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Abstract

A traditional non-cooperative bargaining situation involves two or more forward-
looking players making offers and counteroffers alternately until an agreement is
reached, with a penalty according to the time taken by players in the decision-
making process. We introduce a game that aids myopic players to reach the equilib-
rium as if they were forward-looking agents. The key elements of the game are that
players are penalized for their deviation from the previous best response strategy
as well as their time taken for the decision-making at each step of the game. It
is shown that our game has an equilibrium not only for the traditional processes
and utilities used in traditional bargaining literature but for an expanded and very
comprehensive set of stochastic processes (such as Markov processes) and utility
functions. Our work not only complements traditional bargaining literature for my-
opic agents but also enlarges the class of processes and functions where Rubinstein’s
non-cooperative bargaining solutions might be defined and applied.

1 Introduction

There has been a large and growing literature in non-cooperative bargaining. Rubinstein
[40] presented a bilateral non-cooperative bargaining process as an alternating offers game
with a bargaining cost for each period. Such a model has been studied and extended for
three or more players in a variety of papers and situations (e.g., [22, 25, 10, 11, 43, 3,
37, 33]). The non-cooperative bargaining model and its game-theoretic solution have also
been applied in many important contexts like market games [41, 9], networks [27, 2, 1, 20],
apex games [29], union formation [24], and water management [13].

Despite its wide applicability, crucial assumptions of the traditional bargaining model
include that players have complete information about the characteristics of other agents
(e.g., their discount factor or their utility) and that players are sophisticated in their
behavior (e.g., when agents are forward-looking or in the presence of externalities). The
traditional equilibrium concept has been shown to fail when agents are not sophisticated,
including, for instance when they are myopic ([36, 26, 34, 35, 42, 23]). As such, there is
a need to develop a general theory of bargaining that is robust to work in the absence of
sophisticated players.
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To illustrate this, consider the bargaining situation proposed by Rubinstein [40] where
two players have to reach an agreement on the partition of a pie of size 1, and alternate
making offers to the other player at times 0,∆, 2∆, ... where ∆ > 0. Each proposal consists
on how the pie should be divided (x1, x2) ∈ R2

+, where x1 + x2 = 1. Also consider a fixed

discounting factor for each player given by β1 = e(−r1∆) and β2 = e(−r2∆) that depends on
a discount rate r of each player. Rubinstein[40]’s unique subgame perfect equilibrium is:

x∗1 =
1− β2

1− β1β2
x∗2 =

1− β1

1− β1β2

where player 1 always offers x∗1 and always accepts an offer x2 ≤ x∗2; and player 2 always
offers x∗2 and always accepts an offer x1 ≤ x∗1. Finally, each player has the share x·e(−rt∆)

of the pie.
Note that in order for such a solution to be implemented, agents need to be informed

about each others’ utility function and discount factor. For instance, when they do not
know others’ discount factor, this equilibrium does not work, as agent 1, for instance, will
not be able to offer x∗1 since it depends on β2.

Similarly, consider a naive (unsophisticated) agent whose only behavior is to do a best-
response equilibrium based on their own information, potentially uninformed or disregard-
ing the utilities and behavior of other players. In particular, suppose that respondents
always observe a continuation of a game if they reject an offer, whereas proposers do not
see any continuation. In such a situation, the typical Rubinstein model does not converge.
Indeed, consider the case where there is a fixed divisible good between two players, for
simplicity consider 1 as the value of the good, at each round of the negotiation process
the best response of each player is to get everything for himself and offer nothing for the
other player, i.e., in the first round, player 1 offers x2 = 0 to player 2 and keeps x1 = 1
for himself, then player 2 rejects and the best response is to offer x1 = 0 to player 1 and
keep x2 = 1 for himself. In the next round, the behavior of both players will be the same,
both players will get trapped in the best response tatonnement and this simple game will
never have a solution.

As an aid to the implementation of bargaining solutions in the presence of unsophisti-
cated agents or those lacking information about other agents’ characteristics, we propose
an alternative approach to the traditional bargaining literature, where a planner has the
ability to set up a game to aid the agents to reach an equilibrium. To understand the
characteristics of our game, consider the traditional bargaining game as above where the
planner is able to penalize the agents based on two factors: first, players are penalized for
their deviation from the previous proposal, and second, they are penalized over the time
taken for the decision-making at each step of the game. Our main results shows that the
tatonnement process converges (in exponential time) for a very large class of games and
functions even with very small penalties (Theorem 3.3).

Another advantage of our game is that it converges to a compromise point that is
similar to Rubinstein’s solution in the case of two players. Clearly, just a large penaliza-
tion on the deviation from the previous strategy may not lead to a compromise solution
when players are naive. Indeed, for a sufficiently large penalization, the first agent can
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propose to receive all resource, and the following agent would not have the incentive to
deviate as he will pay a large penalization based on his deviation. Similarly, a small pe-
nalization might not lead to implementing a compromise solution because as agents might
cycle in their offers as above. Our main contribution shows that a relatively small set of
penalties that guarantee the converge of the above method even in the presence of unso-
phisticated (and uninformed) players who only play the best-response. Furthermore, this
convergence works not only for the traditional processes and utilities used in traditional
bargaining literature, but also for an expanded and very comprehensive set of stochastic
processes (such as Markov processes) and utility functions (Section 4). Thus, our work
not only complements traditional bargaining literature for unsophisticated agents lacking
information but also enlarges the class of processes and functions where the traditional
Rubinstein’s non-cooperative bargaining problem might be defined and applied.

Rubinstein’s equilibrium Proposed equilibrium

Two-player game X X

3 or more player game X

Complete information X X

Incomplete information X

Alternating offers X X

Discount factor X X

Exists for rational players X X

Exists for unsophisticated agents X

Markov processes X

Table 1: Characteristics of the game and equilibrium proposed in comparison to the
original Rubinstein’s model and solution.

In order to further illustrate our method and the solution obtained in comparison
to Rubinstein’s, consider a game where two players have to reach an agreement on the
partition of a fixed divisible good (for simplicity with value 1). Following the alternating
offers model, we consider that players makes offers at times 0,∆, 2∆, ... where ∆ = 0.5.
Both players have a discount rate r = 0.5, then the fixed discounting factor for each player
is the same and is given by β = e(−r∆) = e(−0.25) = 0.7788. The traditional Rubinstein’s
solution computed x1∗ = x2∗ = 0.5622, and implements the equilibrium as follows:

• Player 1 always offers (0.5622, 0.4378) and always accepts at least (0.4378, 0.5622),

• Player 2 always offers (0.4378, 0.5622) and always accepts at least (0.5622, 0.4378).

Thus, when player 1 makes the first offer, the agreement is reached in the first offer, at
time 0, and the final payoffs are (0.5622, 0.4378).
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In comparison, while the solution employing our method considering a time function
equal to the discount factor β proposed by Rubinstein is as Table 2. Our method also
penalizes players for deviating from the previous offer made by the players, δ|xn − xn−1|.
In our method, the agreement reached by players is (0.5653, 0.4347) when player 1 makes
the first offer, and the final utilities after the penalization equals ψ1(x) = 0.56528 and
ψ2(x) = 0.43468, which is similar to Rubinstein’s solution.

Step
Offers δ

×1e− 4
‖xn−xn−1‖2 Accum.

penalty
Utilities

x1 x2 ψl(x) ψ2(x)

0 0.5 0.5 0.5 0.5
1 → 1 0.7472 0.2528 0.7788 0.1222 0.00001 0.74719 0.25279
2 → 2 0.4973 0.5027 0.6065 0.1249 0.00002 0.49728 0.50268
1 → 3 0.6874 0.3126 0.3749 0.0723 0.00002 0.68738 0.31258
2 → 4 0.5145 0.4855 0.2551 0.0598 0.00002 0.51448 0.48548
1 → 5 0.67 0.33 0.1305 0.0484 0.00002 0.66998 0.32998
2 → 6 0.539 0.461 0.0956 0.0343 0.00002 0.53898 0.46098
1 → 7 0.6727 0.3273 0.0707 0.0358 0.00002 0.67268 0.32728
2 → 8 0.5412 0.4588 0.0527 0.0346 0.00002 0.54118 0.45878
1 → 9 0.5655 0.4345 0.0395 0.0012 0.00002 0.56548 0.43448
2 → 10 0.5653 0.4347 0.0297 0.0000 0.00002 0.56528 0.43468

Table 2: Behavior of the offers and utilities from our method. The offers column (x1

and x2) represent the best response made by players in response to their utilities and
the penalties imposed by the planner. The total penalty at step n equals δ|xn − xn−1|.
The Accum. penalty column represent the accumulated penalty over all steps, and the
utilities equal the offers made minus the penalty. Even with ten steps, both agents’ best
response is equivalent at a small penalty/cost to the players.

1.1 Related Literature

The Rubinstein’s alternate bargaining game [40] presents a non-cooperative bargaining
process for two players dividing a fix resource equal to 1 and shows the existence of
equilibrium under complete information. Fudenberg and Tirole [17] analyses a two-person,
two-period non-cooperative bargaining game with incomplete information, and solves it
using the concept of perfect Bayesian equilibrium. Binmore et al. [10] characterized
modified evolutionary stable strategies (MESS) in Rubinstein’s alternating-offers, infinite-
horizon bargaining game. They showed that a MESS causes agreement to be achieved
immediately, with neither player willing to delay the agreement by one period in order to
achieve the other player’s share of the surplus. Each player’s share of the surplus is then
bounded between the shares received by the two players in the unique subgame-perfect
equilibrium of Rubinstein’s game.
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Kultti and Vartiainen [25] extends Rubinstein’s solution by Rubinstein considering
an n-player bargaining problem where the utility possibility set is compact, convex and
strictly comprehensive. They showed that a stationary subgame perfect Nash equilibrium
exists, and that, if the Pareto surface is differentiable, all such equilibria converge to the
Nash bargaining solution as the length of a time period between offers goes to zero, i.e.,
they showed that the unique subgame perfect equilibrium outcome of the two-player alter-
nating offers bargaining game presented by Rubinstein converges to the Nash bargaining
solution [32] when the length of time period that it takes to make offers and counteroffers
goes to zero.

Montero [29] studied the non-cooperative bargaining with random proposers in apex
games, a n-player game with one major player and n − 1 ≥ 3 minor players, this game
can be interpreted as a weighted majority games in which the major player has n − 2
votes, each of the minor players has one vote, and n− 1 votes are required for a majority.
Montero considered two different protocols: the egalitarian protocol, which selects each
player to be the proposer with equal probability, and the proportional protocol, which
selects each player with a probability proportional to his number of votes.

As in our case, the bargaining problem has been widely studied for cases in which the
players are myopic. Brown and Lewis [12] presented and characterized a model of myopic
tastes, both in the context of intertemporal decision making and choice under uncertainty,
involving a denumerable number of periods or a countable number of tastes of the world.
They formalized the myopic bahavior by defining topologies on the space of consumption
plans, which discount the future or improbable events. Marden [28] proposed a termed
state based potential games, with myopic agents and static equilibrium concepts similar
to the Nash equilibrium, which introduces an underlying state space into the framework
of potential games and demonstrated the applicability of state based potential games on
two cooperative control problems, distributed resource allocation and local control design,
these examples were presented in terms of Markov chains.

