account the effects of his own decisions on the environment
variables that, in turn, affects the player’s cost as well as his state evolution. In general, this
leads to an infinite regression where each player needs to estimate the other players’ states, the
other players’ estimates of their opponents’ states, and so on. The players at an SEBEU ignore
such closed-loop effects, which essentially decouples player problems and leads to a significant
simplification of the overall problem. The notion of stationary equilibrium in [1] is hinged on
a condition of consistency between the player beliefs on the population states being constant
and the long-run average of the actual population states (over an infinite-population); see also
the analogous notion of oblivious equilibrium in [25]. We also selectively cite [13] where the
players make optimal decisions by maintaining subjective nested beliefs over others types and
their beliefs about others. We refer the reader to [3] for a review of the related literature vis-a-vis
the notion of the SEBEU as well as for a motivational application on the Autonomous Demand
Response (ADR) problem on price-sensitive control of energy usage in multiple (possibly very
large number of) units, e.g., [9,22].

The existence of the SEBEU and its various properties are studied in [3] for compact-metric
space models, i.e., all state, decision, and environment variables belong to compact metric spaces.
In particular, the existence of an SEBEU in mixed strategies is established; moreover, an SEBEU
is shown to be an approximate Nash equilibrium in large-scale games. In this paper, our main
objective is to obtain the counterparts of the results of [3] for linear-quadratic models described
above, which fall outside the compact-metric models considered in [3]. Moreover, we aim to
obtain more explicit and refined results by exploiting the specific linear-quadratic structure of
the models.

A significant body of literature, pioneered in large part by Tamer Bagar over several seminal
publications studies multi-stage linear-quadratic games under various asymmetric information
patterns and demonstrates the richness and fragility of equilibrium properties to informational
changes. A linear-quadratic-Gaussian (LQG) game in which each player makes his own noisy
linear observations of the system state in addition to having access to the past (but not the
current) observations of the system state by his opponents (called one-step delay observation
sharing pattern) is studied in [4,5]. The existence of a unique Nash equilibrium, that is affine in
the information variables, via contraction properties of best-response dynamics is established in
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several studies including [4, 5], whereas exact expressions are presented in [5] for the two-player
case; see also [20]. A remarkable insight is that if one also shares actions, leading to one-step-
delay sharing, the Nash equilibria become non-unique even when the one-step delay observation
sharing would lead to a unique equilibrium [4,5]. For further results on informational fragility
and existence of equilibria for static and dynamic problems, we refer the reader to [6,7, 23]
and [27, Chapter 10].

Among further relevant studies, [14] shows the existence of a unique Markov perfect equilib-
rium in two-player LQG games where the posterior beliefs of the players on the system state
given the common information evolves independently of the player strategies. [24] considers
two-player finite-horizon LQG games where each player observes his own state (but not his
opponent’s state) and the joint decisions. Under certain conditions, [24] constructs a perfect
Bayesian equilibrium in such games. [8] shows that equilibrium strategies can be computed in
zero-sum two-team linear-quadratic games with decentralized information structures under a
mutual quadratic invariance condition. To the best of the authors’ knowledge, the existing re-
sults in the literature are not applicable to the general linear-quadratic models considered in
this paper.

Contributions. We present sufficient conditions, which involve only the primitive problem
data, under which the SEBEU strategies can be explicitly constructed in pure strategies for the
linear-quadratic models. Our construction, for both finite-horizon and infinite-horizon cases,
lead to pure strategies that are affine functions of players’ own states and their estimates of
the system state. When the primitive random variables are Gaussian, the players’ estimates of
the system state can be generated by a linear recursion, i.e., a Kalman filter. We note that a
SEBEU for the linear setup considered in our paper (when the primitive random variables are
Gaussian) admits solutions that are always linear, whenever an equilibrium exists. On the other
hand, a Nash equilibrium may or may not be linear and to our knowledge, beyond the setups
studied in [4,5] and noted in [27, Chapter 10], the existence and structure of Nash equilibria in
partially observed settings has not been studied in the literature. Finally, when the number of
decision makers is infinite, we show that an SEBEU is also a Nash equilibrium.

Notation. Ny and N denote the nonnegative and positive integers, respectively; R denotes
the real numbers; [-]" denotes the transpose of a vector or matrix; | - | denotes the Euclidean
norm for a vector; \:B|2Q := 7/Quz for a vector x and a matrix Q; A > 0 denotes a nonnegative
definite matrix A, whereas A > 0 denotes a positive definite matrix A; P(T) denotes the set
of probability measures on the Borel sigma algebra B(T) of a topological space T; P[], E[],
and cov[-| denote the probability, the expectation, and the covariance, respectively, (E*[] is also
used to emphasize the underlying strategy u); f(x) = O(z) means limsup,_,q | f(z)/z| is finite.

2. SUBJECTIVE EQUILIBRIUM UNDER BELIEFS OF EXOGENOUS UNCERTAINTY

2.1. Model and definitions. Consider a decentralized stochastic system with N decision mak-
ers, N € N, where the i-th decision maker is referred to as DM, i € [1,N] :={1,..., N}. Time
variable ¢ € [0,T) := {0,...,T — 1} is an integer where T' € N is the time horizon; we will also
allow for T = oo in which case [0,7) = Ny. Each DM’ has its own state 2} € R™, control
input ui € R™, and random disturbance w} € R™ at time t € [0,T), where ni,ni, ni, € N.
In addition, there are so-called environment variables denoted by y; € R™ at time ¢t € [0,T),
where n, € N. Each DM’ has linear state dynamics as:

a:iﬂ = Alz! + Biul 4 Cly; +wi, te[0,7) (1)
starting from some (possibly random) initial state x}, and a quadratic cost function given by:

et u ) = a7 By + [, + 20/ (Kju' + Lia), 2)
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where A%, BY, Ci, Qi R K}, L. are appropriate dimensional matrices (Q% = 0, R: = 0), for
alli € [1,N], t €[0,T). Each Dl\/[Z has also a quadratic terminal cost function CT(m ) |z¢|2 i

where Q% = 0, when T € N (¢l = 0 when T = 00). The environment variables are generated
by the linear dynamics

xt—i—l _Atmt + Z B“ z 2Z 2)+w1(t)7 3)
1€[1,N]

yr =Dy} + Z (B} + EP'al) + &, (4)
i€[1,N]

where ¥ € R" is the state of the environment dynamics (xg is some possibly random initial

state), & € R, w) € R™> are random disturbances, for some n? , Mg nd €N, and AY Bt1 ’i, Bt2 ’i,

