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Abstract

Agents are endowed with time that is invested in different bilateral projects. Projects gener-
ate profit depending on their time allocation. A mechanism divides the profit generated by the
projects among agents. We study mechanisms that incentivize agents to contribute their time
to the level that generates the maximal profit for society at the Nash equilibrium (we call this
efficiency). We focus on the case of bilateral projects, that is when every project requires time
allocation from only two agents. Our main result is the characterization of all the mechanisms
that satisfy efficiency for any set of production functions. Furthermore, we characterize effi-
cient mechanisms that satisfy other desirable properties such as monotonicity in the payoffs,
strong Nash equilibrium of the efficient outcome, or additivity in the number of participating

agents.
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1 Introduction

We study the problem of profit sharing in companies. Agents collectively own a company and
are endowed with a fixed amount of time that they invest in different projects that generate profit.
We study the case where each project only requires time contributions by a pair of agents, which
we call a bilateral project. Every project could have different production functions in the way that
they generate profit. We focus on the case where a planner does not know the production functions
and must assign the payments depending only on the final profit generated by each project and the
time allocation of the agents. Examples of this problem include law firms, cooperative ventures or
division of the end of year surplus in companies.

The central issue is that although the planner tries to maximize the total profit of the company,
the planner might or might not know the production functions. Therefore, the planner’s goal is to
find a mechanism which implements the efficient time allocation at the Nash equilibrium for any
set of production functions. We call this property efficiency.

For instance, consider the mechanisms that divide the total profit of each project in proportion
to the time allocated to different projects. This mechanism is not necessarily efficient because
agents have the incentive to put more time in the projects that generate the largest profit in order
to get a larger share of the profit, whereas that might not be the most efficient way to allocate time
in the society. To see this, consider the following example. There are three agents named 1, 2, and
3. Each agent is endowed with 1 unit of time. Profit is generated by collaborative projects. The
production functions are «(t}, + t3,) for the project with agents 1 and 2, Smin(ti,, t3;) for the
project with agents 1 and 3, and ymin(t3,, t3;) for the project with agents 2 and 3 (see Figure 1).
When o = 1, 8 = 1.2 and y = 1.5, the efficient time allocation is ((t1,, t15), (t35, t33), (£33, t33)) =
((1,0),(0,1),(0,1)) by which they generate 2.5 in total, where agent 1 receives 1, while agent
2 and 3 receive 0.75 each. However, this is not an equilibrium since agent 2 would allocate all
resources to the project with agent 1. Therefore, they produce 2 in total, where agent 1 and 2
receive 1 each, while agent 3 receives nothing.

On the other hand, consider the average profit mechanism, where each agent gets a fixed share
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Figure 1: A network of 3 agents

of the total profit generated by the society. This mechanism is efficient because if an agent deviates
from the equilibrium that generates the maximum total profit, then the total profit of the society
will not increase and neither does his payment.

Alternatively, consider the Shapley mechanism, where every agent is assigned half of the profit
of the projects in which he belongs. This mechanism is also efficient because if an agent deviates
from the equilibrium that generates the maximal profit, then the total profit of the society will not
increase. Since he is only affecting the projects in which he belongs, then the total profit of his
projects will not increase and neither does his payment.!

More generally, consider a mechanism where the payoff of an agent only depends on the to-
tal profit generated by the projects in which the agent belongs, as well as the time contributions
and profit generated by the projects in which the agent does not belong. We call these separable
mechanisms. Separable mechanisms are efficient because if an agent decides to change his time
allocation, then his payoff can only influence the total output of his projects. If the total output of
his projects decreases, so does the total profit generated by the society; thus, the agent is worse off.

The main result of the paper is the characterization of all the mechanisms that satisfy effi-
ciency. The class of efficient mechanisms coincide exactly with the class of separable mecha-

nisms (Theorem 1). We also look at mechanisms that satisfy other desirable properties such as

"The importance of the bilateral network is reflected in this mechanism. For instance, if we allow at least one
trilateral project, then the mechanism that divides the profit of a project equally between its members is not efficient.
Indeed, we can easily find an example with linear production functions where the efficient allocation requires an agent
to contribute his full time allocation to a trilateral project, where he gets a third of the profit that this project generates,
but he is better off switching his time to a bilateral project, where he gets half of the profit. We discuss more about
multilateral projects in Section 4.



strong monotonicity at the efficient equilibrium (SMEQ) and strong efficiency (SE). To understand
SMEQ, suppose that the technology of a project becomes more productive. Then no agent should
be harmed by that. In other words, the payoff at the equilibrium by all the agents should not de-
crease. Under SE, agents cannot gain by jointly coordinating their time allocations. That is, the
efficient equilibrium should be a Strong Nash equilibrium (see, Aumann, 1959).

Proposition 2 characterizes all the mechanisms that are strongly efficient, or strongly mono-
tonic at equilibrium and efficiency. These mechanisms take the shape similar to the average profit
function, where the payoff of the agents only depends on the total profit generated by society.
That is, these mechanisms disregard any information on the time contributions of the agents or the
profits generated by specific projects.

Finally, we investigate the efficient mechanisms that are additive, which explores issues related
to redistribution of profits after only a subset of projects have been completed.? In particular, sup-
pose that the projects containing agent ¢ are completed first, and the projects that do not contain
agent ¢ are completed next. Additivity is an ordering-free axiom that requires that if partial pay-
ments were made after the rounds of completed work, then the overall payment should not change.
The class of efficient mechanisms are described in Proposition 3. These mechanisms take the form
of a seniority mechanism, where agents get a constant share of the profit generated by their own
projects and the remainder of the profit is split between the rest of the agents with some arbitrarily
function.

