AN IMPROVEMENT OF ARTIN’S CONJECTURE ON AVERAGE
FOR COMPOSITE MODULI
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1. Introduction

Let ¢ be a natural number. When the multiplicative group (Z/qZ)* is a cyclic group,
its generators are called primitive roots. Note that the generators are also elements with
the maximum order if (Z/qZ)* is cyclic. Thus, when (Z/qZ)* is not a cyclic group,
we then call its element with the maximal possible order a primitive root, which was
initially introduced by R. Carmichael [1].

Let a be an integer and = be any positive real number. In 1927, Artin conjectured that
the number P,(x) of the primes up to z, for which a is a primitive root, is proportion
to the number of primes up to x, namely 7(z). Although this conjecture has not been
proved unconditionally, many results [3, 4, 6] have been achieved, favoring the conjecture
from various perspectives. For a survey of Artin’s conjecture, the reader may refer to
Murty [12].

Among the unconditional results of Artin’s conjecture is Stephens’ theorem [14] on the
average of P,(z) that is relevant to the work of this paper: if y > exp(4(Inz InInxz)'/?)
then

(1) iZPa(x):A-lierO(lﬁ )

a<ly no

o 1
where A = Hprime p(l B p(p—1)

this estimate, Stephens introduced a character sum to P,(z). Note that all moduli

) and D is an arbitrary constant larger than 1. In obtaining

in P,(z) are primes and every non-principal character modulo a prime is a primitive
character. It does not take too much effort for Stephens to apply results from large sieve
to the character sum to achieve the above theorem. In the same paper, he also obtained

an estimate of %/Z (P,(x) — A-liz)?, which allows him to find an upper bound for

aly
the number of exceptions to the result in (1).

What would happen if the moduli are not restricted to primes? Let N,(x) be the
number of moduli up to x for which a is a primitive root. In view of Artin’s conjecture,

one might conjecture that N,(z) is proportion to [z], the number of natural numbers up
1
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to x. On the contrary, this conjecture was proved wrong. In [8] the author proved that,

for any y > =,
(2) lim SUDy> — Z N,(z) =0and lim infy>x Z Na(
ree a<y e a<y

Based on the results in (2), one may naturally guess that, for most integers a, the
individual N,(z)/z should behave the same way as the average in (2). Namely,
lim N,(z)/z =0, and lim Ny(z)/z >0

for most of integers a. The first conjecture is proved in [9], free of any hypothesis for all
integers a. The second conjecture is proved in [10] on assumption of GRH. The set of
exceptional integers a to the second conjecture can also be found in [10].

In comparison with (1), the interval of a for averaging N,(z) in (2) is too large. The
purpose of the paper is to show that (2) still holds for smaller values of y. Indeed, by

introducing Dirichlet characters to > _ N,(x) and using the well-known inequality of

a<ly
Pélya-Vinogradov (see [13] and [16]), we can prove

THEOREM 1. For any positive real numbers x,y > 3, we have

n 7/ nz \?
(3) _ZN ZR2>+O<7'6XP<(11;1HJC) ))’

a<y n<x

where R(n) is the number of primitive roots modulo n within interval [1,n].

Since the upper bound for the character sums in Pélya-Vinogradov inequality is at-
tained very rarely [5], its application in Theorem 1 leaves a lot of room for more accurate
estimation. With work in this direction, we are able to prove

THEOREM 2. Ifz > €3 and y > exp((Inz)1), then

(4) —ZN Z@JrO(m-exp (—%(lnx)

a<y n<x

VI

)

Y2 yn the error term can be

where R(n) is the same as in Theorem 1. Moreover, (Inx)
1.01

replaced by (Iny)%/Inz if y is in the interval [exp((Inz)1), z°2 .
E(n)

It has been proved ([8]) that on an unbounded set of x we have ) _ = > c-x for
some positive constant ¢, and on another unbounded set of « we have ) <z iL") < o(x).

Combining these results with Theorem 2, we can deduce

NS

COROLLARY 3. The statement in (2) holds for y > exp((lnx)1).
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The main idea that leads to the proof of the two theorems is inspired from Stephens’
method in proving (1). The author believes that the best lower bound for y, for which
similar statement as in Theorem 2 holds, would be something like the one in Stephens’
theorem in (1).