Dy, Etl Z,Ef " are appropriate dimensional matrices, for all i € [1, N], t € [0,T).
Each DM’ has access to the information (I7,Y;_1) at time t € [0,7), where

I o= (@} )kepor (Uikepon)s  Yie1 = Wk)kepon), t € 10,7). (5)
A pure strategy for DM’ is a collection s* = (St)te[o T) of measurable mappings s¢ : I} x YOt —
Ui, where I! := (R")0:4 x (R™)08) Y := R™, ¢ € [0,T). For both T € N and T =

(I5, Yr_1) € It x Y1) denotes DM?’s entire history of observations. We let S¢ denote the set
of pure strategies for each DM". If DM’ employs a pure strategy s* € S*, then

ué = Si(ff,Yt_ﬂ, te [O7T) (6)
For any joint pure strategy s = (s',...,sY) € S:=S! x --- x SV employed, each DM? incurs a
long-term cost
T(s'sT) = E| Y (8) ' ei(ahubye) + (B ep(ah) | (7)
tel0,T)

where s~ € S7 .= X#Z-Sj denotes the pure strategies of all DMs other than DM, 8¢ € [0,1] is
DM?’s discount factor (3¢ € [0,1) when T' = co). The expectation in (7) is taken with respect
to the probability distribution over the set ]IiT x Y0.T) of histories induced by s € S. Note that
each DM¥’s cost is influenced by the other DMs only through the environment variables Y7_;.
Suppose now that each DM views the sequence of environment variables as an independent
exogenous (that is, primitive, generated by nature independently of the all other primitive
random variables) random sequence Zr_1 := (zt):c|o,r) With a given probability distribution ¢ €
P(YT)) instead of the endogenous sequence Y7 _1 generated by (1)-(6). We note that Z7_; need
not be a collection of independent random variables. We define DM¥’s cost corresponding to a
pure strategy s' € S' and a deterministic sequence of environment variables Zp_; = (Zt)eejo,r) €

YO as:

T(s' Zroa) == E| Y (8w ui, z) + (8 () |, (8)

tel0,T)
where
i1 =Afzi + Biup + Ciz + w, te[0,7),
ub =si(I}, Z; 1), tel0,T),

with Z;_1 = (Zk)kefo,r), for t € [0,T). Note that the expectation in (8) is taken with re-
spect to the probability distribution over the set ]I?F of DM¥’s state-control histories induced by
(s, Zr_1) € S* x YI0T) . Accordingly, each DM’ who models the environment variables as an

independent exogenous random sequence with the probability distribution ¢ € P(Y[O’T)) aims
to minimize E¢[J(s?,-)] by choosing a pure strategy s’ € S'. Therefore, from DM’s viewpoint,
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no DM has any influence on the environment variables and the cost E¢[J%(s,-)] is independent
of the strategies of all DMs other than DM".

To ensure that the long-term cost (7) and (8) are well-defined for any joint strategy s € S
and independent exogenous distribution ¢ € P(Y[O’T)) for the environment variables, we make
the following assumption throughout this paper.

Assumption 1. Xo, Wo, Wi,..., 0,81, .., are mutually independent and have finite second-
order moments where X¢ := (xy)icjo,n), Wt = (wy)ig[o,n)-
Definition 1. A joint strategy s = (s',...,s") € S is called a subjective equilibrium under

beliefs of exogenous uncertainty (SEBEU) in pure strategies if there exists subjective beliefs
¢t N e PYDD), where ¢ is DMPs belief about the environment variables, such that the
following two conditions hold.

(i) Each DM"’s strategy s’ is optimal with respect to its subjective belief ¢’ i.e.,
ES[Ji(s, )] < EC[JU(&, ), Vie[l,N],&eS

ii) Eac s subjective belief ¢* is consistent wi e objective probability distribution
ii) Each DM"’s subjective belief (* tent with the object bability distribut
(s of the environment variables, i.e.,

Ci(B) = ((B), Viell,N],BeBYoD),
where (s € P(Y[OvT)) is generated by s endogenously through (1)-(6).

Note that, at an SEBEU, each DM’ ignores the influence of its own strategy s’ on the envi-
ronment variables in minimizing its long-term cost. In contrast, the well-known concept of Nash
equilibrium in pure strategies requires a joint pure strategy s = (51, o8N ) € S to satisfy

Ji(s', s < JY(5s7Y), Vie[l,N],§ €S, (9)

where each DM’ takes into account the entire influence of its own strategy s on its long-term
cost including through the environment variables.

3. LINEAR QUADRATIC SYSTEMS

In this section, we show how to construct an SEBEU in pure strategies under certain condi-
tions.

3.1. Finite-horizon case (T € N). Suppose that DM’ instead aims to minimize ES[J(s,-)]
over the set of pure strategies S* for an independent exogenous sequence (Zt)t€[07T) of environ-

ment variables with a given probability distribution ¢ € P(Y'[O’T')). If Assumption 1 holds and
maxeo,r) E[|2|?] < 0o, an optimal strategy minimizing EC[Ji(s%,-)] over s' € ' is obtained as:

si(I}, Zo 1) =Fiai+ > GiyElz|Za]+ Hi, te€[0,T),
kelt,T)
where (FZ)te[O’T), (Gi’k)0§t§k<T, (Hf)te[o,T) are matrices of appropriate dimensions, which are
pre-computable independently of the sequence (2¢).c[o,7) of environment variables; see Appen-

dix A.1. ‘
Therefore, a joint strategy s = (s*);cn1,n) € S is an SEBEU if

si(Ii,Yic1) = Flaj+ Y GiiElylYio) + Hi, i€[1,N], te[0,T) (10)
kelt,T)
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and
y=Di)+ > E < T+ ) GlLLEWlYia +H) Z EXzl+&, (11
J€[1,N] kelt,T) N]
o=+ 3 BY(Fal+ X GlBlulial+#)+ ¥ B ul, (12
j€E[L,N] ket T) jJ€[1,N]
:Azxz+Bz(ngz+ S Gl + B )+ Clutul jELN] (3)

kelt,T)

provided max,c(o. 1y E[|y ] < co. This reveals that an SEBEU of the form above can be obtained
if a random sequence of environment variables having finite second-order moments and satisfying
(11)-(13), called equilibrium environment variables, can be constructed. We next attempt to
construct equilibrium environment variables via the conditional expectations E[yi|Y;—1], 0 <
t<k<T.

