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1. Introduction

Let q be a natural number. When the multiplicative group (Z/qZ)∗ is a cyclic group,

its generators are called primitive roots. Note that the generators are also elements with

the maximum order if (Z/qZ)∗ is cyclic. Thus, when (Z/qZ)∗ is not a cyclic group,

we then call its element with the maximal possible order a primitive root, which was

initially introduced by R. Carmichael [1].

Let a be an integer and x be any positive real number. In 1927, Artin conjectured that

the number Pa(x) of the primes up to x, for which a is a primitive root, is proportion

to the number of primes up to x, namely π(x). Although this conjecture has not been

proved unconditionally, many results [3, 4, 6] have been achieved, favoring the conjecture

from various perspectives. For a survey of Artin’s conjecture, the reader may refer to

Murty [12].

Among the unconditional results of Artin’s conjecture is Stephens’ theorem [14] on the

average of Pa(x) that is relevant to the work of this paper: if y > exp(4(ln x ln ln x)1/2)

then

(1)
1

y

∑
a≤y

Pa(x) = A · li x + O

(
x

lnD x

)

where A =
∏

prime p(1− 1
p(p−1)

) and D is an arbitrary constant larger than 1. In obtaining

this estimate, Stephens introduced a character sum to Pa(x). Note that all moduli

in Pa(x) are primes and every non-principal character modulo a prime is a primitive

character. It does not take too much effort for Stephens to apply results from large sieve

to the character sum to achieve the above theorem. In the same paper, he also obtained

an estimate of 1
y

∑
a≤y (Pa(x)− A · li x)2, which allows him to find an upper bound for

the number of exceptions to the result in (1).

What would happen if the moduli are not restricted to primes? Let Na(x) be the

number of moduli up to x for which a is a primitive root. In view of Artin’s conjecture,

one might conjecture that Na(x) is proportion to [x], the number of natural numbers up
1
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to x. On the contrary, this conjecture was proved wrong. In [8] the author proved that,

for any y ≥ x,

(2) lim
x→∞

supy≥x

1

xy

∑
a≤y

Na(x) = 0 and lim
x→∞

infy≥x
1

xy

∑
a≤y

Na(x) > 0.

Based on the results in (2), one may naturally guess that, for most integers a, the

individual Na(x)/x should behave the same way as the average in (2). Namely,

lim
x→∞

Na(x)/x = 0, and lim
x→∞

Na(x)/x > 0

for most of integers a. The first conjecture is proved in [9], free of any hypothesis for all

integers a. The second conjecture is proved in [10] on assumption of GRH. The set of

exceptional integers a to the second conjecture can also be found in [10].

In comparison with (1), the interval of a for averaging Na(x) in (2) is too large. The

purpose of the paper is to show that (2) still holds for smaller values of y. Indeed, by

introducing Dirichlet characters to
∑

a≤y Na(x) and using the well-known inequality of

Pólya-Vinogradov (see [13] and [16]), we can prove

THEOREM 1. For any positive real numbers x, y ≥ 3, we have

(3)
1

y

∑
a≤y

Na(x) =
∑
n≤x

R(n)

n
+ O

(
x3/2

y
· exp

((
ln x

ln ln x

)1/2
))

,

where R(n) is the number of primitive roots modulo n within interval [1, n].

Since the upper bound for the character sums in Pólya-Vinogradov inequality is at-

tained very rarely [5], its application in Theorem 1 leaves a lot of room for more accurate

estimation. With work in this direction, we are able to prove

THEOREM 2. If x ≥ e3 and y ≥ exp((ln x)
3
4 ), then

(4)
1

y

∑
a≤y

Na(x) =
∑
n≤x

R(n)

n
+ O

(
x · exp

(
− 5

16
(ln x)

1
2

))
,

where R(n) is the same as in Theorem 1. Moreover, (ln x)1/2 in the error term can be

replaced by (ln y)2/ ln x if y is in the interval [ exp((ln x)
3
4 ), x

1.01
2 ].