The rest of the paper is as follows: Section 1.1 surveys the relevant literature. Section 2 de-
scribes the model and the main result of the paper. In Section 3, we explore the efficient mecha-
nisms that are additive. In Section 4, we extend our main result to the multilateral case. Finally,

we conclude in Section 5.

2This property is also reminiscent to the traditional consistency axiom, by re-interpreting the axiom as agents
leaving the society (see, Thomson, 2007).



1.1 Related Literature

The concept of implementation of the efficient allocation in a Nash equilibrium has been ex-
plored widely in the literature. Maskin and Sjostrom (2002) survey full implementation of efficient
outcomes in different production functions. However, the literature of implementation in very gen-
eral economies has typically lead to impossibilities. We contrast with this literature by finding a
specific economy where several mechanisms can implement the efficient allocation.

We focus on the case where agents need to contribute their full time allocation and the entire
profit is allocated to the agents, therefore the traditional issues of moral hazards are ruled out
(e.g., Holmstrom, 1982). This restriction is similar to allocation mechanisms for a fixed divisible
resource (such as a dollar) depending on the report of the agents (e.g., de Clippel, Moulin and
Tideman, 2008 and Tideman and Plassmann, 2008).

A closely related work studies cost sharing allocation mechanisms that implement the cost
minimizing network. For instance, Juarez and Kumar (2013) focus on implementing the efficient
allocation in connection network, where agents should be provided with incentive to select the
cost minimizing network. This equilibrium should Pareto dominate all the other equilibriums.
Furthermore, the class of mechanisms characterized in Juarez and Kumar (2013) are closely related
to the mechanisms characterized in Proposition 2. Other closely related work, Hougaard and Tvede
(2012, 2013) (Memo: This should be 2015! see Reference) characterize truthfully implementing
cost minimizing networks by changing the announcement rule. Their main results also lead to
characterizing rules related to Proposition 2. In contrast with this literature, the bilateral setting
allows us to implement a larger class of rules that have not been explored in the implementation
literature.

To our best knowledge, our work is the first to introduce the implementation of the efficient

time allocation for any set of production functions.



2 Bilateral network model

We investigate mechanisms in a bilateral network. Each pair of agents has a project which
generates a profit depending on their time allocation. Let N = {1,2,...,n} be the set of agents
and L = {(1,2),(1,3),(1,4),...,(n — 1,n)} be the set of links (or projects) for each pair of
agents. The number of links is [ = $(n — 1)n. Furthermore, let L’ be the set of links that agent ¢
belongs to, and L~ be the set of links that agent ¢ does not belong to. Let 7" be the time resource
of agent 7. Every project generates profit depending on the time allocated by the agents associated
to that project. The total profit of the society is the sum of the profit generated at every project.
Let (t;, t{ , F'7) be a vector, where té» is the time resource allocated by agent 7 to the project with

agent j, tf is the time resource allocated by agent j to the project with agent i, and F'/ is the profit

generated by the project. Let X ; jyep (¢ tJ, F''7) be the concatenation of all these vectors.’

]7 77

Definition 1. A mechanism in a bilateral network is a continuous function ¢ : (R%2 x Ry )% — R"

such that

Z% (k,1)eL (ty,t, Fkl Z FH

(k)EL
The inputs on a mechanism are the different time allocations and profits of every project. The

output is a full distribution of the total profit to the agents.

Example 1. A. Average profit mechanism: the final profit of the entire society is divided equally

among all members. That is, for any 1 € N,

@i X per (t7, t, F*)) =

Z Fkl

(k,)EL

S|

B. Shapley mechanism: the final profit produced by the project of agents i and j is shared

equally between i and j. The total share of every agent is the sum of his shares in the

3For instance,

X (i )ed(1,2), (1323 (Lt FY7) = (3,43, F'2) x (13,81, F'%) x (3,13, F3).



projects. That is, for any i € N,

pi(X gper (] e FM)) Z FY

( J)EL?

C. Proportional sharing mechanism: the final profit produced by the project of agents i and j
is shared between them, depending on the proportion of their contribution of time. That is,

foranyi € N,

Yger Prit )Y if 6> 0;

0 otherwise,

Ci(Xpner(t], t, F*)) =

7
t;

where the proportion of agent i with agent j is Pr", (tz t]) = i

777

Notice that average profit and Shapley mechanisms are independent of time allocation, but
proportional sharing mechanism is dependent on the time allocation. Any convex combination of

mechanisms is also a mechanism.

2.1 Efficiency and other desirable properties

The strategy of agent 7 is an allocation of his time resource between different projects to which
he belongs, where the sum of all his time allocations is not larger than his total time resource 7".
Let f = (fi;)@.5)er be the vector of production functions, where f;; : R2 — R is a continuous
non-decreasing function on both coordinates. Let F be the set of vectors of production function,

and v’ = (1%) 2 where 3, 1} = T".