Winoto et al. [50] presented the strengths and weaknesses of non-monotonic-offers in
alternating-offer bargaining protocols. He considered two players, a buyer and a seller,
bargaining over a single attribute item. The rationale in this situation is that some
agents may be myopic at a different level and risk-averse towards breakdown in the future.
Therefore, they may take a secure-yet-perceived-as-optimal offer even when a better one
may exist in the future. Akin [4] studied Rubinstein’s bargaining game between possibly
time-inconsistent players. He examined the effect of time inconsistency and learning on the
different type of agents’ decisions in a bargaining framework, he considered two players,
each of whom is naive, sophisticated, partially naive or exponential, engaged in an infinite
horizon alternating-offers bargaining game under the assumption that each player knows
the opponent’s type and the naive players can learn about their own preferences. He
showed that in a game between a naive or partially naive and a time-consistent player,
the more naive the player is, the higher the share received and, in addition, two naive
players who never learn disagree perpetually. Since there is no learning, players do not
update their beliefs and consequently do not change their strategies; they stay naive no
matter how the game evolves. The naive and partially naive agents always offer the
present value of what they think their opponent expects to earn by rejecting. However,
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since their beliefs differ from their opponent’s belief, it turns out that from the perspective
of the opponent, rejection based on these beliefs is always optimal. Thus, each of them
is so optimistic about their future shares and so obstinate that they insist on offering the
same rejected share to the other.

In comparison to this work, our game is defined and the equilibria exists for a large
class of games of complete and incomplete information as well as utility fuctions.

The paper is structured as follows. Section 2 formally presents the description of the
bargaining model presented by Rubinstein in the more general context discussed in the
paper. Section 3 shows the formulation of the non-cooperative bargaining game. The
solution of the non-cooperative bargaining game based on continuous-time Markov chains
is presented in Section 4. Application examples are presented in Section 5. And, Section
6 concludes with some remarks. Appendix 7 formally presents the solution method for
the non-cooperative bargaining game, as well as the convergence analysis of the proposed
method. Finally, two extensions of the general model are presented in Appendix 8.

2 The Rubinstein’s alternating-offers model

Rubinstein[40] seminal bargaining situation is defined for two players (n = 2) who have
to reach an agreement on the partition of a pie of size 1. Each player takes turns to make
an offer to the other agents on how the pie should be divided between them. After player
1 has made such an offer, player 2 must decided whether to accept it, in this case the
bargaining game ends and the players divide the cake according to the accepted offer, or
to reject it and continue with the bargaining process. If player 2 rejected, then this player
has to make a counteroffer which player 1 would accept or reject it and continue with the
negotiation process. The bargaining game continues until an offer is accepted. Offers are
made at discrete points in time, 0,∆, 2∆, ..., t∆, ..., where ∆ > 0, and players experience
an exponential discount factor which might be different across agents. For a player ι,
and an offer x∗ accepted at time t, his final utility is x∗ι e

(−rιt∆), where βι = e(−rι∆) is the
discount factor associated to player ι.1

Rubinstein[40]’s main results shows the existence of a subgame perfect equilibrium.
Indeed, for

x1∗ =
1− β2

1− β1β2
x2∗ =

1− β1

1− β1β2

a subgame perfect equilibrium can be found when player 1 always offers x1∗ and always
accepts an offer x2 if and only if x2 ≤ x2∗; and player 2 always offers x2∗ and always
accepts an offer x1 if and only if x1 ≤ x1∗. Such an equilibrium is unique and reached at
time zero when rι > 0 for all ι.

Such a game can be extended to a general set X of possible agreements. Indeed,
consider two players bargaining over X according to the alternating-offers as above, where
player ι has utility function ψι : X → R and exponential discount factor e(−rιt∆). We

1Rubinstein[40] also studies the case of a fixed linear cost cιt∆, instead of exponential, associated
at every step. Our work focuses on exponential discounting rather than linear since it produces richer
solutions.
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denote by Φ(X) = {(ψ1(x), ψ2(x))|x ∈ X} the set of possible utility pairs attainable at
time 0, and Φe denote the Pareto frontier2 of the set Φ.

When X is a compact and convex set, and the utility functions are continuous and
concave, the Pareto frontier Φe can be represented by a graph function of a strictly
decreasing and concave function, denoted by φ, whose domain is an interval I1 ⊆ R and
range an interval I2 ⊆ R. For simplicity, assume that 0 ∈ I1, 0 ∈ I2 and φ(0) > 0 (see,
Figure 1). Then,

Φe =
{

(ψ1, ψ2) : ψ1 ∈ I1, ψ2 ∈ φ(ψ1)
}

Figure 1: The Pareto solution of the bargaining problem at time 0.

Consider φ−1 the inverse of φ, a strictly decreasing and concave function from I2 to
I1, with φ−1(0) > 0. Then, for any ψ1 ∈ I1, φ(ψ1) is the maximum utility that player
2 receives subject to player 1 receiving a utility ψ1; in the same way, for any ψ2 ∈ I2,
φ−1(ψ2) is the maximum utility that player 1 receives subject to player 2 receiving a utility
ψ2.

Let Zι, a non-empty subset of X, defined as follows

Zι =

{
xι := arg max

x∈X
ψι(x) : ψm(xι) = βmψm(xm) , (m 6= ι)

}
Proposition 2.1. For any x∗ι ∈ Zι, ι = 1, 2, the following pair of strategies is a subgame
perfect equilibrium of the general Rubinstein model:

• Player 1 always offers x1∗ and always accepts an offer x2 if and only if ψ1(x2) ≥
β1ψ1∗

• Player 2 always offers x2∗ and always accepts an offer x1 if and only if ψ2(x1) ≥
β2ψ2∗

2A utility pair (ψ1, ψ2) ∈ Φe if and only if (ψ1, ψ2) ∈ Φ and there does not exist another utility pair
(ϕ1, ϕ2) ∈ Φ such that ϕ1 ≥ ψ1, ϕ2 ≥ ψ2.
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where ψ1∗ = φ−1(β2ψ2∗) and ψ2∗ = φ(β1ψ1∗).

The generality of this Bargaining model and the proof of this result can be found in
Mutho[31]. Note that if Zι contains more than one element, then there exist more than
one subgame perfect equilibrium in the general Rubinstein model. In any subgame perfect
equilibrium, if agreement is reached at time 0 and it is player 1 who makes the offer, then
the equilibrium payoff for player 1 is ψ1∗ and for player 2 is φ(ψ1∗); similarly, if it is player
2 who makes the offer at time 0, then the equilibrium payoff for player 1 is φ−1(ψ2∗) and
for player 2 is ψ2∗. This equilibrium pair is Pareto efficient (See Figure 1).

3 Bargaining with unsophisticated players

We present a variation of Rubinstein[40]’s model that works when agents use a myopic
best-response behavior rather than the forward-looking behavior used by Rubinstein. The
game presented below works for any time discount function T : Rn

+ → Rn
+ that adds a set

of penalties to agents that deviate from the previous proposed strategy.

Definition 3.1 (Bargaining game with disagreement penalties). A bargaining game with
disagreement penalties consists of:

• A set of players N = {1, ..., n} making offers alternatively following the order
1, 2, . . . , n, 1, 2, . . .

• The common space of offers X that is a convex and compact set. Once an offer is
proposed, it needs to be accepted by all players for it to be final.

• For a given path of offers (x1, x2, . . . , xt), where xl ∈ X and xt the finally accepted
offer, the payoff to agent ι is given by T ι(t)(ψι(xt) − D∗(x1, x2, . . . xt)), where ψ :
X → Rn

+ is a concave twice-differentiable real-valued function that represents the

utility of agents from accepting xt, and D∗(x1, x2, . . . xt) =
∑t

l=1 δl ‖(xl − xl−1)‖2 is
the disagreement cost to the agents at the path (x1, x2, . . . xt) for some arbitrary
initial point x0 ∈ X and a sequence of penalties δ1, δ2, δ3, . . . .

Like the general Bargaining model discussed in Section 2, we only assume that offers
are made from an arbitrary set X that is convex and compact and the utility function
ψι of every agent is a concave twice-differentiable real-valued function. In contrast with
such a model, our time discount function T ι(t) is an arbitrary decreasing function that is
not necessarily exponential.

Our game introduces penalties (costs) imposed to agents when deviating from a previ-
ously proposed offer. This is captured by the function D∗ that is increasing on both time
to reach the offer, as well as the distance from the previously rejected offer. In particular,
the cost at time t equals the cost at time t− 1 plus a penalty δt of the distance from the
previous offer, δt ‖xt − xt−1‖2.3

3While we currently assume that all the agents receive the same penalty D∗(x1, x2, . . . xt), our work
can be extended to asymmetric penalties, for instance, when only the proposing agents is penalized. We
note that penalizing all the agents symmetrically guarantees a faster convergence than an asymmetric
penalty.
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Note that when the sequence of penalties are equal to zero, δt = 0 for all t, and the
time function equals T ι(l) = e(−rιl∆), then this resembles the general Rubinstein’s model
discussed in Section 2.

Definition 3.2 (Tatonnement equilibrium). A path of offers (x1, x2, . . . , xt) is a Taton-
nement (unsophisticated best-response) equilibrium if at every step l, where 1 ≤ l ≤ t the
offer xl proposed by agent ι satisfies xl ∈ arg maxx∈X T

ι(t)(ψι(x)−D∗(x1, x2, . . . xl−1, x)).

Under a tatonnement equilibrium, agents choose their best response disregarding the
behavior of the other agents. This is a standard equilibrium concept formulated from the
early origins of Nash equilibrium. Benefits of such an equilibrium includes that agents
only need their own information to make a decision. Furthermore, such an equilibrium
works whether agents are sophisticated or not.

Theorem 3.3. Consider an arbitrary time discount function T : Rn
+ → Rn

+, and strategy
space X be a convex and compact polytope. Then, for any initial point x0, there exists a
sequence of penalties δ1, δ2, . . . such that the bargaining game with disagreement penalties
for utility ψ, time function T and penalties δ1, δ2, . . . have a tatonnement equilibrium that
converges. Furthermore, if the derivative of the utility function ψ is Lipschitz continuous
with constant K, the sequence {xt} generated by the procedure, monotonically converges
with exponential rate q(δ,K) to one of the equilibria point x∗, i.e.,

‖xt+1 − x∗‖2 ≤ q(δ,K)t+1‖x0 − x∗‖2 as t→∞. (3.1)

The main implication of this theorem is that even when agents lack sophistication
in their behavior, achieving a compromise equilibrium is possible by imposing monetary
penalties in their utility. This result is remarkably strong, both on the time discount
function used, and regardless of the initial point x0 that is used. Furthermore, the class
of problems that is covers is very general, as minimal concavity conditions on the utility
functions are assumed. This will be illustrated in the following section, where we apply
this to very general problems that include, for instance, continuous-time Markov chains.

Important to note is that unlike Rubinstein’s equilibrium, our equilibrium will not
converge at time zero, as agents are not fully rational and take some time for the penalties
to incentivize them reach a rational equilibrium outcome (the price of unsophistication).
As such, there is an implicit loss in the efficiency, which can be expressed either as the
speed of convergence that it takes for agents to reach a rational equilibrium or in terms
of the size of penalties D∗ that need to be imposed to agents for them to achieve the
equilibrium. Indeed, Remark 3.4 shows that best speed of convergence of the process,
which can be achieved by implementing the appropriate penalties to agents. Example 1
illustrates the price of unsophistication for the division of one unit of a good.

Remark 3.4. The non-cooperative bargaining process converges with exponential rate
qmin = 9/13, which means that the best rate of convergence at each step of the bargaining
process is (9/13)t+1 (see, Table 3).
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Step (9/13)t+1

1 0.479289941
2 0.331816113
3 0.229718847
4 0.159036125
5 0.110101933
6 0.076224415
7 0.052770749
8 0.036533595
9 0.025292489
10 0.017510185
11 0.012122436
...

...
18 0.000924026
19 6.3971× 10−4

20 4.42876× 10−4

Table 3: Number of steps needed for convergence of the strategies of the space X as a
function of the minimal distance d between the strategy at time t and an equilibrium.