It has been proved ([8]) that on an unbounded set of x we have
∑

n≤x
R(n)

n
≥ c · x for

some positive constant c, and on another unbounded set of x we have
∑

n≤x
R(n)

n
≤ o(x).

Combining these results with Theorem 2, we can deduce

COROLLARY 3. The statement in (2) holds for y > exp((ln x)
3
4 ).
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The main idea that leads to the proof of the two theorems is inspired from Stephens’

method in proving (1). The author believes that the best lower bound for y, for which

similar statement as in Theorem 2 holds, would be something like the one in Stephens’

theorem in (1).

The author is grateful to Carl Pomerance for encouraging him to work on the problem

and making valuable suggestions.

2. Involvement of Characters in Estimation of Na(x)

In the following, let C be the set of complex numbers and C∗ be the set of nonzero

complex numbers. A homomorphism from Abelian group G to C∗ is called a character

of G. Let q be any positive integer and χ be a Dirichlet character, which is a function χ

from Z to C such that (i) χ(n+q) = χ(n) for any integer n; (ii) χ(n) 6= 0 if gcd(n, q) = 1

and χ(n) = 0 if otherwise; (iii) χ(n ·m) = χ(n) ·χ(m) for any integers n and m. Due to

its periodicity, χ induces a function χ from Z/qZ to C such that

(5) χ ◦ ψ = χ

where ψ is the natural homomorphism from ring Z to Z/qZ. χ is also a group character

of (Z/qZ)∗. Conversely each such group character χ can be extended over Z/qZ by

defining χ(a) = 0 for those residue classes a where gcd(a, q) 6= 1. Then, by equation (5),

we obtain a Dirichlet character χ modulo q.

In this sense we will use the same notation for a Dirichlet character and its corre-

sponding group character of (Z/qZ)∗ although they are actually related by equation

(5).

LEMMA 4. Let χ be a character modulo q, and c(χ) = 1
φ(q)

∑′
b χ(b) where the prime

means that the sum is taken over all primitive roots between 1 and q modulo q. Then we

have

∑

χ mod q

c(χ) · χ(a) =

{
1, if a is a primitive root mod q
0, otherwise.

Proof: By the definition of c(χ) we have

(6)
∑

χ mod q

c(χ) · χ(a) =
∑

χ mod q

1

φ(q)

′∑

b

χ(a) · χ(b) =
′∑

b

1

φ(q)

∑

χ mod q

χ(ab).

If a is not a primitive root then ab 6≡ 1 mod q for any primitive root b. If a is a

primitive root then so is a−1. Since
∑

χ mod q χ(c) = 0 if c 6≡ 1 mod q (see p.30 of [2]),
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the only nontrivial contribution to the sum on the right side of (6) comes from the terms

with b = a−1, which is
1

φ(q)

∑

χ mod q

χ(a · a−1) = 1.

We have then proved the lemma.

LEMMA 5. Let Na(x) be the number of moduli up to x for which a is a primitive root.

Then, for any real numbers x, y ≥ 1, we have

(7)
∑
a≤y

Na(x) = y ·
∑
n≤x

R(n)

n
+

∑
n≤x

∑
a≤y

∑

χ mod n
χ 6=χ0

c(χ)χ(a) + O(x ln x),

where R(n) is the number of primitive roots modulo n within the interval [1, n], and χ0

is the principal character modulo n.