The author is grateful to Carl Pomerance for encouraging him to work on the problem

and making valuable suggestions.

2. Involvement of Characters in Estimation of N,(z)

In the following, let C be the set of complex numbers and C* be the set of nonzero
complex numbers. A homomorphism from Abelian group G to C* is called a character
of G. Let ¢ be any positive integer and x be a Dirichlet character, which is a function y
from Z to C such that (i) x(n+q) = x(n) for any integer n; (ii) x(n) # 0 if ged(n,q) = 1
and y(n) = 0 if otherwise; (iii) x(n-m) = x(n) - x(m) for any integers n and m. Due to
its periodicity, y induces a function X from Z/qZ to C such that

(5) Xov=x
where 1) is the natural homomorphism from ring Z to Z/qZ. X is also a group character
of (Z/qZ)*. Conversely each such group character X can be extended over Z/qZ by
defining Y(@) = 0 for those residue classes @ where ged(a, ¢) # 1. Then, by equation (5),
we obtain a Dirichlet character y modulo gq.

In this sense we will use the same notation for a Dirichlet character and its corre-
sponding group character of (Z/qZ)* although they are actually related by equation

(5).
LEMMA 4. Let x be a character modulo q, and c(x) = % >, x(b) where the prime

means that the sum is taken over all primitive roots between 1 and g modulo q. Then we

have

| 1, ifa is a primitive root mod ¢
Z c(x) - x(a) = { 0, otherwise.

x mod g

Proof: By the definition of ¢(y) we have

© X o= X Zx Z%Z (ab).

x mod g Xmodq x mod ¢
If a is not a primitive root then ab 7‘é 1 mod ¢ for any primitive root b. If a is a

primitive root then so is a™'. Since > x(c) = 0 if ¢ Z 1 mod ¢ (see p.30 of [2]),

Xmodq
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the only nontrivial contribution to the sum on the right side of (6) comes from the terms
with b = a~!, which is

1 1
) Z x(a-a™)=1.

x mod g
We have then proved the lemma.

LEMMA 5. Let N,(z) be the number of moduli up to x for which a is a primitive root.

Then, for any real numbers x,y > 1, we have

(7) ZNa(x):y~Z—+ZZ > cx(a) +O(xlnz),

aly n<x n<z a<y x mod n
XFX0

where R(n) is the number of primitive roots modulo n within the interval [1,n], and xo

18 the principal character modulo n.

Proof: Let t,(n) be a counting function of primitive roots which takes value 1 if a
is a primitive root for n, and 0 if otherwise. By the definition of N,(z) and Lemma 4,
> a<y Na() can be written as

D2t =3 D =33 3,

a<y n<lz n<z aly n<z a<ly x mod n
®) = 2.2 choxl@+> > )
n<lz aly n<z a<y x mod n
XFX0

By the inclusion and exclusion principle, the number of positive integers up to y
which are relatively prime to n is given by [y] — >, [y]} + D paln [M] - or

[y]@ 4+ 0(2¢M) where w(n) is the number of distinct prime factors of integer n. Note
that ¢(xo) = %. We have

ZZ c(Xo)xo(a Z¢Z Z 1

n<z aly n<z a<y

ged(a,n)=1
n ) . 5 B0
;gbn ( y+O0(2 )> Yy ; " + O(zInz),

where the average order of 2 in the last equation is a well-known result ([15]). We
have proved the lemma.
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3. Estimate of ¢(x) and Proof of Theorem 1

In view of Lemma 5 a sharp bound of ¢(x) for any non-principal character x modulo ¢
is critical for a good estimate of the error term. In [14], it is found that |c(x)| < 1/ord(x)
where ord () denotes the order of xy. But when the moduli are not primes, this bound
is not good enough.

Throughout this section, (), represents a cyclic group of order m and yx is a character
of a finite Abelian group. Any element of a finite Abelian group with the maximal order
is called a primitive root of the group.

LEMMA 6. Let G be a finite Abelian group and x be a non-principal character of G.