Definition 2. Agent i’s strategy profile, S°, is a function

St F = ot

We study the case of perfect information. The strategy of agent ¢ is such that for every set of



production functions in the bilateral network, it assigns a time allocation for each project.
Definition 3. For the mechanism o and the vector of production functions f, the payoff function
of agent i at the vector of strategies (S*, S™°) is:

’/Ti(Sia Siia f> 90) = @i (X(k,l)EL (téf?t;{ﬂ fkl(tfatgg))) ) where SZ = (t;)ﬁél

The payoff of an agent depends on its own and others’ time allocation, production functions
and the outcome given by the mechanism.
We are interested in Nash equilibrium strategies, where agents have no incentive to deviate,

assuming the strategies of the other agents remain fixed.
Definition 4. Given a mechanism ¢ and the production function vector f, a strategy profile
(S*1,8*2, ..., S*") is a Nash equilibrium if:
mi(S*, S 7 ) > m(S, S T ) VS
Under a production function vector, a set of strategies generates output. An efficient strategy
dominates other strategies for any production functions.

Definition 5. A set of strategies (S*, ..., S") is efficient if for any f and for any S

N7 Rt > > fyE),  where ()4 = SU(f) and (t));4 = Si(f).

(4,7)€L (i,9)eL

Also, we define the efficiency for a mechanism, where the mechanism can implement the set

of efficient strategy as a Nash equilibrium.
Definition 6. A mechanism is efficient if the set of efficient strategies is a Nash equilibrium.

As discussed in the introduction, the Shapley and the average profit mechanisms are efficient,

but proportional sharing mechanism is not.



2.2 Separable mechanism and the main result: implementing the efficient

time allocation

In this section, we characterize the mechanisms that are efficient. There are several restrictions
that efficiency imposses on a mechanism. The first restriction is that the payoff of an agent should
depend on the aggregate profit generated by the projects in which he belongs, instead of individual
projects. The second restriction is that the time allocation of an agent should not influence his
payoff (but it might influence the payoff of other agents). The separable mechanisms discussed

below include these two restrictions.

Definition 7. A mechanism @ is separable if there exist functions gy, go, - . . , g, non-decreasing in

the first coordinate such that for every agent i,

2 (X(k,l)EL(téCa tia Fkl)) = 0 Z Fij7 X(k,l)EL_i(tfv tggv Flk)
(i,)€L?
A mechanism is separable if the payoff of agent ¢ only depends on the total aggregated profit

generated by his projects (denoted Z( F7), as well as the profits and times that do not contain

i,j)EL?
agent i (denoted X (i jer-i(t}, t},, F'¥)). The class of separable mechanisms is large. We provide
below some examples. Corollary 1 provides the entire class of separable mechanisms under two

additional assumptions.

Example 2. A. Shapley is a separable mechanisms generated by the functions,

1

g" Z Fij»X(k,l)eL—i(tf7t§c,Flk) =5 Z F for any i.

(i,j)eL? (i,j)eL?

B. The average profit mechanism is a separable mechanism generated by the functions,

lAP Z Fij?X(k,l)eL*i(tf,ti,Flk) =
(3.4)€Lt

Fkl
—Z(k’l)EL for any 1.
n



C. The convex combination of the Shapley mechanism and the average profit mechanism is also

a separable mechanism generated by the convex combination of ¢°" and g% .

D. Consider the mechanism @} (X (s per(tf, th, F*)) = m Y kpyer—i ', for any i €

N, where every agent gets paid the average profit of the projects in which he does not belong.

The mechanism is separable and generated by the functions,

g | Do FUoxwner— (6, FY) | = ———— > Fforanyi.
(i,j)eLs (n—1)(n-2) (kD)eL—i

The proportional sharing mechanism is not separable, because the payoff of an agent depends

on his allocation of time to different projects.
Theorem 1. A mechanism is efficient if and only if it is separable.

The proof is in Appendix A.

We say that a mechanism is symmetric if it is independent of the name of the agents. We say
that a mechanism is time-independent if the mechanism only depends on the profit generated by
the different projects. The class of efficient and symmetric mechanism is large. We characterize
below the class of efficient, symmetric and time-independent mechanisms for 3 agents. This class

contains Shapley, ¢* and AC mechanisms in the middle.

Corollary 1. Suppose n = 3. A mechanism is efficient, symmetric and time-independent if and

only if it is a convex combination of Shapley and p*.

Proof. Consider the mechanism ¢ that is efficient, symmetric and time-independent.
First, note that by Theorem 1, symmetry and time independence, there exists a function g :

R? — R such that ¢; can be written as ¢; (F", F'* | %) = g(F"'+F* | F'¥) for any (F*, F*, F'*)eR3
Second, we show that g is linear. That is, there exists constants & > 0 and # > 0 such that

g(A,B) = aA+ B forany A, B > 0.

10



To see this, note that by efficiency,

01 _'_902 +§03 — g(F12+F13,F23) +g<F21 +F23,F13) +g(F31 +F32,F12) — F12+F13+F23

for any F''2 > 0, F''* > 0 and 2 > 0.

Consider the profile (F'?, F1?, ")) € R3 | and some small ¢ > 0. Then,

g<F12+F13,F23) —|—g(F21 +F23,F13) — g(F12+F13—€,F23+6) —|—g(F21 —|—F23—|—€,F13 —6).

Let A=F2+ FB3 B=F"'+F3and X = F*? + F'3 + F?, Then,

g A X —A)+g(B,X—-B)=g(A—6,X—-A+e)+g(B+¢X —B—e¢).

When A = B, we have that G(A, X — A) = £AZeXATIIIATXAY fior gy X > A > 0
and any small € > 0. This implies that g(A, X — A) = aA+ (X — A) + for some constants «, 3,
and ~y. Since g(0,0)+¢(0,0)+¢(0,0) = 0, then y = 0. Furthermore, notice that g(A, X — A) > 0,
thus & > 0 and 5 > 0.