We write (11)-(13) in the vector form as:

v =DiXi+ Y GN BV + MY + &, (14)
ket,T)

Xip1 =AXe+ Y GElyklYioa] + HY + Coye + W, (15)
ket,T)

where Dy, GV, HY, Ay, Qt)fk, H¥, Ci, 0 <t <k < T, are matrices of appropriate dimension. For

each k € [0,T) and arbitrary X klk—1, We introduce the following linear equations

k-1 = DX+ S Glplup—r +HY + &
ne(t,T)
. . . . - o, tekT), (16)
{ Xepippo1 = AXypo1+ 2 Ginbnpp—1 + HE + Celhypr + Wi }
nelt,T)
where & := E 118 Wy = E[Wy], and gy, are the unknowns representing the conditional expec-

tations Efy|Yi_1], t € [k, T). We will refer to (16) as Eq(k, Xkug,l). Evidently, the existence of
equilibrium environment variables (y)e[o,r) requires solutions gz to Eq(k, E[X|Yr—1]) for
all realizations of Yj_; that can be generated by (14)-(15).

Assumption 2. For each k € [0,T) and arbitrary Xk|k_1, the linear equations Eq(k,Xk|k_1)
in (16) has a unique solution. We note that such a solution is necessarily in the form

i1 = At -1 Xkp—1 + beg—1, telkT),

where (atk VDiefk,r) and (b kx—1)iefk,) depend only on the constants Dy, tn, HY, ét, Ay, ggfn,
Ht ,Ct, Wt,0§k§t§n<T.

Assumption 2 is satisfied, for example, when the matrices Eg J , Et2 J , Bt1 J , Bf J , for all j €
[1,N], t € [0,T), are sufficiently small in size, i.e., when the sensitivity of the environment

variables to the states and decisions of the DMs is sufficiently small. Note that the linear
equations Eq(k, Xj,—1), for any k € [0,T), can be written as:

Urlk—1 Uklk—1
: = Ay : + CuXnh_1404»
Ur—1|k—1 YT 1)k—1
where Ay, T e, are constants of appropriate dimension, which depend on Dy, gﬁ ny HY, &,
A, Q,i(n, HE, C, W, 0 <k <t <n < T. Furthermore, the matrices th, szk, Htj defining
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each DM7’s optimal controller are independent of Et1 " , Et2 " , Bt1 J , Bt2 J Accordingly, when the
matrices Etl’j, Ef’j, Btl’j, Bf’j, for all j € [1,N], t € [0,T), are sufficiently small in size, I — Ay
is invertible.

Under Assumption 1 and 2, it is natural to introduce the following candidate equilibrium
environment variables, which is an independent exogenous sequence (¥t ).c[o,7) generated by the
recursion, for ¢t € [0,T),

Jr =D Xy + Z Gl a1 E[Xe|Yi 1] + bpe1) +HY + &, (17)
nelt,T)

X1 =A Xy + Z g{i{;z(an,t—lE[X”Yt—l] +bni—1) + ”Hff + Ciyr + Wh, (18)
nelt,T)

Wherei (ant—1)nejt,r) and (bnt—1)nep,) are as in Assumption 2, Y, = (Uk)kefo,), for t € 0,7,
and Xo = Xo. It can be shown that the random sequence (¥t)¢c[o,1) generated by (17)-(18) is in-
deed a sequence of equilibrium environment variables. This leads to the existence of the SEBEU.

Theorem 1. Consider the finite-horizon linear quadratic problem of this subsection. If Assump-
tion 1 and 2 hold, there exists an SEBEU strateqy s € S defined by:

SHIL, Y1) = Fiai+ GiXy (Vi) + Hi, i€ [1,N), te[0,T), (19)
where G& = Y Gi’kam_l, H = G;kbk,t—l + H}, and )?t|t_1(-) denotes the state esti-

ket,T) B B _ke[t,T)
mator mapping from Yi_1 to E[X:|Y;—1] based on (17)-(18).

Proof. Consider any 0 < k < ¢ < T and arbitrary Xk‘k,l. The equations Eq(k,f(kw,l) for
t € [¢,T) coincide with the equations Eq(¢, Xﬂk_l), where Xﬂk_l is obtained by propagating
Xk|k—1 through (16). By Assumption 2, this implies that, for ¢t € [¢,T),

at,kz—le\k—l +bip—1 = atx—lXe\kq +bio—1. (20)

By Assumption 2 and substituting (20) into Fq(k, Xk\k—1)7 we obtain, for ¢t € [k, T),

Gih1 =DeXyp1 + Z GP (-1 X1 + bpg—1) + HE + &, (21)
neft,T)

Xt =A Xy + D G (ane 1 Xyppo1 + bog1) + HY + Ceffgpor + Wa, (22)
ne(t,T)

where 9 1 = at,k—leﬂk—l + by ;—1. Taking conditional expectations of both sides of (17)-(18)
given Y;_1 leads to, for t € [k, T),

E[|Ye—1] =D E[X4|Yi—1] + Z Gl n(an -1 B[ X¢| V1]

nelt,T)
+bngo1) +HY 4+ &, (23)
E[Xi1|Yio1] =AE[Xy| Y] + Z G (an—1 E[X¢| V1] + bpy—1)
nelt,T)
+ HE + CEG Y] + W (24)

The equations (21)-(22) hold, in particular, for Xk“g,l = E[Xy|Yk—1], in which case §; -1 =
at k-1 E[Xk|Yi—1] + bt g—1. Therefore, setting Xk|k—1 = E[X}|Yr_1] in (21)-(22) and comparing
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the right-hand-sides of (21)-(22) and (23)-(24) for t = k yields
EgiYi-1] = ap o1 B[ Xp|Veo1] + b1 and  E[Xppq[Vio1] = Xprajpi-

Using E[Xp41|Yio1] = Xk+1|k_1 and comparing the right-hand-sides of (21)-(22) and (23)-(24)
for t = k + 1 yields

Elgs1Ye-1] = @ps1 ho1 ELXk|Yie1] + bpsip—r and E[Xpyo|Yie1] = Xpyop1-
Using E[Xgi2|Yi 1] = Xk+2\k;—1 and continuing in a similar fashion yields
Ely|Yi-1] = ar g1 B[Xp|Yi—1] + brp—1, telkT).