Then
> x(b)=o0.

beG

Proof: See p. 254 of [7].

LEMMA 7. Suppose that q is a prime and v is a natural number. Let x be a character
of cyclic group Cgo. Let Cpo-1 be the cyclic subgroup of Cqv. Then

0, — iford(x) > g,
> a0 ={ g G Z
e, ¢, if ord(x) < q.
Proof: Let a be a generator of Cyv, and n = x(a). Then n?" = x(a?") = 1. Thus the

order of 7, which is equal to order ord(y), divides ¢’. On the other hand, since a? is a

generator of the subgroup Cjv-1, we have

Yoox)y= Y x@®H= > g

beC -1 0<k<gqv—1 0<k<qv—1

If ord(x) > ¢, then n? # 1 and the above sum is equal to

1—n

1 —na
If ord(x) < ¢, then n% = 1 and the above sum is equal to ¢"~*. We have proved the
lemma.
Let ¢ be a prime and G be a finite Abelian ¢-group, which means that the order of GG

is a power of ¢q. By a well-known fact about Abelian groups, G can be written as

(9) G=G,® ---@GA®H,
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where each of GG; is a cyclic subgroup of G of order ¢¥, and H has no cyclic subgroup of
order ¢¥. Then it is well-known that any character x of G can be factored as,

(10) X=X1"""XA'XH

where y; and xpy are the corresponding characters of G; and H, respectively.

LEMMA 8. Let q be a prime and G be a finite Abelian q-group for which (9) holds.
Let x be a character of G for which (10) holds. If x is not the principal character, then

Z )| = |G|/q”, if each ord(y;) < ¢ and xg = Xo,
X0 = 0, otherwise.

primitive
roots: beG

If x is the principal character, then

> x| =1GI1—1/¢%).
primitive
roots: beG

Proof: If y is not the principal character, by Lemma 6, we have

Soam+ S =S xw=o.

primitive non—primitive beG
roots: beG roots: beG

Let s denote the second sum, and let G} be the cyclic subgroup of G; of order |G;|/q.
Then

A
5= Z X1(01) - xa(ba)xm(br) = H ZXi(b) : <Z XH(b)) :
b,eGl,byeH i=1 \beG, beH

By Lemma 7, >, xi(b) = 0 if ordx; > ¢, and is equal to |G;|/q if ord(x;) < ¢. By
Lemma 6, >, XH(bs = 0 if xg # Xxo, and is obviously |H| if otherwise. Therefore,
combining these facts with the above equation yields the first formula in the lemma.

If x is the principal character, the above analysis still holds, which yields s = |G|/q¢>.
On the other hand, ), .. x(b) = |G|. Thus, by the first equation of the proof,

Y. X0 =Gl =3l =GI(1~1/g%).
oot be:

We have proved the lemma.
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Let G and y be the same as in Lemma 8. From the lemma, we have seen that the
character sum has a non-trivial value if and only if ord(x;) < ¢ for each i and xp is the
principal character of H. We call such a character x of G a special character.

Now let us turn our attention to Dirichlet characters. Let n be a nonzero integer.
For each prime divisor ¢ of ¢(n), let G, be the Sylow g-subgroup of (Z/nZ)*. By a

well-known result of group theory,
(11) (Z/nZ)" ~ ®q|(m) G-

Each character x of (Z/nZ)* can be factored as [, | 6(n) Xa» Where X is the corresponding
character of G,. If each such factor x, is a special character, then x is called a special
character of (Z/nZ)*. In other words, a special character is a character whose order
is square-free and the factor xy defined in equation (10) for each x, is the principal

character of H.