On the other hand, consider the profile where F1? = F'3 = ['? = C' > (. Then, 39(2C,C) =
3(a2C + BC) = 3C. Therefore, 3 = 1 — 2. Since v > 0 and § > 0, we have that § > « > 0.

When o = 0 the mechanism ¢ generates ¢*. When o = %, the mechanism ¢ generates Sh.

Moreover, when o = 3 = % the mechanism ¢ generates AC. L]

2.3 Strong Nash Implementation

In this section, we consider the case where agents can coordinate with other agents. In partic-
ular, we look at mechanisms where agents have no incentive to form coalitions. That is, if a group
of agents jointly coordinates their time and at least one of the agents of the group strictly increases
his payoff, then it must be that another agent of the group strictly decreases his payoff. This is

captured in our definition of Strong Nash equilibrium.

11



Definition 8 (Strong Nash Equilibrium). Given a mechanism p and the production function vector
f, a strategy profile S* is a strong Nash Equilibrium if whenever there exists a subset of agents

T C N, a strategy profile ST, and an agent i € T such that

m (ST, 871, fo0) > m ((S7,5°°7), f,9),

then there exists another agent j € I such that

m ((ST.870), fop) < (S, 8°7), f.) -

Definition 9. A mechanism is strongly efficient if the set of efficient strategies is a strong Nash

equilibrium.

In order to introduce the next definition, consider the case where there is a change in the tech-
nology used by one of the projects. In particular, suppose that the technology used by the project
with agent ¢ and j increases the profit at any level of time allocations. In this case, the definition
of strong monotonicity at equilibrium discussed below requires that the payoff of all the agents in
the society at equilibrium should not decrease.* In other words, improvements in the quality of the

projects should not harm any agents in the society.

Definition 10 (Strong Monotonicity at Equilibrium). Consider the vector of production functions
f and let ﬁj a production function such that fm( st s1) > fi; (s st 1), V(s st s)). Let f = (fij,f,ij).

under [ and { (t t] under f. A mech-

Consider any equilibrium strategies { (ti ] A } (i)el

7 1)}(i,j)€L

anism is strongly monotonic at equilibrium if for any agent k:

on (%sen (B8, 5 E.1)) = on (xper (6.8, f5(t5 1))

The next proposition characterizes all mechanisms that meet Strong Nash Equilibrium, or

4Thomson (2007) defines a very similar concept, which is called “‘strict resource monotonicity” in allocation
problems.

12



Strong Monotonicity at Equilibrium. Surprisingly, these mechanisms only depend on the sum

of profits generated by all projects in the society.

Proposition 2. The following three properties are equivalent for the mechanism @:
(i)  satisfies Strong Efficiency
(ii) @ satisfies Strong Monotonicity at equilibrium and Efficiency

(iii) there exists non-decreasing functions: g; : R, — R,  foriv=1,... n such that
> gi(A)=A VAeR,

and

ot,F) =g ZF” e On ZFU VF and't.

(4,5)€L (4,5)€L

The proof is in Appendix A.

3 Seniority Mechanism

In many firms the compensation of agents vary depending on seniority, where agents with
longer history and track record receive a larger share of the profit generated by their projects.
Consider for instance the compensation schemes used in law firms, where employees are typically
ranked as associate, junior partner or senior partner.’ Their shares of the profit increase as they
move up in the ladder. In this section, we introduce a class of mechanisms that capture features
related to seniority, where the sharing mechanism does not treat agents symmetrically.

We introduce a seniority mechanism in a bilateral network. A seniority mechanism distributes
the payoffs to the agents based on the profits generated by their own projects and the profits gen-

erated by the projects in which the agent does not belong. In particular, each agent has a common

3 Anecdotally, this project emerged by discussing with attorneys the rules used for sharing their profits. The mech-
anisms below resembles this discussion.

13



share rate to the profit generated by his own projects. We denote by s° € [0, 1] the share of the
profits in which agent ¢ belongs. Since the share s* is common for every project in which agent i

belongs, we have that:

s+ <1, Vi, j (1)

A vector of weights (s*, s%, ..., s") is feasible if it satisfies Equation (1).

For every project {7, j}, the rest of the profit (1 — s* — s/) " is distributed to the agents in
N\ {4, j} with an arbitrary function g;; that depend on the time allocation to project (i, j) and the

remaining profit (1 — s* — s/) F/. We formalize this mechanism below.

Definition 11 (Seniority Mechanism). Consider a feasible vector of weights (s*,s*, ..., s") and

for every (I,m) € L the function g, : R} — RN\ sych that for any (8,17, x) € R?:

Z g,lfm (tlm,t}”,a:) = . 2)

k#l,m

The allocation of agent i under the Seniority mechanism @°FN is:

SD?EN Z F”—i— Z (1—8 . )Flm)

(1,5)eL? (Im)eL—

The class of Seniority mechanisms is large. When s* = % for all ¢, the class of seniority mech-
anisms leads to the Shapley mechanism, where every agent gets half of the profit he generates.
Alternatively, when s’ = 1 for all i and gi™ (tl 0 x) = %5, then the class of Seniority mech-
anisms leads to the average profit mechanism, where every agent is compensated equally. Finally,
when s¢ = (0 for all 4, then agents receive a compensation only from the projects in which they do
not belong.

In order to characterize Seniority mechanisms, we introduce a notion of additivity. The idea
is that additivity separates a problem into two parts depending on whether an agent belongs to a

project or not.