Using this in (17)-(18) shows that the environment variables (¢).c(o,7) generated by (17)-(18)
satisfy (14)-(15). Furthermore, due to Assumption 2, (t).c[o,r) have finite second-order mo-
ments. This implies that (;).c0,) are equilibrium environment variables, and the strategy
defined by (19) is an SEBEU. O

We remark that Assumption 2 requires the existence of a unique solution to Eq(k, X klk—1) for
arbitrary X klk—1 which is in general not necessary for the existence of equilibrium environment
variables. Assumption 2 can be relaxed so that Eq(k,XMk,l) has a solution only for those
X’Mk,l = E[X}|Yi_1] generated by the dynamics (17)-(18). However, by also noting that an
SEBEU must have the form (10) except on a set of observation histories of probability zero, we
conclude that Assumption 2 cannot be relaxed in a significant way.

At an SEBEU, DMs model the environment variables as an independent exogenous stochastic
process as in (17)-(18) where X; is a replica of the system state X;. This model for the environ-
ment variables and the resulting distribution of the environment variables is consistent with the
actual environment variables generated endogenously by the equilibrium strategies. Therefore,
one can start with such a model for the environment variables (instead of an arbitrary distribu-
tion for the environment variables) and establish the existence of an SEBEU in an alternative
fashion.

In the next subsection, we extend this result to infinite-horizon linear quadratic problems.

3.2. Infinite-horizon case (7' = o0). In this subsection, we further assume that the system
is time-invariant. Hence, the matrices A%, Bi, Ci, AY, B}, B>, D;, B, EF', Qi, Ri, Ki, Li
are all assumed to be independent of the time variable ¢ (hence the subscript ¢ is dropped from
these matrices). Recall that 8° € [0, 1), for all i € [1, N], in the infinite-horizon case.

Assumption 3.

(i) A° is stable, (A', BY) is stabilizable, for all i € [1, N]
(i1) Xo, Wo, W1,..., &0,&1,-.. are mutually independent and have finite second-order mo-
ments
(iii) (Wi)teny, (&)ien, are each independent and identically distributed (iid).

Consider an independent exogenous sequence (2¢);e[0,00) Of environment variables with a given

probability distribution ¢ € P(Y%)) satisfying sup FE[|z]?] < co. An optimal strategy
t€[0,00)

minimizing E¢[Ji(s%,-)] over s' € S' is given by:
’U,z = Sé([g, Zt—l) = Fla:f‘/ + Z G;E[Zt+n|Zt_1] + Hi, te N(),
n€Np

where F*, (G%)neNo, H' are constants of appropriate dimensions, which are pre-computable
independently of the sequence (Zt)tE[Opo) of environment variables; see Appendix A.2.
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Consider now a joint strategy s = (s*);c;1,n] € S where the sequence (y;);e(0,00) Of environment

variables generated under s has the probability distribution (s, and sup FE[|y|?] < co. The
te[0,00)

joint strategy s is an SEBEU if, for each i € [1, N], s minimizes ES[Ji(s,-)], e.g.,

S}, Yier) = F'ai + ) GhElyeeanl Y] + H', £ € No, (25)
n€Ng
where
y=Daf + > EY <FJ953 + ) GIE[yenlYia +H]> > Bl 4, (26)
J€[1,N] n€No J€[1,N]

20y =A%)+ > BY (fo{ + Y GLEyin|Yi1] +Hj> + Y Bz 4w, (27)
J€[1,N] neNp J€[1,N]

al . =Ala] + B (Fﬂ‘x{ + Y GLE[yin|Yi1] +Hj> +Cly +w!, je1,N]. (28)
n€Ng

Therefore, an SEBEU can be obtained via (25) provided a sequence (yt);e[0,00) of environment

variables satisfying (26)-(28) and sup E[|y:|?] < oo, called equilibrium environment variables,
te[0,00)

exists. Next, we introduce a set of assumptions to ensure the existence of equilibrium environ-

ment variables.

We rewrite (26)-(28) in the vector form as:

v =DXy+ > GhE[yinlYia] + HP + &, (29)
n€Ng

X1 =AX + Z GX Elypsn|Yioa] + HX + Cyp + W, (30)
n€Ng

where D, (Gh)neng, HP, A, (GX)neny, HY, C are some constants of appropriate dimensions.
Taking the expectation of both sides of (29)-(30) shows that the existence of equilibrium en-
vironment variables requires a solution (g¢):cn, to the infinite system of linear equations, for
t € Ng,

9 =DX; + Z GPGt1n + HP + &, (31)
neNp

Xip1 =AXi+ Y G G+ H + Chi + W, (32)
neNp

where Xy = F [Xo]. Accordingly, we make the following assumption.

Assumption 4. The infinite system of linear equations (31)-(32) has a unique solution (Ut)ien,
for any Xo, which will necessarily be in the form

9 = a; Xo + by, t € Ny, (33)

where (at)ien,, (bt)ien, are assumed to be uniformly bounded and depend only on the constants

D; (g'g)nENo; Hp’ 507 -’47 (gg)neNo: HX; C; WO'

For any k € Ny, taking the conditional expectation of both sides of (29)-(30) given Yj_1,
where ¢ € [k, 00), also leads to (31)-(32) with Xy replaced with E[X}|Yy_1]. Therefore, under
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Assumption 4, the conditional expectations of equilibrium environment variables satisfying (29)-
(30), if exist, are given by:

E[yn+k|yk—1} = anE[Xk|Yk_1} + by, n € Ny, k € Ng. (34)
This prompts us to introduce the independent exogenous environment variables (¥t)¢c[0,00) gen-
erated by the recursion, for ¢ € Ny,

Ui =DX; + GPE[X4|Yi_1] + HP + &, (35)

X1 =AX, + GXE[X Vi) + HX + Cr + W, (36)

where GP := Y Ghan, HP == 3. Ghb, + HP, GX = 3 GXa,, HX = 3 GXb, + HX,
n€Np n€ENg n€eNg n€eNg

the distribution of (Xo, (&)tengs (Wi)ten,) is identical to that of (Xo, (&)ieng, (Wi)ien, ), and
Yi-1 = (Yk)refo,r)- By construction, the environment variables (7t)¢c0,0c) generated by (35)-(36)
satisfy (29)-(30); hence the environment variables (t);c(0,00) are equilibrium environment vari-

ables, provided sup E[|5:|*] < oo.
te[0,00)

Theorem 2. Consider the infinite-horizon linear quadratic problem of this subsection under

Assumption 3-4. If (Jt)ie(o,00) generated by (35)-(36) satisfies sup E[|5:|] < oo, there emists
te[0,00)
an SEBEU strategy s € S defined by

SUIL Y1) = Flal + Gif(ﬂt_l(y;_l) + H, i €[1,N], t €Ny, (37)

where G*:= Y. Glan, H := Y Gib, + H', and )zfﬂt_l(-) denotes the state estimator map-
_ nENQ B n&€Np
ping Yi—1 — E[X{|Y;—1] based on (35)-(36).