THEOREM 9. Suppose that n is a nonzero integer and x s a Dirichlet character
modulo n. Let p,(d) denote the number of special characters modulo n of order d. If x

is mot a special character, then c(x) = 0. If x is a special character, then

1
Ol < 2 o)

Proof: By the definition given in Lemma 4,

sn)ex)= >, x(b).
primitive roots
be(Z/nZ)*
With respect to the factorization of (Z/nZ)* in (11), we can write x = [],| 40 Xa»
where X, is a character of the Sylow g-subgroup G,. Then x(b) =[]} 4(n) Xa(bg), Where
b— ] ¢| 6(n) bq 15 the isomorphism in (11). Note that b is a primitive root mod n if and

only if each b, is a primitive root in G,. Thus,

¢(n) c(x) = Z H Xq(bg) = H Z Xq(bq)

primitive roots q | ¢(n) q|¢(n) \ primitive roots
be€Gq,q| B(n) be€Gyq

If x is not a special character, then one of its factors x, is not a special character
of G,. By Lemma 8, the corresponding factor in the factorization of ¢(n)c(x) above is
zero. Thus, ¢(x) = 0.



8 SHUGUANG LI

If x is a special character, then so is each x,. Note that either x, = xo, the principal
character of G, or ord(x,) = ¢. By Lemma 8,

Z X (b ) = { |GQ|/qu(n)7 A 1f OI‘d(XQ) = 4q,
primitive o |Gq|(1 - 1/(] q(n))’ if Xq = X0,
roots: bg€Gy

where A,(n) is the subscript A in the factorization of G = G, in (9) (see [9] for another
explanation of the function A,(n)). Therefore,

[1 | (n) G| ¢(n)
(12) ¢(n) e(x) < 7 = :
IT qiom @2 T qom @™

ord(xq)=¢q ord(xq)=q

Note that the denominator above is greater than the number of special characters

of (Z/nZ)* of order ord(x), which is [ 44 (¢%9™ —1). Therefore the inequality

ord(xq)=q
claimed in the theorem is true. We have proved the theorem.

Obviously, the denominator of (12) is greater than or equal to [ ¢j¢m) ¢ = ord(x),
ord(xq)=q
if x is a special character. Therefore, by (12) if x is a special character and by Theorem

9 if x is not a special character, we have the following corollary, which is used in the
derivation of the major results in [14]. But it is not good enough for our derivation of
Theorem 2.

COROLLARY 10. Let x be a character modulo n. Then

1
ord(x)

00| <

Let n* be a divisor of n. Let x* be a primitive character modulo n* which induces x
modulo n. What we need for the deduction of Theorem 2 is the relation between |c(y)]
and |c¢(x*)|. Complete understanding of this relation has yet to be clear. However, we
find an alternative answer to the question in the next lemma.

If x is a special character, then the number of the primitive characters y* modulo
n*, which induce special characters modulo n of the fixed order ord(x), is less than or
equal to p,(ord(x)), the number of special characters modulo n with order ord (). Note
that here ord(x) is a squarefree integer and |c(x)| < 1. By Theorem 9 again, we have
deduced the next lemma.

COROLLARY 11. Let n* be a diwisor of n. For any primitive character x* modulo

n*, let x be the induced character modulo n. Then, for any positive number t > 1, we
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have
! !/

Sl < Y eI < DD ()] = 2

x* mod n* x* mod n* d|¢(n*)
where the prime " means that the sums are taken over primitive characters, and w(¢(n*))

is the number of distinct prime factors of ¢p(n*).
We will end the section with a proof of Theorem 1.

LEMMA 12 (see [2, 13, 16]). There exists an absolute constant ¢ such that

> x(a)

a<ly

<cynlnn

for any real number y > 1 and any non-principal character x to the modulus n. More-
over, ¢ < 1 if x is a primitive character.

LEMMA 13 (see [11]). Let 7(n) be the number of divisors of integer n. Then the

estimate
;Tw(n)) =z -exp <c<x> : (hlf{fx)m | (1 +0 (fm)))

1 1
s R and

holds for large real numbers x where c(x) is a number in the interval |

ﬂ

is the FEuler constant.
Proof of Theorem 1: Let E be the triple sum in Lemma 5. Obviously we have

El=D" > c0)d x@| <> > eyl

n<z x mod n a<ly n<z x mod n
XFX0 XF#X0

> x(a)

a<ly

By Lemma 12, for some absolute constant ¢, we have

|E\§cz Z |C(X)\‘n1/21nn:cZn1/2lnn Z le(x)].