Example 1 (The price of unsophistication for the simplex). In the following example, we
measure the cost of having players that are unsophisticated in relation to Rubinstein’s
main result. As shown in the main result, we say that the cost D at the equilibrium is
small. Consider two players dividing a good with value 1, the solution of Rubinstein when
the discount rate r = 1 and ∆ = 1 is the same for each player (0.7311, 0.2689). Now, for
some parameter δ for both players and an initial point x0 = (1, 0), the solution obtained
with our method is (0.7322, 0.2678) and the utilities reached at each step of the process
are as follows:

Step
Offers Utilities

x1 x2 ψl(x) ψ2(x)

0 1 0 1 0
1 → 1 0.9997 0.0003 0.9996 0.0002
2 → 2 0.7956 0.2044 0.7955 0.2043
1 → 3 0.9363 0.0637 0.9362 0.0636
2 → 4 0.7322 0.2678 0.7321 0.2677

Table 4: Behavior of the offers and utilities.

Our work generalizes the above example for any time function and a very general
class of utility functions that are differentiable and satisfy a general Lipschitz condition.
Surprisingly, the unsophisticated best-response strategies converge in exponential time.
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4 An extension to continuous-time Markov chains

In this section, we extend the convergence results of the previous section to the case of
bargaining in the presence of continuous-time Markov chains. In particular, our main
results illustrate the computability of the solutions.

Definition 4.1. [21]. A controllable continuous-time Markov chain is a 4-tuple

CTMC = (S,A,K, Q) (4.1)

where:

• S is the state space, which is a finite set of states
{
s(1), ..., s(N)

}
, N ∈ N, endowed

with a discrete topology;

• A is the set of actions, a finite space endowed with the corresponding Borel σ−algebra
B(A). For each s ∈ S, A(s) ⊂ A is the non-empty set of admissible actions at state
s ∈ S;

• K = {(s, a)|s ∈ S, a ∈ A(s)} is the class of admissible state-action pairs, which is
considered as a topological subspace of S × A;

• Q is the matrix of the transition rates
[
q(j|i,k)

]
, the transition from state s(i) to

state s(j) under an action a(k) ∈ A
(
s(i)

)
, k = 1, ...,M ; satisfying q(j|i,k) ≥ 0 for all

(s, a) ∈ K and i 6= j such that

[
q(j|i,k)

]
=


−

N∑
i 6=j

ρ(j|i)(a(k)), if i = j

ρ(j|i)(a(k)), if i 6= j

where ρ(j|i) is a transition rate between state s(i) and s(j), ρ(i) =
N∑
i 6=j

ρ(j|i). This

matrix is assumed to be conservative, i.e.,
N∑
j=1

q(j|i,k) = 0 and stable, which means

that
q∗(i) := sup

a(k)∈A(s(i))
q(i,k) <∞ ∀ s(i) ∈ S

where q(i,k) := −q(i|i,k) ≥ 0.

Definition 4.2. A continuous-time Markov Decision Process is a pair

CTMDP = {CTMC,U} (4.2)

where:

• CTMC is a controllable continuous-time Markov chain (4.1);
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• U : S ×K→ R is a utility function, associating to each state a real value.

A strategy (policy) is defined as a sequence d = {d(t), t ≥ 0} of stochastic kernels
d(t) such that: for each time t ≥ 0, d(k|i)(t) is a probability measure on A such that
d(A(s(i))|i)(t) = 1 and for every E ∈ B(A) d(E|i)(t) is a Borel measurable function in t ≥ 0.

Let us denote the collection
{
d(k|i)(t)

}
by D.

Definition 4.3. A continuous-time Markov game is a pair

G = {N , CTMDP} (4.3)

where:

• CTMDP is a continuous-time Markov decision process (4.2);

• N = {1, ..., n} is the set of players, each player is indexed by ι = 1, n.

From now on, we will consider only stationary strategies dι(k|i)(t) = dι(k|i). For each
strategy dι(k|i) the associated transition rate matrix is defined as:

Qι(dι) := [qι(j|i)(d
ι)] =

M∑
k=1

qι(j|i,k)d
ι
(k|i)

such that on a stationary state distribution for all dι(k|i) and t ≥ 0 we have that Πι∗(d) =

lim
t→∞

eQ
ι(dι)t (see [21]), where Πι∗ (dι) is a stationary transition controlled matrix.

4.1 Solution Method

Let introduce the joint strategy cι :=
[
cι(i,k)

]
i=1,N ;k=1,M

which is a matrix with elements

cι(i,k) = dι(k|i)P
ι
(
sι=s(i)

)
(4.4)

and satisfies the following restrictions:

1. Each vector from the matrix cι :=
[
cι(i,k)

]
represents a stationary mixed-strategy

that belongs to the simplex

SN×M :=

{
cι(i,k) ∈ RN×M : cι(i,k)≥0,

N∑
i=1

M∑
k=1

cι(i,k)=1

}

2. The variable cι(i,k) satisfies the continuous time and the ergodicity constraints, and
belongs to the convex, closed and bounded set defined as follows:

cι ∈ Cι
adm =

{
hι(j)(c) =

N∑
i=1

M∑
k=1

πι(j|i,k)c
ι
(i,k) −

M∑
k=1

cι(j,k)= 0,
N∑
i=1

M∑
k=1

qι(j|i,k)c
ι
(i,k) = 0

}
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Notice that by (4.4) it follows that

P ι
(
sι=s(i)

)
=

M∑
k=1

cι(i,k), dι(k|i) =
cι(i,k)

M∑
k=1

cι(i,k)

(4.5)

Considering a utility matrix U ι
(j,i,k) and the transition matrix πι(j|i,k) of each player, let

us define a utility function of each player that represents the behavior of each player given
by

W ι
(i,k) =

N∑
j=1

U ι
(j,i,k)π

ι
(j|i,k) (4.6)

so that the “average utility function” in the stationary regime can be expressed as

ψι
(
c1, ..., cn

)
:=

N∑
i=1

M∑
k=1

W ι
(i,k)

n∏
ι=1

cι(i,k) (4.7)

Let us consider a game with players’ strategies denoted by xι ∈ X ι
(
ι = 1, n

)
where

X :=
n⊗
ι=1

X ι is a convex and compact set,

xι := col (cι), X ι := Cι
adm

where col is the column operator.
Denote by x = (x1, ..., xn)> ∈ X, the joint strategy of the players and xι̂ is a strategy

of the rest of the players adjoint to xι, namely,

xι̂ :=
(
x1, ..., xι−1, xι+1, ..., xn

)> ∈ X ι̂ :=
n⊗

h=1, h 6=ι

Xh

such that x = (xι, xι̂), ι = 1, n.
The process to solve the non-cooperative bargaining game consists of two main steps:

firstly to find the initial point of the negotiation (an ideal agreement that players can reach
if they negotiate cooperatively, this point is the Pareto optimal solution of the bargaining
game), the formulation and solution for this problem is called the strong Nash equilibrium
(for the complete formulation, solution and convergence analysis see [48, 49]); finally, for
the solution of the non-cooperative bargaining process we follow the model presented in
Section 3.

4.2 The Pareto optimal solution of the bargaining problem

The Pareto set can be defined as [18, 19]

P :=

{
x∗ (λ) := arg max

x∈X

[
n∑
ι=1

λι ψι (x)

]
, λ ∈ Sn

}
(4.8)
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such that

Sn :=

{
λ ∈ Rn : λ ∈ [0, 1] ,

n∑
ι=1

λι = 1

}
for

ψ(x∗ (λ)) =
(
ψ1 (x∗ (λ)) , ψ2 (x∗ (λ)) , ..., ψn (x∗ (λ))

)
The vector x∗ is called a Pareto optimal solution for P . Then, a strong Nash equilibrium
is a strategy x∗ = (x1∗, .., xn∗) such that

ψ
(
x1∗, .., xn∗

)
> ψ

(
x1∗, .., xι, ..., xn∗

)
for any xι ∈ X, xι 6= xι∗.

Consider that players try to reach the strong Nash equilibrium, that is, to find a joint
strategy x∗ = (x1∗, ..., xn∗) ∈ X satisfying for any admissible xι ∈ X ι and any l = ι, n

GLp (x(λ), x̂(x, λ)) :=

[
n∑
ι=1

∣∣λι [ψι (xι, xι̂)− ψι (x̄ι, xι̂)]∣∣p]1/p

(4.9)

where x̂(x, λ) = (x1̂>, ..., xn̂>)> ∈ X̂ ⊆ Rn(n−1), p ≥ 1 ([45, 44]) and x̄ι is the utopia point
defined as follows,

x̄ι := arg max
xι∈Xι

ψι
(
xι, xι̂

)
(4.10)

Here ψι
(
xι, xι̂

)
is the cost-function of player ι which plays the strategy xι ∈ X ι and the

rest of players the strategy xι̂ ∈ X ι̂. The functions ψι
(
xι, xι̂

)
, ι = 1, n, are assumed to be

concave in all their arguments.

Remark 4.4. The function GLp (u(λ), û(u, λ)) satisfies the Nash condition

ψι
(
xι, xι̂

)
− ψι

(
x̄ι, xι̂

)
≤ 0

for any xι ∈ X ι and all ι = 1, n

Definition 4.5. A strategy x∗ ∈ X is said to be a Strong Lp− Nash equilibrium if

x∗Lp ∈ Arg max
x∈Xadm,λ∈Sn

{
GLp (x(λ), x̂(x, λ))

}
Remark 4.6. If GLp (x(λ), x̂(x, λ)) is strictly concave then

x∗Lp = arg max
x∈Xadm,λ∈Sn

{
GLp (x(λ), x̂(x, λ))

}
Applying the Lagrange principle (see, for example, [39]) we may conclude

x∗Lp = arg max
x∈X,x̂(x)∈X̂,λ∈Sn

min
µ≥0,ξ≥0,η≥0

Lδ(x, x̂(x), λ, µ, ξ, η) (4.11)
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where

Lδ(x, x̂(x), λ, µ, ξ, η) := GLp,δ (x(λ), x̂(x, λ))−
n∑
ι=1

N∑
j=1

µι(j)h
ι
(j)(x

ι)−

n∑
ι=1

N∑
i=1

N∑
j=1

M∑
k=1

ξι(j)q
ι
(j|i,k)x

ι
(i,k) −

n∑
ι=1

N∑
i=1

M∑
k=1

ηι
(
xι(i,k) − 1

)
+ δ

2

(
‖µ‖2 + ‖ξ‖2 + ‖η‖2)

and

GLp,δ (x(λ), x̂(x, λ)) =

[
n∑
ι=1

∣∣λι [ψι (xι, xι̂)− ψι (x̄ι, xι̂)]∣∣p]1/p

− δ
2
(‖x‖2 + ‖x̂(x)‖2 + ‖λ‖2)

In order to find the Pareto optimal solution, the relation (8.9) can be expressed in the
proximal format (see [6]) as

µ∗δ = arg min
µ≥0

{
1
2
‖µ− µ∗δ‖2 + γLδ(x∗δ , x̂∗δ(x), λ∗δ , µ, ξ

∗
δ , η
∗
δ )
}

ξ∗δ = arg min
ξ≥0

{
1
2
‖ξ − ξ∗δ‖2 + γLδ(x∗δ , x̂∗δ(x), λ∗δ , µ

∗
δ , ξ, η

∗
δ )
}

η∗δ = arg min
η≥0

{
1
2
‖η − η∗δ‖2 + γLδ(x∗δ , x̂∗δ(x), λ∗δ , µ

∗
δ , ξ
∗
δ , η)

}
x∗δ = arg max

x∈X

{
−1

2
‖x− x∗δ‖2 + γLδ(x, x̂∗δ(x), λ∗δ , ξ

∗
δ )
}

x̂∗δ(x) = arg max
x̂∈X̂

{
−1

2
‖x̂(x)− x̂∗δ(x)‖2 + γLδ(x∗δ , x̂(x), λ∗δ , ξ

∗
δ )
}

λ∗δ = arg max
λ∈SN

{
−1

2
‖λ− λ∗δ‖2 + γLδ(x∗δ , x̂∗δ(x), λ, ξ∗δ )

}
(4.12)

where the solutions x∗δ , x̂
∗
δ(x), λ∗δ , µ

∗
δ , ξ

∗
δ and η∗δ depend on the small parameters δ, γ > 0.