Proof. The assumptions and the discussion preceding the theorem ensures that the environment
variables generated by the joint strategy s defined by (37) are equilibrium environment variables
(which are distributed identically to the independent exogenous environment variables generated
by (35)-(36)). O

Theorem 2 constructs an SEBEU under the unique solvability of (31)-(32) for any X, and
the uniform boundedness of the second moments of the environment variables. These conditions
cannot be relaxed as long as we insist on the existence of an equilibrium (with environment vari-
ables having uniformly bounded second-order moments) for every initial state distribution. The
uniform boundedness of the second moments of the environment variables generated under (37)
can be ensured if the closed-loop dynamics (identical to (35)-(36)) are stable. The closed-loop
stability will be discussed in more detail in the Gaussian case shortly.

3.3. Gaussian case. We now turn our attention to the Gaussian case where all primitive ran-
dom variables are jointly Gaussian. With this Gaussian assumption, in both finite-horizon and

infinite-horizon cases, the state estimator )ifﬂt_l(') mapping Y; 1 — E[X;|Y;_1] can be imple-
mented as the following Kalman filter, for t € [0, 7)),

Xppap =Ai Xy + giXXﬂt—l +HE + G+ W
+ A4y 1 D) (DS -1 Df + cov[&]) T (5 — (D + G7) Xypp1 — HY — &), (38)
S =A(See—1 — Seye—1 DDy Xyp—1 D + COV[&])letzﬂtq)Ag + cov[Wi], (39)

where Xo_1 = E[Xo], Eo|_1 := cov[Xo] (assuming D;%y;_1 Dj+cov|&] is invertible for ¢ € [0,T)).
Therefore, under the Gaussian assumption, the players’ decisions at an SEBEU can be generated
by a linear time-varying system in both finite-horizon and infinite-horizon cases.
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In the case of infinite-horizon, it is possible to obtain an SEBEU at which players’ decisions
can be generated by a linear time-invariant system. We recall that, in this case, Ay, Cy, Dy, Gi¥,
HY, GP, HY, Wi, cov[Wy], &, cov[§] are independent of t. Hence, a time-invariant SEBEU can
obtained if cov[Xo] = ¥p_; = X where ¥ satisfies

Y =A(S — ED'(DED’ + covléy)) D) A’ + cov[Wy). (40)
This ensures 3;;_; = X, for all ¢ € Ny and leads to the following corollary to Theorem 2.

Corollary 1. Consider the infinite-horizon linear quadratic problem of subsection 3.2 under the
assumptions of Theorem 2. Assume further that (i) (Xo, (&)ieny, (Wi)ten,) s Gaussian, (ii)
DD + covléo| is invertible, and (iii) cov[Xo] = ¥ where ¥ solves (40). The SEBEU strategy s
in Theorem 2 can be implemented by the linear-time invariant system: i € [1, N], t € Np,

si(If, Yim1) =F'af + Gi)%tlt—l +H,
Xpsip =AXy1 + G Xy + HY +Cye + Wo,
+ ASD/ (DD’ + covléo)) " (e — (D + G) X1 — A — &)

(provided (y;)ieo,00) generated under s satisfies sup E[y]?] < 00).
te[0,00)

Implicit in the steady-state initialization condition cov[Xy] = ¥ is that there exist ¥ >
0 solving (40), which can be established under reasonable assumptions ensuring closed-loop
stability. Note that, since A° is stable, A would be stable if A+ B'F? i € [1,N] are stable,
for all ¢ € [1, N]. In other words, A would be stable if each DM’s own state dynamics (as
the environment variables are seen as external inputs) is stabilized by its own control strategy.
However, the internal dynamics of the environment variables and each DM’s own state dynamics
are coupled in a feedback loop. The strategies of DMs designed to optimize their individual
objectives by viewing the process of environment variables as independent and exogenous cannot
be expected to stabilize this interconnected feedback system. The overall stability of such an
interconnected system (of stable subsystems) can be guaranteed under a condition of weak
coupling, i.e., the coefficients C',...,CN, K, ..., KN L', ... LN are sufficiently small, which
makes C, GX sufficiently small. The smallness of these coefficients de-emphasizes the role of the
environment variables on the state dynamics as well as the cost functions of all DMs. This weak
coupling condition along with the conditions for the stability of A guarantees the existence of
¥ > 0 solving (40).

The condition cov[Xy] = ¥ is clearly a strong one. A possible alternative setting where
steady-state initialization is not required would be the average cost setting.

3.4. Case of identical DMs. We formally introduce the notion of identical DMs as follows.

Definition 2. DM’ and DM/ are said to be identical if the following two conditions hold.
(i) (Aév B;, Cga s, wa Riv KZ’, L%) = (A{7 Bgv Ogv A, Q%? Rg’ Kg7 Lg)7 for all t € [0,7)
(it) (af, (w})sepo,r)) and (zf, (w])icjo,r)) have identical distributions.

When DM? and DM/ are identical, E¢'[Ji(s', )] = ES[JI(s7,-)] for any (s%,¢") = (s, (7).
We note that, due to the assumption R = 0 for all ¢+ € [0,T), a DM’s optimal strategy with
respect to any belief ¢ € P(Y®7)) is essentially unique, i.e., it can differ from that derived
in Appendix only on a set of observation histories of probability zero. Therefore, the optimal
strategies of identical DMs with respect to any common belief ¢ € P(Y[%T)) can differ only on
a set of observation histories of probability zero. As a result, the strategies of identical DMs at
an SEBEU (if exists) can be taken as identical.
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We should also point out that, when DM’ and DM/ are identical, the estimates E[z}|Y;_1]
and E[xi|Yk_1] generated by an SEBEU would be identical as well. Therefore, when DM°
and DM/ are identical, DMs can implement their SEBEU strategies by generating only one of
E[x%|Yy_1] or E[27|Y}_1]. For example, when all DMs are identical, the SEBEU strategies can
be implemented by generating only E[azﬂYk_l], for a generic DM?, instead of generating the
estimates E[Xy|Y;_1] of the entire system state.