Definition 12 (Additivity). Consider the following problem A — {(t;, #, F”) } L LetkeN
i#j

14



and

k _ k 13 1okj
B = L)) s OO0 g0

be the set of projects from A that contain agent i, and

ChA) = {(té" i FU) }(j,z)a—k UHO,0, 00 epers -

be the set of projects from A that do not contain agent k.

The mechanism o is additive if for any problem A and any agent k,

0 (A) = ¢ (B*(A) +¢ (C*(A)) .

Consider the problem A and agent 1 (see Figure 2). Additivity on agent 1 divides a problem A
into two parts. First, the projects that contain agent 1 are assigned the same profit and same time
allocation as in problem A, while the projects that do not contain agent 1 are assigned a zero profit
and zero time allocation (we call this problem B!(A)). Second, the projects that contain agent 1
are assigned zero profit and zero time allocation, while the projects that do not contain agent 1 are
assigned the same profit and same time allocation as in problem A (we call this problem C1(A)).

Additivity requires that the order in which the projects are completed should not influence
the final payoff of the agents. That is, if the projects that involve agent 1 are completed first
(B'(A)) and the rest of the projects are completed next (C*(A)), or alternatively, all the projects
are completed simultaneously, then the final payment of the agents should not change. This axiom
is a very compelling for companies where agents have the freedom to complete tasks in any order
that they choose while payments are made sequentially after individual projects are completed.®

Notice that seniority mechanisms are additive because the full profit generated by every project

®As we will see in the proof of the next result, the current additivity axiom implies a much stronger version of
additivity, where the function needs to be separable in every individual project.

15
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Figure 2: Additivity: 4 agents case

is redistributed back to the agents only depending on the time and profit related to that project. In
particular, for project (7, 7), agents ¢ and j get a share s* and s’ of the profit £/, The rest of the
profit (1 — s* — s7) F' is split between the rest of the agents using the function g;;.

The following proposition characterizes the class of additive and efficient mechanisms.
Proposition 3. An efficient mechanism is additive if and only if it is a Seniority mechanism.

The proof is in Appendix A.
Finally, we characterize asymmetric variations of the Average Cost mechanisms, where every

agent is assigned a fixed share of the total profit produced by the society.

Corollary 2. The following three properties are equivalent for the mechanism .

16



(i)  satisfies Efficiency, Additivity and Strong Monotonicity at Equilibrium
(ii) @ satisfies Additivity and Strong Efficiency
(iii) There exists s*,s?,...,s" suchthat ), s' =1, and @; (t,F) = &' (z(k:,l)eL Fkl>.

The proof is in Appendix A.

4 Multilateral projects and Efficiency

The main result of the paper can be easily extended to the case of multilateral projects, where
coalitions of size larger than two agents can form to collaborate in a project. While the class
of efficient mechanisms resembles the class of mechanisms characterized in Theorem 1, some
mechanisms discussed above, such as the Shapley mechanism, will no longer be efficient.

Let M C 2 be the set of potential coalitions that can form. Let M be the set of coalitions
from M that contains agent . If M only contains all subsets of 2 agents, then it is the bilateral case

discussed above. If M = 2V \ {()} then any potential coalition can collaborate in a project.

Definition 13. A mechanism for multilateral projects is separable if there exist functions g1, ga, . . ., gn

non-decreasing in the first coordinate such that:

i (Xsem(t®, F%)) = g; (Z FS, XTeM—i(tT>FT)> , Vi

SeM?

Similarly as above, a mechanism is separable if the payoff of agent 7 only depends on the total
aggregated profit generated by his projects, and the profits and times of the projects that do not
contain agent .

The average profit mechanisms and asymmetric variations discussed in Proposition 2 are sep-
arable for multilateral projects. The Shapley mechanism, which divides the profit of the projects
equally between its agents, is separable if and only if M only contains coalitions of the same

cardinality.

17



The seniority mechanisms discussed above, where every agent receives a fixed share from his
projects, can be easily extended to belong to the class of separable mechanisms for multilateral
projects as long as the sum of the shares of the agents from every project add up to less than or
equal to 1.

The proposition below characterizes the class of efficient mechanisms for multilateral projects.
Proposition 4. A mechanism for multilateral projects is efficient if and only if it is separable.

The proof of this proposition is almost identical to the proof of Theorem 1 and available upon

request to the authors.

5 Conclusion

In this paper, we have studied robust mechanisms that implement efficient allocations in bilat-
eral network for any production functions. Theorem 1 shows that separable mechanisms, where
the payoff of an agent only depends on the total profit generated by his own projects, the time allo-
cations and the profits generated by which he does not belong, are the only efficient mechanisms.
We have also introduced strong monotonicity at equilibrium and strong efficiency, and character-
ized all the mechanisms that satisfy them. We find that the shape of such mechanisms look similar
to the average profit mechanism, where the payoff of the agents only depends on the total profit
produced by the society (Proposition 2). Furthermore, we introduced the notion of additivity and
characterize the efficient mechanisms that are additive (Proposition 3). This study has mainly fo-
cused on bilateral networks, where the most interesting mechanisms arise. The extension of the

main result to multilateral networks is provided in Proposition 4.

18



Appendix A. Proofs

A.1 Proof of Theorem 1

Proof. First, we show that if a mechanism is separable, then the mechanism is efficient.

Suppose that an agent, say agent ¢, deviates from an efficient strategy under a separable mech-
anism. Then, the deviation by agent 7 does not lead to an increase in total profit of his projects in
any production functions due to the definition of efficient strategy. Thus, agent ¢ cannot increase
his payoff because g; is a non-decreasing function in the first coordinate. This is a contradiction.