4.3 The non-cooperative bargaining solution

In order to find the non-cooperative bargaining solution, let us define a time function that
depends of the transition rates between states of each player as follows

τ ι(j|i,k) :=


1∣∣∣∣∣ N∑i6=j qι(j|i,k)

∣∣∣∣∣
if i = j

1
qι
(j|i,k)

, if i 6= j

(4.13)

Also, let us redefined the utility function in eq. (4.6) to involves the previous time function
(4.13)

W ι
(i,k) =

N∑
j=1

(
τ ι(j|i,k)

)−1
U ι

(j,i,k)π
ι
(j|i,k) (4.14)
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so that the average utility function in the stationary regime can be expressed as

ψι (x) :=
N∑
i=1

M∑
k=1

W ι
(i,k)

n∏
ι=1

cι(i,k) (4.15)

Then, let us define the norm of the strategies x that depends on the transition time cost
of each player as follows

‖(x− x∗)‖2
Λ =

n∑
ι=1

M∑
k=1

∥∥∥(xι(k) − xι∗(k)

)∥∥∥2

=
n∑
ι=1

M∑
k=1

(
xι(k) − xι∗(k)

)T
Λι

(k)

(
xι(k) − xι∗(k)

)
where

xι(k) = (cι(1,k), ..., c
ι
(N,k))

T ∈ RN , k = 1,M

and

Λι
(k) :=

1

2

[
Λ̃ι

(k) + Λ̃lᵀ
(k)

]
, Λ̃ι

(k) :=
[
τ ι(j|i,k)

]
, Λ̃ι

(k) ∈ RN×N

Considering the utility function that depends on the average utility function ψι (x) defined
as follows

F ι(x, µ, ξ, η) := ψι (x)− ψι(x∗)− 1
2

n∑
ι=1

N∑
j=1

µι(j)h
ι
(j)(x

ι)−

1
2

n∑
ι=1

N∑
i=1

N∑
j=1

M∑
k=1

ξι(j)q
ι
(j|i,k)x

ι
(i,k) −

1
2

n∑
ι=1

N∑
i=1

M∑
k=1

ηι
(
xι(i,k) − 1

)
we may conclude that

x∗ = arg max
x∈X

min
µ≥0,ξ≥0,η≥0

F ι(x, µ, ξ, η) (4.16)

Finally we have that the player in turn has to fix the strategies according to the solution
of the non-cooperative bargaining problem in proximal format defined as follows

µ∗ = arg min
µ≥0
{δι‖µ− µ∗‖2 + αιF ι (x∗, µ, ξ∗, η∗)}

ξ∗ = arg min
ξ≥0
{δι‖ξ − ξ∗‖2 + αιF ι (x∗, µ∗, ξ, η∗)}

η∗ = arg min
η≥0
{δι‖η − η∗‖2 + αιF ι (x∗, µ∗, ξ∗, η)}

x∗ = arg max
x∈X

{
−δι ‖(x− x∗)‖2

Λ + αιF ι (x, µ∗, ξ∗, η∗)
}

(4.17)

5 Numeric Simulations

5.1 Division of a fix resource

Consider a bargaining situation where two players have to reach an agreement about the
partition of certain amount of money. In the process, each player has to make in turn an
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offer, i.e., a proposal as to how it should be divided. Considering the bargaining model
1, we have that the bargaining problem is as follows:

x∗ = arg max
x∈X

{
−διttι(x) ‖(x− x∗)‖2 + αιtt

ι(x) [ψι(x)− ψι(x∗)]
}

where x = [x1, x2], x∗ = [x1∗, x2∗] and the vector x belongs to the simplex

Sn :=

{
x ∈ Rn : x ∈ [0, 1] ,

n∑
ι=1

xι = 1

}

The utility functions for the problem described above are as follows

ψ1(x1, x2) = x1

ψ2(x1, x2) = x2

Then, we have the bargaining problem for each player as follows

xt+1 = arg max
x∈X

{
−διttι(x) ‖(x− xt)‖2 + αιtt

ι(x) [ψι(x)− ψι(xt)]
}

Once the player in turn makes a new offer according to equation above, the next player
must decide either to accept or to reject the offer. If the player rejects the offer, then now
it is his turn to calculate the strategies that benefit his utility and to make a new offer.

For this example let’s consider a basic time function of the form t = exp(−n), where n
is each step of the negotiation process, and both players with the same parameters values
α, δ. Considering Theorem 7.4, we fix initial values n0 = 5, α0 = 0.1 and δ0 = 0.05, and
to obtain the maximal rate of convergence we take α = 2/3 and δ = 1/3, i.e., at each step
of the process after n = 5 we compute the optimal parameters to ensure the maximal rate
of convergence. Then, fixing an initial point x0 = [0.7, 0.3], that means 70% for player 1
and 30% for player 2, and solving the bargaining problem presented above we obtain the
behavior of the proposals during the process, see Figure 2. The utilities obtained at each
step of the process are shown in Table 5.

For this example, the dynamics of the game is as follows. The first player to make a
proposal is player 1, who keep the 100% for himself and 0% for the other player. In the
next step n = 2, player 2 rejects the offer and makes a new one, offering 50% to player 1,
but in the next step n = 3 player 1 rejects and offers 0.97% to player 2. At n = 4 player 2
offers 49.03% which player 1 rejects and offers 2.5% to player 2. In the next step player 2
decreases his offer to 47.54% for player 1, this offer is rejected and player 1 makes a new
one, offering 15.49% to player 2. At n = 8 player 2 offers 49.96% which player 1 rejects
and offers 29.73% to player 2. Finally at step 10 player 2 offers 56.90% to player 1, this
offer is accepted and the negotiation ends.

Consider other scenarios of this same example. What happen if we set a different
initial point? For example if we fix x0 = [0.9, 0.1], x0 = [0.5, 0.5] or x0 = [0.3, 0.7] we
obtain the same final utilities for both players, but if the initial point is x0 = [0.1, 0.9]
then the utilities are different and player 2 gets a greater utility than player 1. Now,
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Figure 2: Convergence of the utilities.

x1 x2

70% 30%
1 → 100% 0%
2 → 50% 50%
1 → 99.03% 0.97%
2 → 49.03% 50.97%
1 → 97.50% 2.5%
2 → 47.54% 52.46%
1 → 84.51% 15.49%
2 → 49.96% 50.04%
1 → 70.27% 29.73%
2 → 56.90% 43.10%
1 → 56.90% 43.10%

Table 5: Utilities of each player.

what happen if player 2 starts the process? Basically we have a symmetrical behavior,
for some initial points like x0 = [0.1, 0.9], x0 = [0.3, 0.7], x0 = [0.5, 0.5] or x0 = [0.7, 0.3]
both players obtain the same final utilities as in the previous scenario ψ1(x) = 43.10%
and ψ2(x) = 56.90%, and for the initial point x0 = [0.9, 0.1] the final utilities are different,
i.e., player 1 gets a greater utility than player 2.
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5.2 Transfer Pricing

Our goal is to analyze a three-player non-cooperative bargaining situation in a class of
continuous time Markov chains. Let us consider a transfer pricing approach [15, 16, 14]
which divide the revenue of a passenger between members of an airline alliance. The
set of origin-destination time are made up of itineraries. The itineraries are either a
direct flight or a series of connecting flights within the supply chain represented by the
airlines network. The game penalizes the revenue taking into account the total time that a
passenger takes for reaching the final destination. We are taking into account only round
trips so the Markov chain game is ergodic.

Let the number of states N = 3 and the number of actions M = 2 for each airline.
The individual utility for each airline are defined by

U1
(i,j,1)=

10 8 12
6 11 19
10 14 13

 U2
(i,j,1) =

7 9 11
5 10 14
9 6 10

 U3
(i,j,1) =

17 9 6
19 13 11
3 2 8


U1

(i,j,2)=

12 10 5
20 16 14
18 9 11

 U2
(i,j,2) =

15 6 9
15 8 9
12 10 7

 U3
(i,j,2) =

10 12 3
4 10 9
20 17 19


The transition rate matrices, i.e. the matrices with the information about the behavior

of each airline, are defined as follows

q1
(j|i,1)=

−0.2230 0.0581 0.1649
0.1166 −0.3131 0.1965
0.0504 0.0531 −0.1034

 q1
(j|i,2)=

−0.8918 0.2323 0.6595
0.4664 −1.2526 0.7862
0.2014 0.2122 −0.4137


q2

(j|i,1)=

−0.9336 0.7250 0.2086
0.4673 −0.9428 0.4755
0.0862 0.6542 −0.7405

 q2
(j|i,2)=

−0.2334 0.1813 0.0521
0.1168 −0.2357 0.1189
0.0216 0.1636 −0.1851


q3

(j|i,1)=

−0.3297 0.2872 0.0426
0.0473 −0.1738 0.1265
0.2912 0.2401 −0.5313

 q3
(j|i,2)=

−0.7694 0.6700 0.0993
0.1103 −0.4056 0.2953
0.6794 0.5602 −1.2396


First let’s calculate the starting point of the bargaining process applying the proximal

method (4.12) to find the strong Nash equilibrium. We obtain the convergence of the
strategies in terms of the variable cι(i,k) for each player (airline) ι = 1, n (see Figures 3, 4

and 5) and the convergence of the parameter λ (see Figure 6).
The strong Nash equilibrium reached for all players is as follows:

c1 =

0.0691 0.1510
0.0464 0.1015
0.1984 0.4336

 c2 =

0.2163 0.0253
0.3764 0.0440
0.3026 0.0354

 c3 =

0.0071 0.2237
0.0187 0.5876
0.0050 0.1579


The utilities for each player in the strong Nash equilibrium are ψ1(c1, c2, c3) = 3842.4,

ψ2(c1, c2, c3) = 2961.7 and ψ3(c1, c2, c3) = 3560.3. Once the starting point is set, the
negotiation process between players begins, calculating the strategies until they converge.
Then, the results obtained in the model presented above are shown:
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Figure 3: SNE Strategies of player 1. Figure 4: SNE Strategies of player 2.

Figure 5: SNE Strategies of player 3. Figure 6: Convergence of λ.

5.2.1 The non-cooperative bargaining solution

In this model each player calculates the strategies independently and alternately following
the relation (4.17) until they reach an agreement. Figures 7, 8 and 9 show the behavior
of the offers (strategies) during the bargaining process.

Finally, the agreement reached is as follows:

c1 =

0.2028 0.0173
0.1363 0.0116
0.5824 0.0495

 c2 =

0.0691 0.1725
0.1202 0.3001
0.0967 0.2413

 c3 =

0.1320 0.0988
0.3469 0.2594
0.0932 0.0697


Following (4.5) the mixed strategies obtained for players are as follows

d1 =

0.9216 0.0784
0.9216 0.0784
0.9216 0.0784

 d2 =

0.2860 0.7140
0.2860 0.7140
0.2860 0.7140

 d3 =

0.5721 0.4279
0.5721 0.4279
0.5721 0.4279


With the strategies calculated at each step of the negotiation process, the utilities

of each player showed a decreasing behavior as shown in the Figure 10, i.e., at each
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Figure 7: Strategies of player 1. Figure 8: Strategies of player 2.

Figure 9: Strategies of player 3. Figure 10: Behavior of players’ utilities.

step of the bargaining process, the utility of each player decreases until they reach an
agreement. At the end of the bargaining process, the resulting utilities are as follows
ψ1(c1, c2, c3) = 678.2, ψ2(c1, c2, c3) = 1028.0 and ψ2(c1, c2, c3) = 1394.3 for each player.