3.5. Case of countably infinite set of identical DMs. We adopt the infinite-horizon setup
of subsection 3.2 with a countable set (DMi)ieN of identical DMs. The matrices A*, B?, Q°,
R', K’ L' are all assumed to be independent of the index i (hence the superscript i is dropped
from these matrices), and the matrices C* are assumed to satisfy C* = 0, for all i € N, i.e.,
the individual state dynamics are not directly controlled through the environment variables.
Furthermore, the environment variable at each time ¢ € Ny is determined by the empirical
average of the decisions as well as the states:

1 . .

y¢ = limsup = Z (E'] + E%z]) + &,
N—oo . o
JE[L,N]

where E', E? are constants of appropriate dimension. In addition, we strengthen Assumption 3
as follows.

Assumption 5.
(i) (A, B) is stabilizable
(i) zd, 23, ..., wg,wd, ..., whwi, ..., &,&,... are mutually independent and have finite
second-order moments
(iil) (z8)ien, (Wi)ienteng, (&)ten, each is iid.

Consider an independent exogenous sequence (Zt)te[gpo) of environment variables which is iid
with ﬁnipe second-order moments and distribution ¢. As in the previous cases, suppose that
each DM’ instead aims to minimize ES[J(s’,-)] over s' € S’. An optimal strategy for each DM’
is obtained as: ‘ o ‘

up = sy(ly, Zi—1) = Fxi + GE|[z0] + H, (41)

where F, G := > G, H are constants of appropriate dimensions, which are pre-computable
neNg
independently of the sequence (2¢)¢c[,00) Of environment variables; see Appendix A.2.

Consider now a joint strategy s = (s%);en € S such that the sequence (yt)te[o,oo) of environment
variables generated under s is iid with distribution (s (E[|yt]2] = E[|yo|?] < oo, for all t € Np).
The joint strategy s is an SEBEU if each s’ minimizes E%[Ji(s,-)], e.g.,

si(I},Yi—1) = Fxj + GE[y] + H, (42)
where
1 .
ye =(E'F + E*)limsup — > x] + E'GE[yo] + E'H + & (43)
N=oe 70 e, N
] =Ax] + B(Fz] + GE[yo] + H) +w], j € N. (44)

Therefore, an SEBEU can be constructed via (42) provided an iid sequence
(Yt)te[0,00) Of environment variables satisfying (43)-(44) (as a random sequence) can be obtained.

Due to Assumption 5, (z%);en generated by (44) would be iid with finite second-order moments,
for any ¢t € Ny. As a result, we would have lim supy_, % > ] = E[x}], for any t € Ny, and
jEL,N]
y =(E'F + E*)E[z{] + E'GE[yo] + E'H + &,
Blzy ;] =AE[x;] + B(FE[z;] + GE[yo] + H) + E[wy].
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Thus, if the linear equations
Jo =(E'F + E*)io + E'Gijo + E'H + &, (45)
io =Aio + B(Fio+ Gijo + H) + 0. (46)
have a solution (§o, Z0) and (E[yo], E[x}]) = (4o, 20), then the environment variables generated
by the strategies
up = si(I},Y,—1) = Foi + Gjo+ H, ieN (47)
would be iid with finite second-order moments and satisfy (43)-(44). This leads to the following

result whose proof follows from the preceding discussion.

Theorem 3. Consider the infinite-horizon linear quadratic problem of subsection 3.2 with a
countably infinite set of identical DMs under Assumption 5. If (Elyol, E[z]) = (f0,%0) where
(90, To) solves (45)-(46), there exists an SEBEU strategy s € S defined by (47).

In the case where the environment variables are determined by the average decisions of a
countable set of identical DMs, no individual DM can change the sequence of environment
variables by unilaterally deviating to an alternative strategy; therefore, an SEBEU is also a
Nash equilibrium, which is in fact a mean-field equilibrium [15,17,19].

4. AN EXAMPLE

We present an example where T = 2, all DMs are identical, and the environment variables
are generated by:

1 7
Yt :N Z Ty —f-ft, te [0,2)

1€[1,N]
—_——
=Tt
We also assume, in addition to Assumption 1, that all primitive random variables
1 N 1 _ N 1 N
:Co,...,xo 7’LU(],'[UO 5 . ..,wl,.. . ,wl ,60751

are mutually independent Gaussian random variables with zero-mean and cov[{p] > 0.
In this case, the SEBEU established by Theorem 1 takes the form, for each i € [1, N],

sb(x5) =Foxh + GooZo + GoZ1,
Szi (:L‘Zi,yo) :leﬁ + Gl,lﬂf“uo(yo)a
where Fy, F1,Goo,Go,1,G1,1, are given in Appendix A.1 and

To = E[z0),

I1 = (Ao + BoFy)To + Bo(Go0To + Go,111) + Colo,
Z110(y0) = (Ao + BoFo)Zop(yo) + Bo(Go0o + Go11) + Coyo,
Zojo(y0) = E[Zolyo] = cov[Zo](cov[zo] + cov[&]) ™ yo.

Since E[Zo] = 0 (by assumption) and
(I — BoG071)f1 = (AQ + BoFy + B()Gop + C())E[fo] (48)

an SEBEU exists corresponding to any Z; in the null space of I — ByGp 1. On the other hand, if
Ty was not assumed to be zero-mean and (48) does not have a solution for #;, an SEBEU does
not exist.



G. ARSLAN, S. YUKSEL: SUBJECTIVE EQUILIBRIA UNDER BELIEFS ... 359
Let us now consider the case where I — ByG is non-singular (and E[Zg] = 0 as assumed).
The SEBEU, which is essentially unique, is
s0(w0) =Fo, (49)
si(e,90) =Fiai + G1'yo, (50)
where

G{V =G171((A0 + B()F())COV[.@'()} (COV[i’o] -+ COV[E()D_l + C())

Due to cov[Zo] = cov(z], we have limy_,o G = G1,1Cp; the state feedback gains Fp, Iy are
independent of the number of DMs. Obtaining the set of Nash equilibria is not as straightfor-
ward; however, it is possible to show that, for any ¢ > 0, the SEBEU (49)-(50) constitutes an
e—Nash equilibrium if the number of DMs is sufficiently large. To show this, we obtain DM?’s
optimal response 59V € S’ to the strategies (49)-(50) as follows.