Next, we show that if a mechanism is efficient, then the mechanism is separable for any set of
production functions.

Step 1: We show that if a mechanism is efficient, then the payoff of agent 7 does not depend on

his time allocation. That is,
i (fi?tii?F) = h’L (t717F> )
where t' = (¢4, th, ... ¢, ti,,, ... t})is the strategy of agent 7, and ¢ % = (¢, ¢2, ... ¢~ ¢7F1 .. ¢")

is the collection of all agents’ strategies but agent :.

First, consider the following production functions:

faltith) = et +t));

fiolts, 87) = ¢ +e(ty+17);

iyt ti™) = U e (o + 477
fm(t:w t?) = Cm + 267% + et?;

fintiots) = I e(ti+15), Vik#i,

where ¢/ € R, is constant for all (4, j) € L.

By definition of efficient strategy, agent ¢ allocates his full resource to the project with agent n.
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That is, £ = (0,0,...,0,T%). Then, for all £# € R"!, such that >_; th = T7 we have that

0 ((O,O,...,O,Ti),t’i,ci1 +e(0+1t),c* —i—e(O—i—t?) ,...,ci”+2eTi+et?,F’i)

> (({g,{g, LB A (8 ), ¢ e ({; + tf) s et et F*i> ,

for any ¢ > 0 and letting F~* be the output vector in which agent 7 does not belong. As € goes to

0, by the continuity of ¢ we have that
©; ((0,0,...,0, 79, t7", ", ..., F7') > ¢ ((tz'l, é, . ,tzl), et L F*") :

Alternatively, let t e ]R’f[l by a fixed vector such that Zj f; = T, and consider the production

functions as follows:

fir( zi,t%) = c“—i—e(min{tzi, ’i}+ti1);

faltyt?) = ¢+ (minffh, th} +12)

finny (s t7 ™) = "V e <min{t§;~_1, th-1} + t?fl) :

Jnlti 1) = ¢t e (minf, 6} + 17)

Fin(tl, tf) = JdFte (t{C + tf) ,  where j, k #i.

Notice that at the optimal scenario (Memo: “Profile” would be better?), agent ¢ allocates his re-

source as £ = (ti ¢}, ... ti). The mechanism ¢; is efficient, then we have

o (b )7 el +1), 2 ety +£), € el + ), F )

2 i <(0,0, L0, T, G2y e(f +t?),F*i) |
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where € > 0. As € goes to 0, by the continuity of ¢ we have that

0; ((t"g,{g, L) A2 ,ci”,F*Z‘) > 0 ((0,0,...,0,T),t7, ¢t ¢ .. dn FYY
4)
By Equations (3) and (4), we have

;i ((0,0, L0, T, P ,Ci”,F_i) = y; ((tg,tg, . ,ti),t_i,c“,cn, .. .,ci”,F_Z) )

Thus, the payoff of agent 7 is independent of his allocation. Similarly, the payoffs of the other
agents are also independent of their allocations.

Step 2: We show that the share of agent ¢ depends on the sum of the profits of the projects in
which he belongs.

Consider the following production functions:

fati ) = A+t 4+t

falty,t?) = 47 (t+14);

finony(to_, 07 = D oy (8 + )

fjk(ti,tf) = JdF 4y (tfg + tf) ,  where j, k # 1.
where v < 1. By efficiency, for all #* € R’:™" such that > ti = T* we have that

Vi ((Ti7 0,...,0), ¢+ (T +t}),c? 4+ ~t3, ..., ™ + 4t F_i,t_i)

> @i (01, 1), &+ (4 6), ¢+t +8), ™y (6, +87)  F ).
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As v goes to 1, then

Pi ((Tiaou--wo)vcil + (Tl—i_tzl)ﬂcﬁ—i_tzza7cm+t?7F717til>

> 0 (8,85, ), (B +8), P+t +87), .. ™+t + ), F 7). (5)

Therefore, transferring all the contribution of agent ¢ to the project with agent 1 does not de-
crease the share of agent 1.

Alternatively, consider the following production functions,

faltith = ¢+ min{tl £} +th + 1!

Foth,12) = ¢+ min{th, 65} + 12

fi(nfl)( jz—l? t?_l) = b + min{tiz—lv tiz—l} + t?_l

i, 87 = ™ +min{ti '} + 17

fiuth,th) = ¥+ (H +F),  wherej, k #i.

For v < 1, the optimal profile requires ¢ = (£, ¢}, ..., ¢ ). Comparing this with the suboptimal

profile t* = (T%,0,...,0),

©; ((tNth T 1 B L R S R R R ey s t;?,F—i,t—i>

> Qi ((Ti,O,...,O),c“ Ft AT At 22 +t;?,F—i,t—i> .
As v goes to 1, then

i ((E, TR T e L, ¥ R R Ly +t?,F—i,t—i>

= i ((Ti’o""’O)’C“Jr{ﬁ+T"+t§,c"2+t?,...,cm+t?,F*",tJ). (6)
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Therefore, transferring all the contribution of the profit of agent ¢ to the project with agent 1
does not increase the share of agent 7.

By Equations (5) and (6), we have that the payoff of agent ¢ is invariant to the reallocation of
profits in the projects that contain agent .

Therefore, by steps 1 and 2, ¢; depends on the aggregate profit of the projects in which 2

belongs, as well as others’ time allocations and profits.

Step 3: We show that a mechanism is non-decreasing function on the total output of its own
projects.