n<z x mod n n<x x mod n
XFX0 XFX0

Note that, from Theorem 9, ¢(x) = 0 if x is not a special character modulo n, and
le(x)| < 1/pn(ordy) if x is a special character modulo n. Also note that ordy is a
square-free divisor of ¢(n) if x is special. Thus

ool < D ud)] =220,
)

x mod n d|p(n
XFX0
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where w(n) is the number of distinct prime divisors of n, and

Bl < e3 02 nn - 29000 < ¢ 2Ing 3 2400,

n<zx n<x
By Lemma 13,
1/2 1/2
Z 299 <« g . exp ! o < L exp Iz
e V87 \Inlnx Inx Inlnz ’

where the involved constants are absolute. Therefore,

1/2
|E| < 2%% - exp nz :
Inlnz

where the involved constant is absolute. We have then proved the theorem.

4. Proof of Theorem 2

LEMMA 14 (see [14]). Let r be any natural number and x, y be positive real numbers.
Then

/ 2r
> < @+ {In(ey )}

n<z x mod n

> x(a)

a<ly

where Y means that the summation is over primitive characters only, and the involved

constant is independent of r.

LEMMA 15. Let r > 2 be any natural number. Let x,y be real numbers such that

1 2r 1
r>3andy>1. If0 =min<r Y , "_2Y L is in the interval (0,1), we have
Inx r+2lnz

2r

<€i

2r

(ln(eyr_l)) max{2r,r2—1}

(13) Z Z

n<x x mod n

> x(a)

a<ly

where Z/ means the same as in Lemma 14, and the involved constant is independent of

r.

Proof: Note that if n < 2 the only character is the principal character. Thus

2r

Sy S

n<zr  x modn |aly

o iy Y ] [ie Y

n<z y mod n |aly n<t x mod n

dt.

> x(a)

a<ly
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By Lemma 14,

sy

n<x xy mod n

2r
T 2

< (x + %) y" (In(ey™))" .

> x(a)

a<y

2 1
! -ﬂ, then dlnz < Iny" ! provided
r+2 Inx

r > 2. Also note that the characters below are primitive. Thus, the constant ¢ in Lemma

Let 6 be a real number in (0,1). If § <

12 can be taken as 1, and we have

[E2 Y S

n<t x mod n |aly

2r 5 ’
¢ 1 T T
dt§/3 33 wlunydr

n<t x mod n

1)
T T ! 1 T T T T— T
< g (hma)z /3 t_zzndt < 20 +1)(5lnx)2 < 25 +1)(lny 1)2 _

n<t

By Lemma 14 again,

[y ¥y

n<t x mod n

> x(a)

a<y

2r

"1

dt < /t—Q(t2+y7)yr(ln(ey’"1))’"21dt
20

< (x + %) y" (In(ey™))" "

riny 1 2r  Iny

Now let § = min{ } Then we have x < y"/2° and 2°0+1) <

Inx "r+2 Inz
y*" /2°. Therefore, if 0 < § < 1, by combining the above estimates in (14), we have

SE SR S

n<zr x modn |aly

2
" 2r

max{2r,r2—
< yx—d (In(ey™™")) {arir®=1}

We have proved the lemma.

COROLLARY 16. Let x, y, v and § be the same as in Lemma 15. Then, for any
natural number d such that x/d,y/d > 1, we have

2r
2r

(15) Z % Z Z x(a)| < L (ln(eyf—l))max{%r?fl}

e
n<z/d xmodn |a<y/d

where > means the same as in Lemma 14, and the involved constant is independent of
r.
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Proof: Suppose that d < x and d < y. Obviously
2

DD SED IR NED SEID SN D DRI I
n<z/d x modn |a<ly/d n<z  x modn |a<y/d

which is, by Lemma 15,
Yy d 2 r— max{2r,r2—1
< WA ey payr=tyymter

which in turn is less than or equal to the function on the right side of (15). Indeed the
function on the right side of (15) is

' rr T r— max T’r‘27
max{y"z, y? T/ DY (In ey ) mexErr 1

which is increasing in y, so that its value at y is at least as big as its value at y/d.
Therefore, we have proved the corollary.