Vi1, yo) == min {[a1[3, + [ui[R, + 2B |11, yo (K1uj + Laat)
Uy
+ BE[| A1} + Biuj + Cuyr + wild, 17, vo] }-
DM?*’s optimal response at stage t = 1 is

§N(IE,y0) = —(R1 + BB1Q2B1) N8B Qo Avat + (K + BBQoC1)Elyn| 13, yo)).-

We write

A 1 . L N -1
Elyi|11, yol = w21 + (Ao + BoFo) Efzq " |11, yo] + ——Coo,
where jai = % > wé. From yg = %xé + :EO_i + &o, we have
J#i
——i|7i ——i ——i -1 L
Blay |11, ] = covley covley | + covlea) (i )
Therefore,
Ei’N(I{', yo) = Nzt + GV yo + Fl%xf),
where
FN :=F, + O(1/N),
G]l\/ ::GMCO + O(l/N),
Yy :==0(1/N).
Let

Vg (xp) :=min {|z§]3, + [ug|k, + 2Eyo|z0] (Koug + Loxp) + BE[VL (11, o) )] }-
Uo

DM’s optimal response at stage t = 0 can be derived as:
~i,N/ i N i
5o () = Fo'a
where
FY =~ (Ro + BBYM1 By + O(1/N)) ™ BBy My Ag + O(1/N)),
My =Q1 + BA} (Q2 — BQaB1 (R + BB{Q2B1) ' BiQ2) As.

It is straightforward to see that limN_,oo(FéV,FfV,G{V,F%) = (Fy, F1,G1,1Cp,0). This im-
plies that, for any € > 0, the SEBEU (49)-(50) is an e—Nash equilibrium if the number of DMs
is sufficiently large.
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We should also remark that the SEBEU strategies (49)-(50) are always linear mappings of
each DM"’s information variables whereas the same does not always hold for Nash equilibria for
such linear quadratic Gaussian models [7, Chapter 7].

5. CONCLUSION

We extended some of the results in our earlier work on the notion of subjective equilibrium
under beliefs of exogenous uncertainty (SEBEU) to the linear-quadratic case where the players
interact through some environment variables. We established the existence of an SEBEU in
pure strategies under the condition that a linear system of algebraic equations are solvable. Our
results are constructive and the players strategies at an SEBEU are affine functions of their local
state observations and their estimates of the system state. In the Gaussian case, the estimates
of the system state can be generated by a Kalman filter. We pointed out that an SEBEU is
also a Nash equilibrium in the case of countable number of identical players. Showing that an
SEBEU is an approximate Nash equilibrium when there is a large but finite number of players
remains as a future research topic.
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APPENDIX A

We drop the superscript ¢ and derive an optimal response for a generic DM with respect to
independent, exogenous environment variables (z;);eo,r) satisfying sup E[z[?*] < co. DM has
t€[0,T)
the knowledge of the distribution of (z;);c(o,r) and has access to the realizations Z; 1 = (2k)ke(o,0)
at time ¢ € [0,T") prior to choosing u;. For any random vector (;, we use the notation G=F [Ct]
and (y, = E[Gt|Zx]. Assumption 1 holds in the finite-horizon case, whereas Assumption 3 holds
in the infinite-horizon case. By completing the squares, we write DM’s undiscounted cost at
time ¢t € [0,T) as
2
(e, ue, z) = @y, ue, z1) — ’Zt‘LthlLHKtR;lKZ’
where
Ce(wy, ug, 2¢) o= |y + Qt_lLf:Zt%t + |ug + Rt_lKézt‘%t-
Since E[ Y B3
t€[0,T)
that DM’s undiscounted cost function at time ¢ € [0,7") is ¢ without loss of generality.
DM’s optimal response in the finite-horizon case can be obtained using the main result in [12]
which studies the finite-horizon linear quadratic control problem with arbitrary correlated noise;
however, for completeness, we provide a brief derivation of DM’s optimal response below.

. . . ,
KeQr KA LR L;} is finite and independent of the DM’s strategy, we assume

A.1l. Finite-horizon case. We define DM’s cost-to-go functions as, for all £ € [0,7] and
(Ik,Zk—l) el x Y[O’k),

Vile, Zg—1) = _min E| Y B e (w,u, 2) + BT e (OCT)‘Ik,qu , kel0,T)

SkyeesST—1
te(k,T)

with Vp(Ip, Zp—1) := ep(zr), where uy, = sp(In, Zn—1), Sp : (]In,Y[O’”)) — U, forn € [k, T).
These cost-to-go functions satisfy, for k& € [0,7),

Vie(Ik, Zr—1) ZH;iHE[Ek(xk, wp, 2i) + BVier1Le+1, Zie) I, Zio—1].- (51)
As an induction hypothesis, assume that V11 has the following form, for k£ € [0,7),
Vir1(Ieg1, Zi) = okl + 2251 Niy1 (Zi) + O (Z), (52)

where M1 = 0 is an appropriate dimensional matrix, Ngy1, Og+1 are appropriate dimensional
functions of Z;. Vp satisfies this hypothesis with My = Q7, Ny = 0, Op = 0. The minimizing
control in (51) is obtained as:

wp = si(Iny Zi—1) = Fyan + Grpdip— + He(Z—1), (53)
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where

Fy = — BS; ' B M1 Ay, (54)

Grp = — S (K} + BB My 41 Cy), (55)
Hi(Zk-1) = — BS;, ' Bp(Nypjs—1 + M), (56)
S, =Ry, + BB]/ng:-&-lBk:- (57)

Substituting the minimizing control (53)-(57) in (51)-(52) results as the following:

VeI, Zi—1) =lanls, + 1 Fexr + Gropdrp—1 + Hi(Zi1)|%,
+ 22y (K (Frag + GropZir- + Hi(Zy-1)) + Liwy)
+ 2EHZ’€@Q€Q;1K;€+L;€R;1L;€ | Zk—1]
+ BE[|(Ag + BpFi)xk + Br(Grk Zpjr—1
+ Hi(Z-1)) + Crzi + welis, | Zk-1]
+ BE2((Ax, + BrFy)zk + Be(GrkZrjp—1
+ Hi(Zy—1)) + Crzi, + wi) N1 (Z1)| Zi—1]
+ BE[Ok+1(Zk)| Zg—1]- (58)

Grouping the constant, linear, and quadratic terms in xj, for fixed Z_1, we rewrite Vi (Ix, Zx_1)
as:

VT, Zo—1) =lzklas, + 20 Ne(Zi—1) + Or(Zi—1),
where

My =Qp + BA}(Myi1 — BMyi1 Br Sy ' Bl My 1) Ay, (59)
Ni(Zi-1) =B(Ay + BrFi) Ny 1jp—1 + Oxj—1, (60)
v =(FLK}, + L) zk + B(Ag + BrFr) Myy1(Crzp + wy), (61)
On(Zj—1) =BOps1jk-1 + A1 (62)
Me =[G p2iji—1 + Hr(Zr-1)| Ry, + 221 Kk (Gronri-1 + He(Ze-1))
+ |zk|§(kQ;;1K;’€+LkR;;1L;C + B|Bi(Grp2upe—1 + Hr(Zr-1)) + Crzi + wiliy,