6 Conclusions

We introduced a new non-cooperative bargaining game between two o more myopic players
that induce them to behave as if they were forward-looking players. To achieve this goal
we considered a time penalization related with the time spent for each player for the
decision-making at each step of the negotiation process as well as their deviation from
the previous best response strategy. Techniques from linear optimization, especially the
proximal algorithm, were used to show the existence and feasible computability of the
equilibrium.

While our approach was applied to the case where agents are myopic, it is important
to note that our analysis also works when only a subset of them are myopic and also
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for a more general class of utility functions than covered in the traditional Bargaining
literature. Thus, we complement the study of bargaining for unsophisticated agents but
also enlarges the class of processes and functions where non-cooperative bargaining model
might be defined and applied.
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7 Appendix: Proofs

7.1 The non-cooperative bargaining game

In this section, we present a general version of the model presented in Section 3. Consider
the game theory problem of a concave twice-differentiable real-valued function ψ defined
on X, which is a compact and convex subset of RN

max
x∈X

ψ(x)

Following the proximal point algorithm for solving game theory problems presented
by Antipin [5], the unique solution is a sequence (xt) y ∈ N with a initial value x0 ∈ X,

max
x∈X

[
ψ(x)− δt ‖x− xt‖2] (7.1)

where δt > 0, δt ↓ 0 and the term ‖x− xt‖2 ensures that the objective function (7.1) is
strictly positive definite and that some iterative method presents convergence [46, 47].
The result obtained is not affected by the quadratic term for δt > 0 and δt ↓ 0.

The bargaining game model considered in this paper involves game theory problems
with an additional penalization, a time cost related with the time spent for each player to
move from one position to another one [7, 30, 8], i.e., to decide either to accept an offer
or to reject it and choose another.

The bargaining model

In this approach, we consider the model presented by Rubinstein [40], and we provide
a solution to a bargaining situation where players are individual-rational and alternately
make offers and counteroffers thinking only of their own interests, i.e., they compute
independently the strategies that maximize only their own utility.

In general terms, the dynamic of the multilateral non-cooperative bargaining game
is as follows. The game consists of a set N = {1, ..., n} of players bargaining a certain
transaction according to the alternating-offers procedure. Define the behavior of each
player ι = 1, n as a sequence xιt ∈ X ι, n ∈ N, where X ι is the decision space (strategies) of
each player. Then, we can define the strategies set of all players as xt = (x1

t , ..., x
n
t ) ∈ X

where X is a convex and compact set. Players take turns to analyze and present their
position in the negotiation process, i.e., at each step n the player l in turn must decide
between to stay in the same strategy xt+1 = xt, that is that player l accepts the offer, or to
choose a new strategy xt+1 6= xt, that means that player rejects the offer and makes a new
one. The function ψι(x) represents the utility function of each player which determines
the decision of to accept or to reject the offer.

At turn n = 0, the first player to make an offer chooses a strategy set xt considering
the utility function ψι(x), then, the rest of the players must decided either to accept the
offer and finish the game or to reject it and continue with the process, in this case, at step
n = 1 the next player makes a counteroffer by choosing a strategy set xt that benefits
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him more or in equal measure than the offer proposed by the first player according to his
utility function, if this counteroffer is accepted then agreement is struck, otherwise, the
player in turn makes a new offer at step n = 2, and the process continues.

The time cost between offers is defined for each player as a function Λι : X × X →
R which can be interpreted as a distance function of each player where Λι(xt, xt+1) =
κι(xt, xt+1), we have that κι(xt, xt+1) = 0 if xt+1 = xt (accepts the offer) or κι(xt, xt+1) > 0
if xt 6= xt+1 (rejects and makes a new one). In general, the time cost function can be
reexpressed as Λι(xt, xt+1) := T ι(xt, xt+1)κι(xt, xt+1) where T ι(xt, xt+1) ≥ 0 is the time
spent for each player to reject an offer xt and to make a new one xt+1 and κι(xt, xt+1) is
the offer cost function associated to each player.

In the simplest case, each player makes a new offer trying to obtain the highest pos-
sible payoff according to the utility function, ψι(xt+1) − ψι(xt) ≥ 0 given the time spent
T ι(xt+1) > 0 to analyze the advantage of to reject the offer xt and make a new offer xt+1,
and αι(xt) be the weight that players put on their advantages of to reject the offer xt.
Thus, the advantages of to reject the offer xt and to propose a new offer xt+1 are given
by Aι(xt, xt+1) = αι(xt)T

ι(xt+1) [ψι(xt+1)− ψι(xt)].
The dynamics of the bargaining game with alternating-offers considering the time cost

is as follows. At each step n ∈ N, the player in turn considers to reject the offer xt and
propose a new offer xt+1. For each player, to make a new proposal is acceptable if the
advantages Aι(xt, xt+1) are determined by δι(xt) ∈ [0, 1] (degree of acceptability) of the
time cost Λι(xt, xt+1). Then, the set of strategies that maximizes the utility of each player
is defined by

F ι(xt) =

{xt+1 ∈ X : αι(xt)T
ι(xt+1) [ψι(xt+1)− ψι(xt)] ≥ δι(xt)T

ι(xt+1)κι(xt, xt+1)}

We define a utility function ψι : X → R such that the impact of experience on cost is
constant and limited to the most recent element xt on the trajectory (xt). In addition, the
advantages to change Aι(xt, xt+1) are determined by the degree of acceptability διt(xt) ∈
[0, 1] of the costs to move Λι(xt, xt+1).

Thus, the acceptance criterion to propose a new offer satisfies the condition

αιt(xt)T
ι(xt+1) [ψι(xt+1)− ψι(xt)] ≥ διt(xt)T

ι(xt+1)κι(xt, xt+1)

This algorithms are naturally linked with several classical proximal algorithms given in
eq. (7.1). That is, by taking διtT

ι(x)κι(x∗, x) = διtT
ι(x) ‖(x− x∗)‖2 and Aι(x, x∗) :=

αιtt
ι(x) [ψι(x)− ψι(x∗)], the point x∗ solves the maximization problem if remains a fixed

point of the proximal mapping, that is,

x∗ = arg max
x∈X

{
−διtT ι(x) ‖(x− x∗)‖2 + αιtT

ι(x)f(x, x∗)
}

(7.2)

where
f(x, x∗) := ψι(x)− ψι(x∗)

Once the player in turn makes a new offer according to equation (7.2), the next player
must decide either to accept or to reject the offer. If the player rejects the offer, then now
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it is his turn to calculate the strategies that benefit his utility and to make a new offer.
This process continues until an agreement is reached, i.e. the proposals (strategies) of the
players do not change (convergence).

7.2 Formulation of the problem

Consider the following constrained programming problem

max
x∈Xadm

f(x, xt)

Xadm :=
{
x ∈ Rn : x ≥ 0, A0x = b0 ∈ RM0 , A1x ≤ b1 ∈ RM1

} (7.3)

where Xadm is a bounded set. Introducing the vector u ∈ RM1 with components ui ≥ 0
for all i = 1, ...,M1, the original problem (7.3) can be rewritten as

max
x∈Xadm,u≥0

f(x, xt)

Xadm := {x ∈ Rn : x ≥ 0, A0x = b0, A1x− b1 + u = 0}
(7.4)

Notice that this problem may have non-unique solution and det (Aᵀ
0A0) = 0. Define by

X∗ ⊆ Xadm the set of all solutions of the problem (7.4) and consider the objective function

Pα,δ (x, u|xt) := −δ
2
T (x) ‖x− xt‖2 + αT (x)f(x, xt)−

1

2
‖A0x− b0‖2 − 1

2
‖A1x− b1 + u‖2 − δ

2
‖u‖2

(7.5)

where the parameters α, δ. Then, the game theory problem is as follows

max
x∈Xadm,u≥0

Pα,δ (x, u|xt) (7.6)

7.3 Convergence analysis

The game consists of a set N = {1, ..., n} of players. Let xι ∈ X ι be the strategy of each
player l = 1, n where X ι is the decision space (strategies) of each player. Then, we can
define the strategies set of all players as

x = (x1, ..., xn) ∈ X, X :=
n⊗
ι=1

X ι

where X is a convex and compact set. Then, in order to prove Theorem 3.3, let’s present
the following lemma and its proof.
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Lemma 7.1. The bounded set X∗ of all solutions of the original game theory problem
(7.4) is not empty and the Slater’s condition holds, that is, there exists a point x̊ ∈ Xadm

such that
A1x̊ < b1 (7.7)

Moreover, the parameters α and δ are time-varying, i.e.,

α = αt, δ = δt (n = 0, 1, 2, ....)

such that
0 < αt ↓ 0,

αt
δt
↓ 0 when n→∞ (7.8)

Then
x∗t := x∗ (αt, δt) →

n→∞
x∗∗

u∗t := u∗ (αt, δt) →
n→∞

u∗∗

where x∗∗ ∈ X∗ and u∗∗ ∈ RM1 define the solution of the original problem (7.4) with the
minimal weighted norm,

‖x∗∗‖2 + ‖u∗∗‖2 ≤ ‖x∗‖2 + ‖u∗‖2

for all x∗ ∈ X∗, u∗ ∈ RM1 and
u∗∗ = b1 − A1x

∗∗

Proof. 1. First, let us prove that the Hessian matrix H associated with the objective func-
tion (7.5) is strictly negative definite for any positive α and δ, to show that the objective
function (7.5) is strictly concave. If the set of solutions of problem (7.4) is non-empty
then the objective function (7.5) is strictly concave.

It should be proven that for all x ∈ Rn and u ∈ RM1

H =


∂2

∂x2
Pα,δ (x, u|xt)

∂2

∂u∂x
Pα,δ (x, u|xt)

∂2

∂x∂u
Pα,δ (x, u|xt)

∂2

∂u2
Pα,δ (x, u|xt)

 < 0,

Employing Schur’s lemma [38] it is necessary and sufficient to prove that

1.
∂2

∂x2
Pα,δ (x, u|xt) < 0, 2.

∂2

∂u2
Pα,δ (x, u|xt) < 0,

3.
∂2

∂x2
Pα,δ (x, u|xt) <

∂2

∂u∂x
Pα,δ (x, u|xt)

[
∂2

∂u2
Pα,δ (x, u|xt)

]−1
∂2

∂x∂u
Pα,δ (x, u|xt) .

Applying the Schur’s lemma over the objective function (7.5) it follows for condition 1

∂2

∂x2
Pα,δ (x, u|xt) = −δT (xt)In×n + αT (xt)

∂2

∂x2
f (x, xt)− Aᵀ

0A0 − Aᵀ
1A1 ≤

αT (xt)
∂2

∂x2
f (x, xt)− δT (xt)In×n ≤ δT (xt)

(α
δ
λ+ − 1

)
In×n < 0,
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for all δ > 0 where

λ+ := max
x∈Xadm

[
λmax

(
∂2

∂x2
f(x, xt)

)]
< 0,

Then, for condition 2 we have

∂2

∂u2
Pα,δ (x, u|xt) = − (1 + δ) IM1×M1 < 0.

By condition 3, it is necessary to satisfy that

∂2

∂x2
Pα,δ (x, u|xt) = −δT (xt)In×n + αT (xt)

∂2

∂x2
f (x, xt)− Aᵀ

0A0 − Aᵀ
1A1 <

∂2

∂u∂x
Pα,δ (x, u|xt)

[
∂2

∂u2
Pα,δ (x, u|xt)

]−1
∂2

∂x∂u
Pα,δ (x, u|xt) = − (1 + δ)−1Aᵀ

1A1,

or equivalently,

αt(xt)
∂2

∂x2
f (x, xt)− δT (xt)In×n − Aᵀ

0A0 −
δ

1 + δ
Aᵀ

1A1 < 0,

which holds for any δ > 0 having

T (xt) (αλ+ − δ) In×n − Aᵀ
0A0 −

δ

1 + δ
Aᵀ

1A1 ≤

δT (xt)
(α
δ
λ+ − 1

)
In×n = δT (xt) (o(1)− 1) In×n < 0.