Proof of Theorem 2: By Theorem 1 one can see that Theorem 2 is true for y >

z2 exp(ln% x). Thus we only need to consider the case where y < 2!01/2,

In view of Lemma 5 to prove Theorem 2 we only need to obtain a good estimate of

S=>">" |l D xla)

n<z x mod n aly
X#X0

Let x* be the primitive character modulo n* which induces x modulo n. Definitely n* | n.

Then
dox@) =Y x"m) Y uld= D X(dud Y x(a).

a<y n<y d| (n;n/n*) d|n/n* a<y/d

Also note that each y is uniquely determined by x*, n* and n. Thus

S < 33 1ol X u@l-| Y x(a)

n<lx Xer;OSOn d|n/n* a<ly/d

= D> > > 1l Y @] Y x(a)
n<z n* |n x* mod n* d|n/n* a<y/d

S @ Y Y Y el | S v
d<z n*<z/d n<z x* modn* a<ly/d

dn*|n
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Y

where prime ~ means that the sum is over the primitive characters modulo n*. Using

Holder’s inequality and Corollary 11, we obtain

2r—1
, , 2r

S DI DD DD DIl EEED DD DID DI DN DL

S i de 50 i ol o

2r—1 , 2r
< (% %zww(n*)) 3y di* S 1Y X

d<z n*<z/d d<z n*<z/d x* mod n* |a<y/d

By Lemma 13,

N|=

1
xz * 1 ( In z ) ( Inz )5
_2w(¢(n ) < —l e Alnlnz/ < 1 ze \lumz/ 7
R v gheew | e | <uafiew | Z5E

where 7y is Euler’s constant.
Assume that the conditions of Corollary 16 are satisfied. Then

2r

’

2r

Z Z di* Z Z X"(a) L T- g;;‘s (ln(eyr_l))max{zr’r%l} : Z%

d<z n*<z/d x* mod n* |a<y/d d<zx

2r

max ,,,.,r,27
< x- (In(ey™™")) 2 1}lnx,

5
x
which, combined with the previous estimate, yields

-2 9 2r—1 Inz \? I ]
S < a7y (Inz)®exp <2r = (lnlnw) )(ln(ey )

or

1
S 5 2r—1 ( lnz \? max{2rr?-1}
16 — “2r . (Inx)? In(ey" ! T
(16) Ty < (i) exp (27\/@ (lnlnx) ) (n(ey ))

[1.61111‘]
r= +1
Iny

. Next we claim that

Now let us take

Then r > 4 since y < x'01/2

Iny 1> 2r  Iny

Inz “r+2 Inz’

which is equivalent to
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r? Inx
>

r+2 " Iny’

(17)

Indeed this inequality follows from the definition of r and the fact that Inz/Iny >
2/1.01. It can be verified first for Inz/Iny in the interval [2/1.01,2.5) where r = 4.
When Inz/Iny > 2.5, since r?/(r 4+ 2) is an increasing function and r > 1.6Inz/Invy,
the left-hand side of (17) is

()
Iny > Inz

16lnz ’
Sy +2 7 Iny

Then the number ¢ in Corollary 16 is r% . }E—z Obviously 0 < 0 < 1. Thus, we have

cleared all the assumed conditions in the derivation of (16).
As 279/% = y=1/+2) the logarithm of the right-hand side of (16)

B 2 —1 ( Iz \* r—1
(18) ny I ( nx) T Inln(ey”).

r+4+2 2rv/8e” \Inlnzx 2r

The first term of (18) is less than or equal to —(Iny)?/(3.03Inx). Indeed, this inequal-
ity follows from r 4+ 2 < 3.03Inz/Iny, which can be verified for Inz/Iny in the interval
[2/1.01,2.5) where r = 4, and for Inz/Iny > 2.5 we have that r+2 < 1.6Inz/Iny+3 <
2.8Inz/Iny. For y > exp((Inx)%*) the expression (Iny)?/Inx is at least (Inx)'/2. The
second and third terms in (18) are clearly o((Inz)'/2), and so is the fourth for the stated

range for y. By (16) and (18), we have
lny
16 Inz
<u

101

for all z > ¢* and y with exp((In x)%) <y . Thus, we have Theorem 2.
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