Proof: Let ta(n) be a counting function of primitive roots which takes value 1 if a

is a primitive root for n, and 0 if otherwise. By the definition of Na(x) and Lemma 4,∑
a≤y Na(x) can be written as

∑
a≤y

∑
n≤x

ta(n) =
∑
n≤x

∑
a≤y

ta(n) =
∑
n≤x

∑
a≤y

∑

χ mod n

c(χ)χ(a)

=
∑
n≤x

∑
a≤y

c(χ0)χ0(a) +
∑
n≤x

∑
a≤y

∑

χ mod n
χ 6=χ0

c(χ)χ(a).(8)

By the inclusion and exclusion principle, the number of positive integers up to y

which are relatively prime to n is given by [y] − ∑
p |n

[
[y]
p

]
+

∑
p,q |n

[
[y]
p·q

]
− · · · or

[y]φ(n)
n

+ O(2ω(n)), where ω(n) is the number of distinct prime factors of integer n. Note

that c(χ0) = R(n)
φ(n)

. We have

∑
n≤x

∑
a≤y

c(χ0)χ0(a) =
∑
n≤x

R(n)

φ(n)

∑
a≤y

gcd(a,n)=1

1

=
∑
n≤x

R(n)

φ(n)

(
φ(n)

n
y + O(2ω(n))

)
= y ·

∑
n≤x

R(n)

n
+ O(x ln x),

where the average order of 2ω(n) in the last equation is a well-known result ([15]). We

have proved the lemma.
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3. Estimate of c(χ) and Proof of Theorem 1

In view of Lemma 5 a sharp bound of c(χ) for any non-principal character χ modulo q

is critical for a good estimate of the error term. In [14], it is found that |c(χ)| ≤ 1/ord(χ)

where ord(χ) denotes the order of χ. But when the moduli are not primes, this bound

is not good enough.

Throughout this section, Cm represents a cyclic group of order m and χ is a character

of a finite Abelian group. Any element of a finite Abelian group with the maximal order

is called a primitive root of the group.

LEMMA 6. Let G be a finite Abelian group and χ be a non-principal character of G.

Then ∑

b∈G

χ(b) = 0.

Proof: See p. 254 of [7].

LEMMA 7. Suppose that q is a prime and v is a natural number. Let χ be a character

of cyclic group Cqv . Let Cqv−1 be the cyclic subgroup of Cqv . Then

∑

b∈Cqv−1

χ(b) =

{
0, if ord(χ) > q,
qv−1, if ord(χ) ≤ q.

Proof: Let α be a generator of Cqv , and η = χ(α). Then ηqv
= χ(αqv

) = 1. Thus the

order of η, which is equal to order ord(χ), divides qv. On the other hand, since αq is a

generator of the subgroup Cqv−1 , we have

∑

b∈Cqv−1

χ(b) =
∑

0≤k<qv−1

χ(αqk) =
∑

0≤k<qv−1

ηqk.

If ord(χ) > q, then ηq 6= 1 and the above sum is equal to

1− ηqv

1− ηq
= 0.

If ord(χ) ≤ q, then ηqk = 1 and the above sum is equal to qv−1. We have proved the

lemma.

Let q be a prime and G be a finite Abelian q-group, which means that the order of G

is a power of q. By a well-known fact about Abelian groups, G can be written as

(9) G = G1 ⊗ · · · ⊗G∆ ⊗H,
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where each of Gi is a cyclic subgroup of G of order qv, and H has no cyclic subgroup of

order qv. Then it is well-known that any character χ of G can be factored as,

(10) χ = χ1 · · ·χ∆ · χH

where χi and χH are the corresponding characters of Gi and H, respectively.

LEMMA 8. Let q be a prime and G be a finite Abelian q-group for which (9) holds.

Let χ be a character of G for which (10) holds. If χ is not the principal character, then
∣∣∣∣∣∣∣

∑
primitive

roots: b∈G

χ(b)

∣∣∣∣∣∣∣
=

{ |G|/q∆, if each ord(χi) ≤ q and χH = χ0,
0, otherwise.

If χ is the principal character, then
∣∣∣∣∣∣∣

∑
primitive

roots: b∈G

χ(b)

∣∣∣∣∣∣∣
= |G|(1− 1/q∆).

Proof: If χ is not the principal character, by Lemma 6, we have
∑

primitive
roots: b∈G

χ(b) +
∑

non−primitive
roots: b∈G

χ(b) =
∑

b∈G

χ(b) = 0.