As a result, the Hessian is H < 0 which means that proximal function (7.5) is strictly
concave and, hence, has a unique maximal point defined below as x∗ (α, δ) and u∗ (α, δ).

2. If the proximal function (7.5) is strictly concave then the sequence {xt} of the
proximal function (7.5) converges when n→∞, i.e. the proximal function has a maximal
point defined by x∗ (α, δ) and u∗ (α, δ).

Following the strictly concavity property (Theorem 7.1) for any y :=

(
x
u

)
and any

vector y∗t :=

(
x∗t = x∗ (αt, δt)
u∗t = u∗ (αt, δt)

)
for the function Pα,δ (x, u|xt) = Pα,δ (y|xt) we have

0 ≤ (y∗t − y)ᵀ
∂

∂y
Pαt,δt (y∗t |xt)

= (x∗t − x)ᵀ
∂

∂x
Pαt,δt (x∗t , u

∗
t |xt) + (u∗t − u)ᵀ

∂

∂u
Pαt,δt (x∗t , u

∗
t |xt)

= (x∗t − x)ᵀ
(
−δtT (xt)(x

∗
t − xt) + αtT (xt)

∂

∂x
f (x∗t , xt)− A

ᵀ
0 [A0x

∗
t − b0]− Aᵀ

1 [A1x
∗
t − b1 + u∗t ]

)
+ (u∗t − u)ᵀ (−A1x

∗
t + b1 − (1 + δt)u

∗
t )

= αtT (xt) (x∗t − x)ᵀ
∂

∂x
f (x∗t , xt)− [A0 (x∗t − x)]ᵀ [A0x

∗
t − b0]− [A1 (x∗t − x)]ᵀ [A1x

∗
t − b1 + u∗t ]

− δtT (xt) (x∗t − x)ᵀ (x∗t − xt)− (u∗t − u)ᵀ [A1x
∗
t − b1 + (1 + δt)u

∗
t ] .

(7.9)
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Now, selecting x := x∗ ∈ X∗ (x∗ is one of the admissible solutions such that A0x
∗ = b0

and A1x
∗ = b1 − u∗) and u := (1 + δt)

−1 (b1 − A1x
∗
t ) we obtain

0 ≤ αtT (xt) (x∗t − x∗)
ᵀ ∂

∂x
f (x∗t , xt)− [A0 (x∗t − x∗)]

ᵀ [A0x
∗
t − b0]−

[A1 (x∗t − x∗)]
ᵀ [A1x

∗
t − b1 + u∗t ]− δtT (xt) (x∗t − x∗)

ᵀ (x∗t − xt)−

(1 + δt)
−1 [u∗t (1 + δt)− b1 + A1x

∗
t ]

ᵀ [A1x
∗
t − b1 + (1 + δt)u

∗
t ]−

δt (u∗t − b1 − A1x
∗
t )

ᵀ u∗t ,

(7.10)

simplifying eq. (7.10) we have

0 ≤ αtT (xt) (x∗t − x∗)
ᵀ ∂

∂x
f (x∗t , xt)− ‖A0 (x∗t − x∗)‖

2 − ‖A1 (x∗t − x∗)‖
2−

δtT (xt) (x∗t − x∗)
ᵀ (x∗t − xt)− (1 + δt)

−1 ‖A1x
∗
t − b1 + u∗t (1 + δt)‖2 − δt (u∗t − b1 − A1x

∗
t )

ᵀ u∗t .

Dividing both sides of this inequality by δt we obtain

0 ≤ αt
δt
T (xt) (x∗t − x∗)

ᵀ ∂

∂x
f (x∗t , xt)−

1

δt
‖A0 (x∗t − x∗)‖

2−

1

δt
‖A1 (x∗t − x∗)‖

2 − 1

δt
(1 + δt)

−1 ‖A1x
∗
t − b1 + u∗t (1 + δt)‖2−

T (xt) (x∗t − x∗)
ᵀ (x∗t − xt)− (uxt − b1 − A1x

∗
t )

ᵀ u∗t .

(7.11)

Now, taking x = x∗t and u = 0 from eq. (7.9) one has

0 ≤ − (u∗t )
ᵀ [A1x

∗
t − b1 + (1 + δt)u

∗
t ]

= − (u∗t )
ᵀ (A1x

∗
t − b1)− (1 + δt) ‖u∗t‖

2

= −

(∥∥∥√1 + δtu
∗
t

∥∥∥2

+ 2
(√

1 + δtu
∗
t

)ᵀ [(A1x
∗
t − b1)

2
√

1 + δt

]
+

∥∥∥∥(A1x
∗
t − b1)

2
√

1 + δt

∥∥∥∥2

−
∥∥∥∥(A1v

∗
t − b1)

2
√

1δt

∥∥∥∥2
)

= −
∥∥∥∥√1 + δtu

∗
t +

(A1x
∗
t − b1)

2
√

1 + δt

∥∥∥∥2

+

∥∥∥∥(A1x
∗
t − b1)

2
√

1 + δt

∥∥∥∥2

,

implying ∥∥∥∥(A1x
∗
t − b1)

2
√

1 + δt

∥∥∥∥2

≥
∥∥∥∥√1 + δtu

∗
t +

(A1x
∗
t − b1)

2
√

1 + δt

∥∥∥∥2

,

and
1 ≥

∥∥e+ 2 (1 + δt)u
∗
t ‖(A1x

∗
t − b1)‖−1

∥∥2
,

where ‖e‖ = 1. Which means that the sequence {u∗t} is bounded. In view of this and

taking into account that by the supposition that
αt
δt
→
n→∞

0, from eq. (7.11) it follows

Const = lim sup
n→∞

(|(x∗t − x∗)
ᵀ (x∗t − xt)|+ |(u∗t − b1 − A1x

∗
t )

ᵀ u∗t |)

≥ lim sup
n→∞

1

δt

(
‖A0 (x∗t − x∗)‖

2 + ‖A1 (x∗t − x∗)‖
2 + (1 + δt)

−1 ‖A1x
∗
t − b1 + (1 + δt)u

∗
t‖

2) .
(7.12)
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From eq. (7.12) we may conclude that

‖A0 (x∗t − x∗)‖
2 + ‖A1 (x∗t − x∗)‖

2 +

(1 + δt)
−1 ‖A1x

∗
t − b1 + (1 + δt)u

∗
t‖

2 = O (δt) ,
(7.13)

and
A0x

∗
∞ − A0x

∗ = A0x
∗
∞ − b0 = 0,

A1v
∗
∞ − A1x

∗ = A1x
∗
∞ − b1 + u∗∞ = 0,

where x∗∞ ∈ X∗ is a partial limit of the sequence {x∗t} which, obviously, may be not
unique. The vector u∗∞ is also a partial limit of the sequence {u∗t}.

3. Now, denote by x̂t the projection of x∗t to the set Xadm, namely,

x̂t = Pr
Xadm

(x∗t ) ,

where Pr is the projection operator. And show that

‖x∗t − x̂t‖ ≤ C
√
δt, C = const > 0. (7.14)

From eq. (7.13) we have that

‖A1x
∗
t − b1 + u∗t‖ ≤ C1

√
δt, C1 = const > 0,

implying
A1x

∗
t − b1 ≤ C1

√
δte− u∗t ≤ C1

√
δte, ‖e‖ = 1,

where the vector inequality is treated in component-wise sense. Since:

‖x∗t − x̂t‖
2 ≤ max

y∈Xadm

min
A1x−b1≤C1

√
δte, x∈Xadm

‖x− y‖2 := d (δt) .

Introduce the new variable

x̃ := (1− vt)x+ vtx̊ ∈ Xadm,

where by Slater’s condition given in eq. (7.7)

0 < vt :=
C1

√
δt

C1

√
δt + max

j=1,...,M1

∣∣∣(A1x̊− b1)j

∣∣∣ < 1.

For the new variable x =
x̃− vtx̊
1− vt

we have

A1x̃− b1 = (1− vt)A1x+ vtA1x̊− b1

= (1− vt) (A1x− b1) + (1− vt) b1 + vt (A1x̊− b1) + vtb1 − b1

= (1− vt) (A1x− b1) + vt (A1x̊− b1)

≤ (1− vt)C1

√
δt e+ vt (A1x̊− b1)

=
C1

√
δt

C1

√
δt + max

j=1,...,M1

∣∣∣(A1x̊− b1)j

∣∣∣
(

max
j=1,...,M1

∣∣∣(A1x̊− b1)j

∣∣∣ e+ (A1x̊− b1)

)
≤ 0,
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and therefore

d (δt) = max
y∈Xadm

min
A1x−b1≤C1

√
δte, x∈Xadm

‖x− y‖2

≤ max
A1x̃−b1≤0, x̃∈Xadm

∥∥∥∥ x̃− vtx̊1− vt
− x̃
∥∥∥∥2

=
v2
t

(1− vt)2 min
A1x̃−b1≤0, x̃∈Xadm

‖x̃− x̊‖2

≤ C2δt, C2 > 0.

Given that ‖x∗t − x̂t‖ ≤
√
d (δt) ≤

√
C2

√
δt which proves eq. (7.14).

4. If the proximal function (7.5) is strictly concave and the sequence {xt} of the
proximal function (7.5) converges, then, the necessary and sufficient condition for the
point x∗ to be the maximum point of the function ‖x∗∞‖

2 on the set X∗ is given by

0 ≥ (x∗∞ − x∗)
ᵀ (x∗∞ − xt) for any x∗∞ ≤ X∗. (7.15)

In addition, this point is unique and it has a minimal norm among all possible partial
limits x∗∞.

From eq. (7.11) one obtains

0 ≤ T (xt) (x∗t − x∗)
ᵀ ∂

∂x
f (x∗t , xt)−

1

αt
‖A0 (x∗t − x∗)‖

2 − 1

αt
‖A1 (x∗t − x∗)‖

2

− 1

αt
(1 + δt)

−1 ‖A1x
∗
t − b1 + u∗t (1 + δt)‖2 − δt

αt
T (xt) (x∗t − x∗)

ᵀ (x∗t − xt)

≤ T (xt) (x∗t − x∗)
ᵀ ∂

∂x
f (x∗t , xt)−

δt
αt
T (xt) (x∗t − x∗)

ᵀ (x∗t − xt).