Consider the following production functions:

[t ) = M4 (v 40t + i

fa(th,t7) = P +y(th+1);

finon(ti_y 27 = 07D oyt Y,
finlti, ) = ™4y (t, +17) 5

fjk(ti,tf) = b 44 (zf?C + tf) ,  where j, k #£ 1.
where 7 < 1, § > 0. At optimal profile,

i (¢ (Y OT + oty + 2t oo At FTLET)

> @i (M (YO + i+ Pt ) o+ T, 1), F L)

for any arbitrary profile ¢°.

As v goes to 0, we have that

©; <Z A4 6T, F—i,t—i> > o, (Z A 5t F—i,t—l) .

J#i J#i
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Therefore, the step follows immediately since {c¢"/ },; and t; > T" are arbitrary numbers. [

A.2 Proof of Proposition 2

Proof. Property (iii) = Property (i) is clear because under such a function g, every agent allocates
their time resources to achieve the maximum (efficient) level of the total profit in the society. In
other words, even if some agents form a coalition, they cannot increase their individual payoff
because the aggregate profit does not increase.
We prove that Property (i) = Property (iii).

Step A1: Show ¢; is independent of time allocations, ¢ and ¢~°.

By Theorem 1, ¢ is such that
ij (plk —i .
wi(F 1) = ¢; <ZFJ, (F )k#i,t ) , Vi
JFi

Consider the time-independent production functions:

fij (t;, tf ) =¥, Vi, jand arbitrary constants ¢/,

Suppose that ¢; depends on ¢ ~*. Then, one agent, j, can help agent i to receive a higher payoff
by changing his time allocation, because the other allocations are constant. This is a violation to

the definition of strong efficiency. Therefore, we have
ij (lk ~
0i(t, F) = ¢; (ZF], (F )k#z) , V.
JF#i

Step A2: Show ¢; dependson ), . F*/.
Without loss of generality, we focus in the case where ¢ = 1. Consider the following production

functions: fi;(t},#]) =t} forany j # 1 and fy;(t%,¢]) = ¢* for k, j # 1 and some constants c*/.
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Then, the payoff of agent 1 equals:

QOl(t,F) = ¥ (ZFU’F237F247F257"' ’Fnl,n>
i#1

= ¢ (Z Flj’F23 + F24,O7F25 L. ’Fnl,n)
i#1

= o (ZFU,ZF“,O,O-'-ﬁ).

J#1 k,l#i

where at every step, the equality holds by strong efficiency.
Therefore, the payoff of agent 1 only depends on the sum of its own outputs and the other pairs’

outputs. We can apply a similar argument to any other agent. Therefore, we have

() = (TP ). v

JFi JF k,l#i

Step A3: Show ¢; depends on 3, F/, Vi, j
Consider the following production function: fij(t;'., ti) = té- + tf By Theorem 1 and strong

efficiency, we have
i ki i ki
forany x < ) Kl F*_ Therefore, we have
i ki ij

Property (ii1) = Property (i1) is obvious.
We new show that Property (ii) = Property (iii).
Step B1. ¢, is independent of time.

By Theorem 1, the payoff of agent 7, depends only on the time allocations of others, the total
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profit of the projects in which agent ¢ belongs, and the profits of the projects in which agent ¢ does

not belong. That is,

SOZ(Fv t) = @i (Z FU, {Fl]}(l7j)€L_l7 t_l) 5 VZ

J#i

Now, we show ¢; is independent of the other’s time allocations ¢~°.

Consider the following constant production functions:

i (£, t)=c9, Vi, jand arbitrary constants {c"} ez

Note that under these production functions, any allocation of time is an efficient Nash equilib-

rium. Suppose that the technology in the project with agent ¢ and j has been improved.
ﬁj(té,tf) =c +e
Then, by strong monotonicity,
@i (7 +ec i) =g (P Pit), Wi, t' and T
By taking the limit as € tends to zero,
@i (9,78 > (M ety Vi, t7 and
By exchanging the roles of ¢~% and % we have that
wi (cij,c_ij;t_i) > Qi (cij,c_ij;f_i), Vi, t* and {°

Thus,

Vi (c"j,c*ij;t*i) = ; (cij,c*"j;f*i) . Vi, t' and t°
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Step B2. In this step we show that the payoff of an agent is invariant to transfers of profit from a
project in which he does not below to a project in which the agent belongs.

Consider the following set of production functions:

fralty, 1) =ty +13;
foa(t3,13) = 15+ 13

flm(timt;n> = clm> V(Lm) 7é (1v 2)’ (273)

Note that under efficiency, agent 2 sends any distribution of his time to the projects with agents
1 and 3, while agents 1 and 3 invest their time in the projects with agent 2.

Further, consider the following production functions:

frath 2) = th+ 1+ et
fos(2,63) = €2 +13;

fun(th ey = ™ Y(l,m) # (1,2),(2,3)

We look at the payoff of agent 3. Consider the case when agent 2 transfers the profit from the
projects in which agent 3 belongs, to the projects that agent 3 does not belong to. That is, agent
2 transfers some amount ¢> from project 23 to project 12. Formally, by strong monotonicity and

efficiency an any t? < T2,

p3(FP+FP 424 T F¥ {F7}jers) < os(FP+FP4Y F¥ P41+t {F7} o jern.2):

1>3 >3

At the limit, when ¢ tends to 0, we have that

g03(F13+F23+t2+Z F:&i7 {Fij}(i,j)em) < (‘03<F13+F23+Z FSi,F12+t2’ {Fij}(i,j)€L3\(1,2))-