Let s denote the second sum, and let G′
i be the cyclic subgroup of Gi of order |Gi|/q.

Then

s =
∑

bi∈G′i, bH∈H

χ1(b1) · · ·χ∆(b∆)χH(bH) =




∆∏
i=1


∑

b∈G′i

χi(b)





 ·

(∑

b∈H

χH(b)

)
.

By Lemma 7,
∑

b∈G′i
χi(b) = 0 if ordχi > q, and is equal to |Gi|/q if ord(χi) ≤ q. By

Lemma 6,
∑

b∈H χH(b) = 0 if χH 6= χ0, and is obviously |H| if otherwise. Therefore,

combining these facts with the above equation yields the first formula in the lemma.

If χ is the principal character, the above analysis still holds, which yields s = |G|/q∆.

On the other hand,
∑

b∈G χ(b) = |G|. Thus, by the first equation of the proof,
∣∣∣∣∣∣∣

∑
primitive

roots: b∈G

χ(b)

∣∣∣∣∣∣∣
= ||G| − s| = |G|(1− 1/q∆).

We have proved the lemma.
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Let G and χ be the same as in Lemma 8. From the lemma, we have seen that the

character sum has a non-trivial value if and only if ord(χi) ≤ q for each i and χH is the

principal character of H. We call such a character χ of G a special character.

Now let us turn our attention to Dirichlet characters. Let n be a nonzero integer.

For each prime divisor q of φ(n), let Gq be the Sylow q-subgroup of (Z/nZ)∗. By a

well-known result of group theory,

(11) (Z/nZ)∗ ' ⊗q |φ(n)Gq.

Each character χ of (Z/nZ)∗ can be factored as
∏

q |φ(n) χq, where χq is the corresponding

character of Gq. If each such factor χq is a special character, then χ is called a special

character of (Z/nZ)∗. In other words, a special character is a character whose order

is square-free and the factor χH defined in equation (10) for each χq is the principal

character of H.

THEOREM 9. Suppose that n is a nonzero integer and χ is a Dirichlet character

modulo n. Let ρn(d) denote the number of special characters modulo n of order d. If χ

is not a special character, then c(χ) = 0. If χ is a special character, then

|c(χ)| ≤ 1

ρn(ord(χ))
.

Proof: By the definition given in Lemma 4,

φ(n) c(χ) =
∑

primitive roots
b∈(Z/nZ)∗

χ(b).

With respect to the factorization of (Z/nZ)∗ in (11), we can write χ =
∏

q |φ(n) χq,

where χq is a character of the Sylow q-subgroup Gq. Then χ(b) =
∏

q |φ(n) χq(bq), where

b → ∏
q |φ(n) bq is the isomorphism in (11). Note that b is a primitive root mod n if and

only if each bq is a primitive root in Gq. Thus,

φ(n) c(χ) =
∑

primitive roots
bq∈Gq ,q |φ(n)

∏

q |φ(n)

χq(bq) =
∏

q |φ(n)




∑
primitive roots

bq∈Gq

χq(bq)


 .

If χ is not a special character, then one of its factors χq is not a special character

of Gq. By Lemma 8, the corresponding factor in the factorization of φ(n) c(χ) above is

zero. Thus, c(χ) = 0.
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If χ is a special character, then so is each χq. Note that either χq = χ0, the principal

character of Gq, or ord(χq) = q. By Lemma 8,

∑
primitive

roots: bq∈Gq

χq(bq) =

{ |Gq|/q∆q(n), if ord(χq) = q,
|Gq|(1− 1/q∆q(n)), if χq = χ0,

where ∆q(n) is the subscript ∆ in the factorization of G = Gq in (9) (see [9] for another

explanation of the function ∆q(n)). Therefore,

(12) φ(n) c(χ) ≤
∏

q |φ(n) |Gq|∏
q |φ(n)

ord(χq)=q

q∆q(n)
=

φ(n)∏
q |φ(n)

ord(χq)=q

q∆q(n)
.