+ 28(Br(Graui—1 + He(Ze-1)) + Crzk + wi) Niy1 (Zk).- (63)

The recursion (59) is the well-known Riccati difference equation for discrete time linear quadratic
problems (without the environment variables), Ni(Z;—1) is obtained from the right hand side of
(58) by collecting the linear terms in zy, for fixed Z;_1 and using Ry Fj,+ B} My+1(Ak+ By Fy) =
0, and Og(Zk_1) equals the right hand side of (58) for zx = 0. Since Vj ([, Zx_1) satisfies the
induction hypothesis, an optimal strategy for the DM is given by (53). This optimal strategy is
rewritten as, for k € [0,7),

sk(Is Ze—1) =Frar + Y G Zyp—1 + Hi,
telk,T)
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where
Grx = — S; 'K}, + BB, My11Cy),
Gry = — BSy ' Bi(®p M1 Cy + Oy (FIK + L)), te€k+1,T),
Hy, = — BS,;IB;C Z Dy, ¢ My 100y,
telk,T)

Opp =1, &= H B(An + B, F,), te[k+1,T).
nelk+1,t]

A.2. Infinite-horizon case. Recall that Ay, By, Cy, K, Ly, Q, Ry are independent of ¢ (hence
the subscript ¢ is dropped) and 3 € (0,1).

Let J}(xk, Zx—1) denote DM’s optimal cost for the infinite-horizon problem starting from
(xk, Zr—1) at time k € Ny. For any T €N, let J;T(xk, Zy—1) denote DM’s optimal cost for the
finite-horizon version of the problem starting from (xg, Z—1) at time k € Ny and running over
the horizon [k, T) (with no terminal cost). We have, for k € Ny,

g1 (@ks Zk-1) < Jp gogo(Thy Zi—1) < -0 < T, Zg—1) < 00,

where J} (2, Zk—1) < oo is due to the stabilizability of (4, B) and sup E[|z|?] < co. Hence, for
teNp

any k € No and (2, Z—1), limz_,  J} 2 (k, Zi-1) = Jf oo (Th; Zp—1) for some Ji; (xy, Zp-1) <
Ji(xk, Zi—1). Note that

J;T(a:k, Zkfl) = ]a:k\?wk + 2$2Nk(Zk—1) + Ok(Zkfl),

where My, Ni(Zk_1),0k(Zr—1), k € Ny, are generated by the backward recursions (59)-(63)
with the boundary conditions M7 = Ny = O = 0. This implies that, for any fixed k € Ny and
Zy—1, My, Nip(Zk—1), Or(Zk—1) converge to some finite values as T — co.

It is well known that, as T — oo, Mj, for any fixed k € Ny tends to the unique solution M > 0
of the algebraic Riccati equation

M =Q + BA'(M — BMBS™'B'M)A (64)

within the set of positive semi-definite matrices since (A, B) is stabilizable and (A, Q'?) is
detectable. Therefore, as T" — oo, F, Gk, S for any fixed k& € Ny introduced in (54)-(57)
converge to

F:=—BS"'B'MA,

G:=—-S YK+ BB'MC),

S: =R+ 3B'MB,
respectively, where F renders the matrix v/3(A + BF') asymptotically stable. It follows from

(59)-(63) that, as T — 00, Ni(Zx_1), Hi(Zk_1), Or(Zk_1) for any fixed k € Ny and Z;_; tend
to

Nioo(Zg-1) = Z (B(A+ BE))" Uk njp—15
n€Ng

Hy, o0 (Zk—1) = — ﬁSlB/< > (B(A+ BF)) i nije + M%),
n€Ng

Okoo(Zk-1) = > B Nesnfi—1,

n€eNg
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respectively, where
O =(F'K'+ L)z + B(A+ BF) M (Cz, + wy,),
Mo =|G 21 + Hioo(Ze-1)|h + 22, K (G2t + Hioo(Z-1))
+ ’Zk’%(QflKurLRflL' + B‘B(Géklkfl + ﬁk,oo(ZkA)) + Cz + wkﬁ\/l
+28(B(Gyp—1 + Hioo(Zr—1)) + Cz + wi) Ni1,00(Zi)-
Straightforward computation shows that (Ji o )ren, satisfy the Bellman equations, i.e.,
T oo (@hy Zi—1) = |2k lar + 223 Nioo(Zb-1) + O ,o0(Z-1)
= f,ffé% El|zi + Q_IL’zk% + Jup + RUK 2%
+ B 41,00 Tkt 15 Zk) | Ths Zp—1] (65)
with the minimizing control
up = sp(Tk, Zp—1) = Fap + G + H(Zi_1). (66)

Now, let Ji ¢« (2k, Zp—1) denote the cost achieved by the strategy s* = (s§,s],...) starting
from (xg,Zx—1) at time k € Np. Let (x;;H,u;“L)nE[k 7) be generated by (s;’;,zn)ne[k ) from
(x} = x, Zk—1). Since (Jl;k,oo)keNo is non-negative valued, we write

Ik (Ty Zk-1) STIEI;OE Z 5n_k5n(37;27 Ups 2n) + /BT_kJ%OO(ai}a ZT_1) Ty Zk—1
L nelk,T)
— T]im E| Y B Fen(ah,uh, 2n) +5T-’€—1J;_Loo(x;_l,zf,_2) Ty Zi—1
e L nelk,T—1)

:Jlj,m(xkv Zk-1),
where the equalities are obtained by repeated application of (65)-(66). Therefore, the strategy
s* is optimal.
Finally, consider any optimal strategy § = (30, 51,...). We must have, for k € Ny,
Ji vk, Zi—1) = Eleg(zk, Uk, 2) + BJ;+1(A$]€ + By, + Czy + wi, Zy) |2k, Zk—1]
= min Bk (xr, ur, 21) + g1 (Azg + Buy + Czp + wi, Zi) |2k, Zi—1],
k

where @y, = 3(xy, Zy—1). Since the minimum above is uniquely achieved by sj(xg, Zy—1), we
have § = s*. The optimal strategy is rewritten as:

uy, = sp(2p, Zp—1) = Fay, + Z Gnipynjp—1 + H,
neNg
where

Go=—-S"YK'+BB'MC),
Gn=—BS"'B(B(A+BF)"(F'K' + L') + B(A+ BF)MC), n €N,
H =— 3S™'B'(I — B(A + BF)")™* M.
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