1>3 >3
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Alternatively, consider the production functions.

falty,t]) = th+t];
Fos(t3,13) = 3+ (1L+e)ts;

frn(th, t") = ™ V(l,m) #(1,2),(2,3)
By repeating the above argument we have that

Q03(F13+F23+t2+z F3i’ {Fij}(i,j)eL3) > 903<F13+F23+Z F3i,F12+t2, {Fij}(i,j)€L3\(1,2))'
>3 i>3
The two inequalities above lead to
<,03(F13+F23—|—t2+z FSz‘7 {Fij}(i,j)€L3) _ ('03(F13+F23+Z F3i,F12+t2, {Fij}(i,j)eL*?’\(lz))'
i>3 i>3
In particular,
o3 F AF Y jpers) = @a(F2 4+ F* 0, {F 7} jern2)-
i#3 i#3
By repeating the argument for every project that does not contain 3, we have

03O U A{F Y i pers) =ws( >, F74Y F¥0,0,...,0) =5( Y _ F9,0,0,...,0)

i#3 (i,j)eL=3 i#3 (i,4)€L

A.3 Proof of Proposition 3

Proof. Step 1. The first step decomposes the solution of a give problem A into the sum of sub-
problems where only one bilateral project has positive contribution in profit and time.

Let Z = (0,0,0). We simplify notation by denoting the concatenation vector XyecaZ =
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(Z,Z,...,7) simply as Z 4.
By applying additivity repeatedly, where at every step we take an agent different than ¢ and ap-

ply additivity to each problem containing that agent, we can decompose the problem A as follows:

Pi (A> = ¥ ((tzlatzlvFﬂ) (tévtzngiz) (ti lvt:_l F” 1) ( H—l?t;—i—l FZ z+1> (t27t?7F1n> ZL—i)
I 4k kil
+@i ({(tk7 tl ) F )}(k,l)GL*i ) ZL’)
= $i ((tllatzlv Fll) ZLi\(i,l)v ZL_i)

+¢i ((070’()) (t;,t?,Fﬂ) (752 1% ! F” 1) ( z+17t2+1 F”+1) : ( nvtzlva)az(k,l)EL—")
+oi ((t, 6 F™), ZiaGim)

l m Ilm
+@i <Z(2,n)> {(tma l 7F )}Lz\(z,n) 7ZL*">

I 4k okl
+i <{(tk7tl v )}(M)@_i ,ZLi)

= Z%’ ({5 F™)  Ziaam }) +Z<Pz {(tth, F*)  Ziaeny )

ki kI

Step 2: Since ¢ is efficient, by Theorem 1, ; does not depend on (t;, tf ), Vj # i. Hence,

= Z @i ({(0,0, F™) , Zp\iw }) + Z ei ({(tt! F™)  Zovan }) -

ki kI

First, we focus on the first term. First note that by budget balance of the mechanism,

%i (1(0,0,0), Zgmyzim }) = 0- ()

By efficiency and Theorem 1,

Pi ({(070721’%) 7ZL\<z;k>}> =0 ({(0.0.F")  Zymerrin }) -

k#i k#i
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Hence, since this happens at any level of production and for any agent, then

@i ({(O,O,X) 7 ZL\(i,zz;)}) = ¢i ({(0,0,X), Zn\iw }) -

Moreover, by Theorem 1,

Pi ({(07 07 X) ) ZL\(z‘,k)}) = ©i ({(07 07 X — t) ’ ZL\(i,E)})
+¢i ({(0,0,8), Zp iy })
= ¢ ({(0,0,X —1), Zr\iw })

+©i ({(07 0, t) ) ZL\(i,k) }) )

Hence, ¢; is additive in £ for any k # 4. Since ¢, is continuous and equation (7) holds, then

; is linear in F**. Thus,3s’ € [0, 1] such that
¢ ({(0,0,X),Znuj}) =s'X, VXandall (i,5) € L'.

Since ¢ is non-negative, then s' + s™ < 1, V(I,m) > 0.

Finally, consider the function ¢/ : R? — RN\? given by

7 7 1
g¢ (£, 15, X) = m@k((%at]a){) » 21\ ()
Then, we have that
D9 (65:65:X) = gy 2 oel(5,6, 0, Zin) =
k#i,j k?'flj

_ X - (pi((t]7t]7X) ZL\(i,j)) — Pj ((t]7t]7X) ZL\(i,j)) . X —s'X —sX _

(1 —st—s7) (1—s"—s7)
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> gl (.1, F7) = FI, VFY >0,

k#i,j
Therefore,
pi(A)=s'> FI4+ > gt " (1—s' —s™)F™) Vi,
J#i (I,m)eL—*
[
A.4 Proof of Corollary 2

Proof. The relations (i) <= (i1) and (iii) = (i) are obvious by Theorem 1.
We show that (i) = (iii).

By Proposition 3, we have
) =s ZF”%—ZQ”” (th 7", (1 — s —s™)F™), Vi
J#i I,m#i

By Proposition 3, the function is invariant to the transfer of profit within two projects (I, m)

and (7, k) in which agent ¢ does not belong. Therefore, g;,,, and gy, are linear. Thus,
pi(A)=s> FI4+4 Y F™ andy €R.
j#i 1m#i

Similarly, by Proposition 3, the function is invariant to the transfer of profit within a project in

which 7 does not belong to a project in which ¢ belongs. Therefore,

where Y s' = 1 due to the fact that 7/ = (1 — >_ .. s7). O

i
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