Note that the denominator above is greater than the number of special characters

of (Z/nZ)∗ of order ord(χ), which is
∏

q |φ(n)
ord(χq)=q

(q∆q(n) − 1). Therefore the inequality

claimed in the theorem is true. We have proved the theorem.

Obviously, the denominator of (12) is greater than or equal to
∏

q |φ(n)
ord(χq)=q

q = ord(χ),

if χ is a special character. Therefore, by (12) if χ is a special character and by Theorem

9 if χ is not a special character, we have the following corollary, which is used in the

derivation of the major results in [14]. But it is not good enough for our derivation of

Theorem 2.

COROLLARY 10. Let χ be a character modulo n. Then

|c(χ)| ≤ 1

ord(χ)
.

Let n∗ be a divisor of n. Let χ∗ be a primitive character modulo n∗ which induces χ

modulo n. What we need for the deduction of Theorem 2 is the relation between |c(χ)|
and |c(χ∗)|. Complete understanding of this relation has yet to be clear. However, we

find an alternative answer to the question in the next lemma.

If χ is a special character, then the number of the primitive characters χ∗ modulo

n∗, which induce special characters modulo n of the fixed order ord(χ), is less than or

equal to ρn(ord(χ)), the number of special characters modulo n with order ord(χ). Note

that here ord(χ) is a squarefree integer and |c(χ)| ≤ 1. By Theorem 9 again, we have

deduced the next lemma.

COROLLARY 11. Let n∗ be a divisor of n. For any primitive character χ∗ modulo

n∗, let χ be the induced character modulo n. Then, for any positive number t ≥ 1, we
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have
′∑

χ∗ mod n∗
|c(χ)|t ≤

′∑

χ∗ mod n∗
|c(χ)| ≤

∑

d |φ(n∗)

|µ(d)| = 2ω(φ(n∗))

where the prime ′ means that the sums are taken over primitive characters, and ω(φ(n∗))
is the number of distinct prime factors of φ(n∗).

We will end the section with a proof of Theorem 1.

LEMMA 12 (see [2, 13, 16]). There exists an absolute constant c such that
∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣ ≤ c
√

n ln n

for any real number y ≥ 1 and any non-principal character χ to the modulus n. More-

over, c ≤ 1 if χ is a primitive character.

LEMMA 13 (see [11]). Let τ(n) be the number of divisors of integer n. Then the

estimate

∑
x≤n

τ(φ(n)) = x · exp

(
c(x) ·

(
ln x

ln ln x

)1/2

·
(

1 + O

(
ln x

ln ln x

)))

holds for large real numbers x where c(x) is a number in the interval [ 1
8
√

eγ , 1√
8eγ ], and γ

is the Euler constant.

Proof of Theorem 1: Let E be the triple sum in Lemma 5. Obviously we have

|E| =

∣∣∣∣∣∣∣∣

∑
n≤x

∑

χ mod n
χ 6=χ0

c(χ)
∑
a≤y

χ(a)

∣∣∣∣∣∣∣∣
≤

∑
n≤x

∑

χ mod n
χ6=χ0

|c(χ)| ·
∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣ .

By Lemma 12, for some absolute constant c, we have

|E| ≤ c
∑
n≤x

∑

χ mod n
χ 6=χ0

|c(χ)| · n1/2 ln n = c
∑
n≤x

n1/2 ln n
∑

χ mod n
χ 6=χ0

|c(χ)|.

Note that, from Theorem 9, c(χ) = 0 if χ is not a special character modulo n, and

|c(χ)| ≤ 1/ρn(ordχ) if χ is a special character modulo n. Also note that ordχ is a

square-free divisor of φ(n) if χ is special. Thus
∑

χ mod n
χ 6=χ0

|c(χ)| ≤
∑

d |φ(n)

|µ(d)| = 2ω(φ(n)),
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where ω(n) is the number of distinct prime divisors of n, and

|E| ≤ c
∑
n≤x

n1/2 ln n · 2ω(φ(n)) ≤ c x1/2 ln x
∑
n≤x

2ω(φ(n)).