(7.16)

By the strong concavity property

(y − z)ᵀ
(
∂

∂y
f (y)− ∂

∂y
f (z)

)
≤ 0 for any y, z ∈ RN,

which, in view of the property (7.14), implies

T (xt) (x∗t − x̂t)
ᵀ ∂

∂x
f (x∗t , xt) = O

(√
δt
)
,

T (xt) (x̂t − x∗)ᵀ
∂

∂x
f (x̂t, xt) ≤ T (xt) (x̂t − x∗)ᵀ

∂

∂x
f (x∗, xt) ≤ 0,
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then, we have

T (xt) (x∗t − x∗)
ᵀ ∂

∂x
f (x∗t , xt) = T (xt) (x∗t − x̂t)

ᵀ ∂

∂x
f (x∗t , xt) + T (xt) (x̂t − x∗)ᵀ

∂

∂x
f (x∗t , xt)

= O
(√

δt

)
+ T (xt) (x̂t − x∗)ᵀ

(
∂

∂x
f (x∗t , xt)−

∂

∂x
f (x̂t, xt)

)
+ T (xt) (x̂t − x∗)ᵀ

∂

∂x
f (x̂t, xt)

≤ O
(√

δt

)
+ T (xt) (x̂t − x∗)ᵀ

(
∂

∂x
f (x∗t , xt)−

∂

∂x
f (x̂t, xt)

)
+ T (xt) (x̂t − x∗)ᵀ

∂

∂x
f (x∗, xt)

≤ O
(√

δt

)
+ T (xt) ‖x̂t − x∗‖

∥∥∥∥ ∂∂xf (x∗t , xt)−
∂

∂x
f (x̂t, xt)

∥∥∥∥ .
Since any function is Lipschitz-continuous on any bounded compact set, we can conclude
that ∥∥∥∥ ∂∂xf (x∗t , xt)−

∂

∂x
f (x̂t, xt)

∥∥∥∥ ≤ Const ‖x∗t − x̂t‖ = O
(√

δt

)
,

which gives

T (xt) (x∗t − x̂t)
ᵀ ∂

∂x
f (x∗t , xt) = O

(√
δt

)
,

that by eq. (7.16) leads to

0 ≤ T (xt) (x∗t − x̂t)
ᵀ ∂

∂x
f (x∗t , xt)−

δt
αt
T (xt) (x∗t − x∗)

ᵀ (x∗t − xt)

= O
(√

δt

)
− δt
αt
T (xt) (x∗t − x∗)

ᵀ (x∗t − xt).
(7.17)

Dividing both sides of the inequality (7.17) by
αt
δt

, taking T (xt) = 1, and given that

‖x∗t − x̂t‖ ≤ κ
√
δt by eq. (7.14) we obtain that

0 ≤ O

(
αt√
δt

)
− (x∗t − x∗)

ᵀ (x∗t − xt) = o (1)
√
δt − (x∗t − x∗)

ᵀ (x∗t − xt),

which, by eq. (7.8), for n→∞ leads to eq. (7.15). Finally, for any x∗ ≤ X∗ it implies

0 ≥ (x∗∞ − x∗)
ᵀ (x∗∞ − xt) =

‖x∗∞ − x∗‖
2 + (x∗∞ − x∗)

ᵀ (x∗ − xt) ≥ (x∗∞ − x∗)
ᵀ (x∗ − xt).

Theorem 7.2. (Antipin [5]) If the set of solutions X is non-empty for δ > 0 and the
objective function fδ(x, x

∗) is differentiable in x, whose partial derivative with respect to
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x satisfies the Lipschitz condition with positive constant K. Then, there exists a small-
enough parameter

α <
1√
2 K

such that, the sequence {xn} generated by the proximal procedure, monotonically converges
with exponential rate q to one of the equilibria point x∗, i.e.,

‖xt+1 − x∗‖2 ≤ qt+1‖x0 − x∗‖2 (7.18)

as t→∞, where

q = 1 +
4(αδ)2

1 + 2αδ − 2α2K2
− 2αδ < 1

and qmin is given by

qmin = 1− 2αδ

1 + 2αδ
=

1

1 + 2αδ

Proof. See [5]

7.4 Convergence conditions of δ and α

Then, we present the convergence conditions and compute the estimate rate of convergence
of the variables α and δ.

Theorem 7.3. Within the class of numerical sequences

αt =


α0 if t < t0
α0

(t+ t0)α
if t ≥ t0

α0, t0, α > 0

δt =


δ0 if t ≤ t0

δ0

(t+ t0)δ
if t > t0

δ0, t0, δ > 0

the parameters αt and δt satisfy the following conditions:

0 < αt ↓ 0,
αt
δt
↓ 0 when t→∞

∞∑
t=0

αtδt =∞ and
|δt+1 − δt|
αtδt

→ 0 when t→∞

for α+δ ≤ 1, α≥ δ, α< 1.

Proof. It follows from the estimates that

αtδt = O

(
1

tα+δ

)
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we have that

|δt+1 − δt| = O

(
1

tδ
− 1

(t+ 1)δ

)
= O

(
1

(t+ 1)δ

[(
1 +

1

t

)δ
− 1

])

= O

(
1

(t+ 1)δ

[(
1

t

)δ
+ o(1)

])
= O

(
1

tδ + 1

)
and

|δt+1 − δt|
αtδt

= O

(
1

t1−α

)

Theorem 7.4. Let x and y two variables with non-negative components for the players.
Then, within the class of numerical sequences we have that

αt =


α0 if t < t0
α0

(t+ t0)α
if t ≥ t0

α0, t0, α > 0

δt =


δ0 if t ≤ t0

δ0

(t+ t0)δ
if t > t0

δ0, t0, δ > 0

of the procedure (7.2) the rate of convergence for the players is given by the parameter αt
and δt

‖xt − x∗∗‖+ ‖yt − y∗∗‖ = O

(
1

tκ

)
where κ is equal to

κ = min{α− δ; 1− α; δ} (7.19)

Then, the maximal rate κ∗ of convergence is attained for

α = α∗ = 2/3, δ = δ∗ = 1/3 (7.20)

Proof. It follows that for κ0, the rate of convergence is given by

rt = ‖xt − x∗(δt)‖+ ‖yt − y∗(δt)‖ = O

(
1

tκ0

)
where κ0 = min{α− δ; 1− α; δ}. It follows that

‖xt − x∗∗‖+ ‖yt − y∗∗‖ = rt +O(δt) = O

(
1

tκ0

)
+O

(
1

tδ

)
= O

(
1

tmin{κ0;δ}

)
which implies eq. (7.19). The maximal value κ of κ∗ is attained when α− δ = 1− α = δ,
i.e., when condition (7.20) holds.

Remark 3.4 is a result of Theorem 7.2 and the convergence conditions of the parameters
δ and α
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8 Extensions

We now present two extensions of the bargaining game provided above that include the
case when agents have different discount factors, and another where agents might coor-
dinate on their demands. The convergence of results follows trivially from our general
analysis presented in the appendix above.

8.1 Bargaining under different discounting

In this approach we present a solution where at each step of the negotiation process players
calculate the Nash equilibrium considering the utility functions of all players but with the
particularity that internally each player reaches this equilibrium point in a different time.
Following the description of the model presented previously, we redefine the advantage of
propose a new offer that depends on the utility function

f(xt, xt+1) :=
n∑
ι=1

[ψι(xt+1)− ψι(xt)] ≥ 0

for all players to reject the offer xt and making a new offer xt+1 given the time spent
to benefit of this advantage T (xt+1) > 0, and αι(xt) be the weight that players put on
their advantages to reject the offer xt. Thus, the advantages to reject the offer xt and to
propose a new offer xt+1 are given by A(xt, xt+1) = α(xt)T (xt+1)f(xt, xt+1).

Remark 8.1. The function f(xt, xt+1) satisfies the Nash condition

ψι(xt+1)− ψι(xt) ≥ 0

for any x ∈ X and all players.

Definition 8.2. A strategy x∗ ∈ X is said to be a Nash equilibrium if

x∗ ∈Arg max
x∈X

{f(xt, xt+1)}

Then, at each step of the bargaining game we have in proximal format that the players
must select their strategies according to

x∗ = arg max
x∈X

{
−δtT (x) ‖(x− x∗)‖2 + αtT (x)f(x, x∗)

}
(8.1)

where

f(x, x∗) :=
n∑
ι=1

[ψι(x)− ψι(x∗)]

At each step of the bargaining process, players calculate simultaneously the Nash
equilibrium but considering that each player reach the equilibrium in a different time.
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8.1.1 Markov Chains

Let us to define the Nash equilibrium as a strategy x∗ = (x1∗, .., xn) such that

ψ
(
x1∗, .., xn∗

)
≥ ψ

(
x1∗, .., xι, ..., xn∗

)
for any xι ∈ X.

Consider that players try to reach the Nash equilibrium of the bargaining problem,
that is, to find a joint strategy x∗ = (x1∗, ..., xn∗) ∈ X satisfying for any admissible xι ∈ X ι

and any ι = 1, n

f(x, x̂(x)) :=
n∑
ι=1

[
ψι
(
xι, xl̂

)
− ψι

(
x̄ι, xl̂

)]
(8.2)

where x̂ = (x1̂>, ..., xn̂>)> ∈ X̂ ⊆ Rn(n−1) ([45, 44]), x̄ι is the utopia point defined as eq.
(4.10) and ψι

(
xι, xι̂

)
is the concave cost-function of player ι which plays the strategy

xι ∈ X ι and the rest of players the strategy xι̂ ∈ X ι̂ defined as eq. (4.15) considering the
time function.

Remark 8.3. The function f(x, x̂(x)) satisfies the Nash condition

ψι
(
xι, xι̂

)
− ψι

(
x̄ι, xι̂

)
≤ 0 (8.3)

for any xι ∈ X ι and all ι = 1, n

Definition 8.4. A strategy x∗ ∈ X is said to be a Nash equilibrium if

x∗ ∈ Arg max
x∈Xadm

{f(x, x̂(x))}

Remark 8.5. If f(x, x̂(x)) is strictly concave then

x∗ = arg max
x∈Xadm

{f(x, x̂(x))}

We redefine the utility function that depends of the average utility function of all
players as follows

F (x, x̂(x)) := f(x, x̂(x))− 1
2

n∑
ι=1

N∑
j=1

µι(j)h
ι
(j)(x

ι)−

1
2

n∑
ι=1

N∑
i=1

N∑
j=1

M∑
k=1

ξι(j)q
ι
(j|i,k)x

ι
(i,k) −

1
2

n∑
ι=1

N∑
i=1

M∑
k=1

ηι
(
xι(i,k) − 1

)
then, we may conclude that

x∗ = arg max
x∈X,x̂∈X̂

min
µ≥0,ξ≥0,η≥0

F (x, x̂(x), µ, ξ, η) (8.4)
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Finally we have that at each step of the bargaining process, players calculate the Nash
equilibrium (but they reach the equilibrium at different time) according to the solution
of the non-cooperative bargaining problem in proximal format defined as follows

µ∗ = arg min
µ≥0
{−δ‖µ− µ∗‖2 + αF (x∗, x̂∗(x), µ, ξ∗, η∗)}

ξ∗ = arg min
ξ≥0
{−δ‖ξ − ξ∗‖2 + αF (x∗, x̂∗(x), µ∗, ξ, η∗)}

η∗ = arg min
η≥0
{−δ‖η − η∗‖2 + αF (x∗, x̂∗(x), µ∗, ξ∗, η)}

x∗ = arg max
x∈X

{
−δ ‖(x− x∗)‖2

Λ + αF (x, x̂∗(x), µ∗, ξ∗, η∗)
}

x̂∗ = arg max
x̂∈X̂

{
−δ ‖(x̂− x̂∗)‖2

Λ + αF (x∗, x̂(x), µ∗, ξ∗, η∗)
}

(8.5)

8.1.2 Transfer Pricing Simulation

Following the Section above, in this model each player calculates the strategies according
the Nash equilibrium formulation where players calculate the Nash equilibrium simul-
taneously, but with the characteristic that they reach the equilibrium at different time,
following the relation (8.5) until they reach an agreement (strategies show convergence).
Figures 11, 12 and 13 show the behavior of the offers (strategies) during the bargaining
process.

Figure 11: Strategies of player 1 in the
bargaining model 2.

Figure 12: Strategies of player 2 in the
bargaining model 2.

Finally, the agreement reached is as follows:

c1 =

0.2127 0.0074
0.1429 0.0050
0.6106 0.0214

 c2 =

0.0050 0.2366
0.0087 0.4117
0.0070 0.3310

 c3 =

0.2237 0.0071
0.5877 0.0186
0.1579 0.0050
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Figure 13: Strategies of player 3 in the
bargaining model 2.

Figure 14: Behavior of players’ utilities in
the bargaining model 2.