By Lemma 13,

∑
n≤x

2ω(φ(n)) ¿ x · exp

(
1√
8eγ

(
ln x

ln ln x

)1/2
)
¿ x

ln x
· exp

((
ln x

ln ln x

)1/2
)

,

where the involved constants are absolute. Therefore,

|E| ¿ x3/2 · exp

((
ln x

ln ln x

)1/2
)

,

where the involved constant is absolute. We have then proved the theorem.

4. Proof of Theorem 2

LEMMA 14 (see [14]). Let r be any natural number and x, y be positive real numbers.

Then
∑
n≤x

′∑

χ mod n

∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣

2r

¿ (x2 + yr)yr
{
ln(eyr−1)

}r2−1

where
∑′ means that the summation is over primitive characters only, and the involved

constant is independent of r.

LEMMA 15. Let r ≥ 2 be any natural number. Let x, y be real numbers such that

x ≥ 3 and y ≥ 1. If δ = min

{
r
ln y

ln x
− 1,

2r

r + 2

ln y

ln x

}
is in the interval (0, 1), we have

∑
n≤x

1

n

′∑

χ mod n

∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣

2r

¿ y2r

xδ

(
ln(eyr−1)

)max{2r,r2−1}
(13)

where
∑′ means the same as in Lemma 14, and the involved constant is independent of

r.

Proof: Note that if n ≤ 2 the only character is the principal character. Thus

∑
n≤x

1

n

′∑

χ mod n

∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣

2r

=
1

x

∑
n≤x

′∑

χ mod n

∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣

2r

+

∫ x

3

1

t2

∑
n≤t

′∑

χ mod n

∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣

2r

dt.(14)
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By Lemma 14,

1

x

∑
n≤x

′∑

χ mod n

∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣

2r

¿
(

x +
yr

x

)
yr

(
ln(eyr−1)

)r2−1
.

Let δ be a real number in (0, 1). If δ ≤ 2r

r + 2
· ln y

ln x
, then δ ln x ≤ ln yr−1 provided

r ≥ 2. Also note that the characters below are primitive. Thus, the constant c in Lemma

12 can be taken as 1, and we have

∫ xδ

3

1

t2

∑
n≤t

′∑

χ mod n

∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣

2r

dt ≤
∫ xδ

3

1

t2

∑
n≤t

′∑

χ mod n

nr(ln n)2rdt

≤ xδr(ln xδ)2r

∫ xδ

3

1

t2

∑
n≤t

n dt ≤ xδ(r+1)(δ ln x)2r ≤ xδ(r+1)(ln yr−1)2r.

By Lemma 14 again,

∫ x

xδ

1

t2

∑
n≤t

′∑

χ mod n

∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣

2 r

dt ¿
∫ x

xδ

1

t2
(t2 + yr)yr(ln(eyr−1))r2−1dt

≤
(

x +
yr

xδ

)
yr

(
ln(eyr−1)

)r2−1
.

Now let δ = min

{
r ln y

ln x
− 1,

2 r

r + 2
· ln y

ln x

}
. Then we have x ≤ yr/xδ and xδ(r+1) ≤

y2r/xδ. Therefore, if 0 < δ < 1, by combining the above estimates in (14), we have

∑
n≤x

1

n

′∑

χ mod n

∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣

2r

¿ y2r

xδ

(
ln(eyr−1)

)max{2r,r2−1}
.

We have proved the lemma.

COROLLARY 16. Let x, y, r and δ be the same as in Lemma 15. Then, for any

natural number d such that x/d, y/d ≥ 1, we have

∑

n≤x/d

1

n

′∑

χ mod n

∣∣∣∣∣∣
∑

a≤y/d

χ(a)

∣∣∣∣∣∣

2r

¿ y2r

xδ

(
ln(eyr−1)

)max{2r,r2−1}
(15)

where
∑′ means the same as in Lemma 14, and the involved constant is independent of

r.
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Proof: Suppose that d ≤ x and d ≤ y. Obviously

∑

n≤x/d

1

n

′∑

χ mod n

∣∣∣∣∣∣
∑

a≤y/d

χ(a)

∣∣∣∣∣∣

2r

≤
∑
n≤x

1

n

′∑

χ mod n

∣∣∣∣∣∣
∑

a≤y/d

χ(a)

∣∣∣∣∣∣

2r

,

which is, by Lemma 15,

¿ (y/d)2r

xδ

(
ln(e(y/d)r−1)

)max{2r,r2−1}

which in turn is less than or equal to the function on the right side of (15). Indeed the

function on the right side of (15) is

max{yrx, y2r(r+1)/(r+2)}(ln(eyr−1))max{2r,r2−1}

which is increasing in y, so that its value at y is at least as big as its value at y/d.

Therefore, we have proved the corollary.

Proof of Theorem 2: By Theorem 1 one can see that Theorem 2 is true for y >

x
1
2 exp(ln

1
2 x). Thus we only need to consider the case where y ≤ x1.01/2.

In view of Lemma 5 to prove Theorem 2 we only need to obtain a good estimate of

S =
∑
n≤x

∑

χ mod n
χ 6=χ0

|c(χ)| ·
∣∣∣∣∣
∑
a≤y

χ(a)

∣∣∣∣∣ .

Let χ∗ be the primitive character modulo n∗ which induces χ modulo n. Definitely n∗ |n.

Then ∑
a≤y

χ(a) =
∑
n≤y

χ∗(n)
∑

d | (n,n/n∗)

µ(d) =
∑

d |n/n∗
χ∗(d)µ(d)

∑

a≤y/d

χ∗(a).

Also note that each χ is uniquely determined by χ∗, n∗ and n. Thus

S ≤
∑
n≤x

∑

χ mod n
χ 6=χ0

|c(χ)|
∑

d |n/n∗
|µ(d)| ·

∣∣∣∣∣∣
∑

a≤y/d

χ∗(a)

∣∣∣∣∣∣

=
∑
n≤x

∑

n∗ |n

′∑

χ∗ mod n∗
|c(χ)|

∑

d |n/n∗
|µ(d)| ·

∣∣∣∣∣∣
∑

a≤y/d

χ∗(a)

∣∣∣∣∣∣

=
∑

d≤x

|µ(d)|
∑

n∗≤x/d

∑
n≤x

d n∗ |n

′∑

χ∗ mod n∗
|c(χ)| ·

∣∣∣∣∣∣
∑

a≤y/d

χ∗(a)

∣∣∣∣∣∣
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where prime ’ means that the sum is over the primitive characters modulo n∗. Using

Holder’s inequality and Corollary 11, we obtain

S2r ≤




∑

d≤x

∑

n∗≤x
d

∑
n≤x

d n∗ |n

′∑

χ∗ mod n∗
|c(χ)| 2r

2r−1




2r−1

·
∑

d≤x

∑

n∗≤x
d

∑
n≤x

d n∗ |n

′∑

χ∗ mod n∗

∣∣∣∣∣∣
∑

a≤ y
d

χ∗(a)

∣∣∣∣∣∣

2r

≤

∑

d≤x

∑

n∗≤x/d

x

dn∗
2ω(φ(n∗))




2r−1

·
∑

d≤x

∑

n∗≤x/d

x

dn∗

′∑

χ∗ mod n∗

∣∣∣∣∣∣
∑

a≤y/d

χ∗(a)

∣∣∣∣∣∣

2r

.