Following (4.5) the mixed strategies obtained for players are as follows

d1 =

0.9662 0.0338
0.9662 0.0338
0.9662 0.0338

 d2 =

0.0207 0.9793
0.0207 0.9793
0.0207 0.9793

 d3 =

0.9693 0.0307
0.9693 0.0307
0.9693 0.0307


With the strategies calculated at each step of the negotiation process, the utilities

of each player showed a decreasing behavior as shown in the Figure 14, i.e., at each
step of the bargaining process, the utility of each player decreases until they reach an
agreement. At the end of the bargaining process, the resulting utilities are as follows
ψ1(c1, c2, c3) = 986.8936, ψ2(c1, c2, c3) = 651.4633 and ψ2(c1, c2, c3) = 949.6980 for each
player.

8.2 Bargaining with Collusive Behavior

In this approach we analyze a bargaining situation where players make groups and al-
ternately each group makes an offer to the others until they reach an equilibrium point
(agreement). We describe a bargaining model with two teams of players as follows. Let us
consider a bargaining game with n+m players. LetN = {1, ..., n} denote the set of players
called team A and let’s define the behavior of all players ι = 1, n as xt = (x1

t , ..., x
n
t ) ∈ X

where X is a convex and compact set. In the same way, the rest M = {1, ...,m} players
are the team B and let the set of the strategy profiles of all player m = 1,m be defined
by yt = (y1

t , ..., y
m
t ) ∈ Y where Y is a convex and compact set. Then, X × Y in the set

of full strategy profiles. In this model the function ψ(x, y) represents the utility function
of team A which determines the decision of accept or reject the offer; similarly, team B
makes the decision according to its utility function ϕ(x, y).

Following the description of the model presented above, we redefine the advantage of
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propose a new offer considering the utility function for team A as follows

f(xt, yt, xt+1, yt+1) :=
n∑
ι=1

[ψι(xt+1, yt)− ψι(xt, yt)] ≥ 0

and, similarly the utility function for team B is as follows

g(xt, yt, xt+1, yt+1) :=
m∑

m=1

[ϕι(xt, yt+1)− ϕι(xt, yt)] ≥ 0

Thus, the advantages for team A to reject the offer xt and to propose a new offer xt+1

are given by A(xt, yt, xt+1, yt+1) = α(xt)T (xt+1)f(xt, yt, xt+1, yt+1); in the same way, the
advantages for team B to reject the offer yt and to propose a new offer yt+1 are given by
A(xt, yt, xt+1, yt+1) = α(yt)T (yt+1)g(xt, yt, xt+1, yt+1).

Remark 8.6. The function f(xt, yt, xt+1, yt+1) satisfies the Nash condition

ψι(xt+1, yt)− ψι(xt, yt) ≥ 0

for any x ∈ X, y ∈ Y and ι = 1, n players.

Remark 8.7. The function g(xt, yt, xt+1, yt+1) satisfies the Nash condition

ϕι(xt, yt+1)− ϕι(xt, yt) ≥ 0

for any x ∈ X, y ∈ Y and m = 1,m players.

The dynamics of the bargaining game is as follows: at each step of the negotia-
tion process the team A chooses a strategy x ∈ X considering the utility function
f(xt, yt, xt+1, yt+1), then team B must decide between to accept or reject the offer cal-
culating a new offer (strategies) y ∈ Y considering the utility function of the group
g(xt, yt, xt+1, yt+1). Following the description of the model 1, now we have that teams
solve the problem in proximal format as follows:

x∗ = arg max
x∈X

{
−δtT (x) ‖(x− x∗)‖2 + αtT (x)f(x, y, x∗, y∗)

}
y∗ = arg max

y∈Y

{
−δtT (y) ‖(y − y∗)‖2 + αtT (y)g(x, y, x∗, y∗)

} (8.6)

where

f(x, y, x∗, y∗) :=
n∑
ι=1

[ψι(x, y∗)− ψι(x∗, y∗)]

g(x, y, x∗, y∗) :=
m∑

m=1

[ϕm(x∗, y)− ϕm(x∗, y∗)]

At each step, teams make a new offer according to equation (8.6), both teams solve
the bargaining problem together but they reach the equilibrium at different time, the
bargaining game continues until the offers (strategies) of all player show convergence.
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8.2.1 Markov Chains

For this model, in the same way that we define the strategies x ∈ X, let us consider a set

of strategies denoted by ym ∈ Y m
(
m = 1,m

)
where Y :=

m⊗
m=1

Y ι is a convex and compact

set,
ym := col (cm), Y m := Cm

adm

where col is the column operator.
Denote by y = (y1, ..., ym)> ∈ Y , the joint strategy of the players and ym̂ is a strategy

of the rest of the players adjoint to ym, namely,

ym̂ :=
(
y1, ..., ym−1, ym+1, ..., ym

)> ∈ Y m̂ :=
m⊗

h=1, h 6=m

Y h

such that y = (ym, ym̂), m = 1,m.
Consider that players of team A try to reach the Nash equilibrium of the bargain-

ing problem, that is, to find a joint strategy x∗ = (x1∗, ..., xn∗) ∈ X satisfying for any
admissible xι ∈ X ι and any ι = 1, n

f(x, x̂(x)|y) :=
n∑
ι=1

[
ψι
(
xι, xl̂|y

)
− ψι

(
x̄ι, xι̂|y

)]
(8.7)

where x̂ = (x1̂>, ..., xn̂>)> ∈ X̂ ⊆ Rn(n−1) ([45, 44]), x̄ι is the utopia point defined as eq.
(4.10) and ψι

(
xι, xι̂|y

)
is the concave cost-function of player ι which plays the strategy

xι ∈ X ι and the rest of players the strategy xι̂ ∈ X ι̂ fixing the strategies y ∈ Y of team
B, and it is defined as eq. (4.15) considering the time function.

Similarly, consider that players of team B also try to reach the Nash equilibrium of
the bargaining problem, that is, to find a joint strategy y∗ = (y1∗, ..., ym∗) ∈ Y satisfying
for any admissible ym ∈ Y m and any m = 1,m

g(y, ŷ(y)|x) :=
m∑

m=1

[
ψm
(
ym, ym̂|x

)
− ψm

(
ȳm, ym̂|x

)]
(8.8)

where ŷ = (y1̂>, ..., ym̂>)> ∈ Ŷ ⊆ Rm(m−1), ȳm is the utopia point defined as eq. (4.10) and
ψm
(
ym, ym̂|x

)
is the concave cost-function of player m which plays the strategy ym ∈ Y m

and the rest of players the strategy ym̂ ∈ Y m̂ fixing the strategies x ∈ X of team A, and
it is defined as eq. (4.15) considering the time function.

Then, we have that a strategy x∗ ∈ X of team A together with the collection y∗ ∈ Y
of team B are defined as the equilibrium of a strictly concave bargaining problem if

(x∗, y∗) = arg max
x∈Xadm,y∈Yadm

{f(x, x̂(x)|y) ≤ 0, g(y, ŷ(y)|x) ≤ 0}
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We redefine the utility function that depends of the average utility function of all
players as follows

F (x, x̂(x), y, ŷ(y)) := f(x, x̂(x)|y) + g(y, ŷ(y)|x)− 1
2

n∑
ι=1

N∑
j=1

µι(j)h
ι
(j)(x

ι)−

1
2

m∑
m=1

N∑
j=1

µm(j)h
m
(j)(y

m)− 1
2

n∑
ι=1

N∑
i=1

N∑
j=1

M∑
k=1

ξι(j)q
ι
(j|i,k)x

ι
(i,k) −

1
2

m∑
m=1

N∑
i=1

N∑
j=1

M∑
k=1

ξm(j)q
m
(j|i,k)y

m
(i,k)−

1
2

n∑
ι=1

N∑
i=1

M∑
k=1

ηι
(
xι(i,k) − 1

)
− 1

2

m∑
m=1

N∑
i=1

M∑
k=1

ηm
(
ym(i,k) − 1

)
then, we may conclude that

(x∗, y∗) = arg max
x∈X,x̂∈X̂,y∈Y,ŷ∈Ŷ

min
µ≥0,ξ≥0,η≥0

F (x, x̂(x), y, ŷ(y), µ, ξ, η) (8.9)

Finally we have that at each step of the bargaining process, players calculate their equi-
librium according to the solution of the non-cooperative bargaining problem in proximal
format defined as follows

µ∗ = arg min
µ≥0
{−δ‖µ− µ∗‖2 + αF (x∗, x̂∗(x), y∗, ŷ∗(y), µ, ξ∗, η∗)}

ξ∗ = arg min
ξ≥0
{−δ‖ξ − ξ∗‖2 + αF (x∗, x̂∗(x), y∗, ŷ∗(y), µ∗, ξ, η∗)}

η∗ = arg min
η≥0
{−δ‖η − η∗‖2 + αF (x∗, x̂∗(x), y∗, ŷ∗(y), µ∗, ξ∗, η)}

x∗ = arg max
x∈X

{
−δ ‖(x− x∗)‖2

Λ + αF (x, x̂∗(x), y∗, ŷ∗(y), µ∗, ξ∗, η∗)
}

x̂∗ = arg max
x̂∈X̂

{
−δ ‖(x̂− x̂∗)‖2

Λ + αF (x∗, x̂(x), y∗, ŷ∗(y), µ∗, ξ∗, η∗)
}

y∗ = arg max
y∈Y

{
−δ ‖(y − y∗)‖2

Λ + αF (x∗, x̂∗(x), y, ŷ∗(y), µ∗, ξ∗, η∗)
}

ŷ∗ = arg max
ŷ∈Ŷ

{
−δ ‖(ŷ − ŷ∗)‖2

Λ + αF (x∗, x̂∗(x), y∗, ŷ(y), µ∗, ξ∗, η∗)
}

(8.10)

8.2.2 Transfer Pricing Simulation

For this example, the team 1 is only formed by player 1 while team 2 is composed of
players 2 and 3. Although the players calculate the strategies together following the
relation (8.10), we consider that players reach the equilibrium at different times. Figures
15, 16 and 17 show the behavior of the offers (strategies) during the bargaining process.

Finally, the agreement reached is as follows:

c1 =

0.2127 0.0074
0.1429 0.0050
0.6106 0.0214

 c2 =

0.0050 0.2366
0.0087 0.4117
0.0070 0.3310

 c3 =

0.2237 0.0071
0.5877 0.0186
0.1579 0.0050
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Figure 15: Strategies of player 1 in the
bargaining model 3.

Figure 16: Strategies of player 2 in the
bargaining model 3.

Figure 17: Strategies of player 3 in the
bargaining model 3.

Figure 18: Behavior of players’ utilities in
the bargaining model 3.

Following (4.5) the mixed strategies obtained for players are as follows

d1 =

0.9662 0.0338
0.9662 0.0338
0.9662 0.0338

 d2 =

0.0207 0.9793
0.0207 0.9793
0.0207 0.9793

 d3 =

0.9693 0.0307
0.9693 0.0307
0.9693 0.0307


With the strategies calculated at each step of the negotiation process, the utilities

of each player showed a decreasing behavior as shown in the Figure 18, i.e., at each
step of the bargaining process, the utility of each player decreases until they reach an
agreement. At the end of the bargaining process, the resulting utilities are as follows
ψ1(c1, c2, c3) = 986.8936, ψ2(c1, c2, c3) = 651.4631 and ψ2(c1, c2, c3) = 949.6978 for each
player.

The following figure shows the behavior of the utilities at each of the applied models
(model 1 is the general bargaining model, model 2 corresponds to bargaining under differ-
ent discounting and model 3 to bargaining with collusive behavior), we can see that the
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utilities begin at the same point, the strong Nash equilibrium, and then decrease until the
strategies converge (see Figure 19). From the results obtained we observed that model 1
favors the utilities of players 2 and 3, while model 2 and 3 are better for player 1. We
also observed that even if models 2 and 3 reach the same agreement (equilibrium point)
the strategies and, as a consequence, the utilities have a different behavior during the
bargaining process.

Figure 19: Behavior of the utilities at each model.
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