By Lemma 13,

∑

d≤x

∑

n∗≤x/d

x

dn∗
2ω(φ(n∗)) ¿ x

∑

d≤x

1

d
ln x exp




(
ln x

ln ln x

) 1
2

√
8eγ


 ¿ x(ln x)2 exp




(
ln x

ln ln x

) 1
2

√
8eγ


 ,

where γ is Euler’s constant.

Assume that the conditions of Corollary 16 are satisfied. Then

∑

d≤x

∑

n∗≤x/d

x

dn∗

′∑

χ∗ mod n∗

∣∣∣∣∣∣
∑

a≤y/d

χ∗(a)

∣∣∣∣∣∣

2r

¿ x · y2r

xδ

(
ln(eyr−1)

)max{2r,r2−1} ·
∑

d≤x

1

d

¿ x · y2r

xδ

(
ln(eyr−1)

)max{2r,r2−1}
ln x,

which, combined with the previous estimate, yields

S ¿ x1− δ
2r y · (ln x)2 exp

(
2r − 1

2r
√

8eγ

(
ln x

ln ln x

) 1
2

)
(
ln(eyr−1)

)max{2r,r2−1}
2r

or

(16)
S

xy
¿ x−

δ
2r · (ln x)2 exp

(
2r − 1

2r
√

8eγ

(
ln x

ln ln x

) 1
2

)
(
ln(eyr−1)

)max{2r,r2−1}
2r .

Now let us take

r =

[
1.6 ln x

ln y

]
+ 1.

Then r ≥ 4 since y ≤ x1.01/2. Next we claim that

r
ln y

ln x
− 1 ≥ 2r

r + 2
· ln y

ln x
,

which is equivalent to
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(17)
r2

r + 2
≥ ln x

ln y
.

Indeed this inequality follows from the definition of r and the fact that ln x/ ln y ≥
2/1.01. It can be verified first for ln x/ ln y in the interval [2/1.01, 2.5) where r = 4.

When ln x/ ln y ≥ 2.5, since r2/(r + 2) is an increasing function and r > 1.6 ln x/ ln y,

the left-hand side of (17) is

>

(
1.6 ln x

ln y

)2

1.6 ln x
ln y

+ 2
≥ ln x

ln y
.

Then the number δ in Corollary 16 is 2r
r+2

· ln y
ln x

. Obviously 0 < δ < 1. Thus, we have

cleared all the assumed conditions in the derivation of (16).

As x−δ/2r = y−1/(r+2), the logarithm of the right-hand side of (16)

(18) − ln y

r + 2
+ 2 ln ln x +

2r − 1

2r
√

8eγ

(
ln x

ln ln x

) 1
2

+
r2 − 1

2r
ln ln(eyr−1).

The first term of (18) is less than or equal to −(ln y)2/(3.03 ln x). Indeed, this inequal-

ity follows from r + 2 ≤ 3.03 ln x/ ln y, which can be verified for ln x/ ln y in the interval

[2/1.01, 2.5) where r = 4, and for ln x/ ln y ≥ 2.5 we have that r+2 < 1.6 ln x/ ln y+3 ≤
2.8 ln x/ ln y. For y ≥ exp((ln x)3/4) the expression (ln y)2/ ln x is at least (ln x)1/2. The

second and third terms in (18) are clearly o((ln x)1/2), and so is the fourth for the stated

range for y. By (16) and (18), we have

S

x · y ¿ exp

(
− 5

16

(ln y)2

ln x

)

for all x ≥ e3 and y with exp((ln x)
3
4 ) ≤ y ≤ x

1.01
2 . Thus, we have Theorem 2.
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[13] G. Pólya, Über die Verteilung der quadratischen Reste und Nichtreste, Nachrichten Königl. Ges.

Wiss. Göttingen (1918), pp. 30-36.
[14] P.J. Stephens, An average result for Artin’s conjecture, Mathematika 16(1969), 178− 188.
[15] G. Tenenbaum, Introduction to analytic and probabilistic number theory, Cambridge University

Press, Cambridge, 1995.
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