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Abstract—We present novel algorithms to control underactuated me-
chanical systems. For a class of invariant systems on Lie gups, we design
iterative small-amplitude control forces to accelerate abng, decelerate
along, and stabilize relative equilibria. The technical aproach is based
upon a perturbation analysis and the design of inversion prinitives and
composition methods. We illustrate the algorithms on an undractuated
planar rigid body and on a satellite with two thrusters.

Index Terms—Mechanical systems, nonlinear control, relative equilib
ria, underactuated systems.

|. INTRODUCTION

In this paper we study control of underactuated mechanysiéms
on Lie groups. We focus on the particular class of motionsedal
relative equilibria. A relative equilibrium is a motion favhich the
body-fixed velocity is constant while no control forces applaed;
thus when referring to a relative equilibrium a specific bdistgd
velocity is implied. Accelerating/decelerating along #atiee equi-
librium means increasing/decreasing the velocity in thieafion of a
relative equilibrium while the configuration behaves adaugly. We
concentrate on the construction of small-amplitude cofidrges that,
when used iteratively, result in a given acceleration/Bgadon along
a relative equilibrium; stabilization is achieved as zecoederation.
Perturbation analysis and Lie group theory play a crucié iia

the analysis. Example systems to which the theory appliesaar

hovercraft, modeled as an underactuated planar rigid baadg, a
satellite with two thrusters.

The motivation for studying underactuated mechanicalesystis
twofold. First, control algorithms for underactuated syss enable
more general control designs than those in fully actuatedesys,
e.g., less costly designs or lighter designs. Second, @aaityorithms
for underactuated systems are applicable in the situatiorano
actuator failure and, therefore, they improve robustnésiseocontrol
system; this robustness is crucial in case the vehicle ishiazardous
environment or is hardly accessible (e.g., a satellite).

A vast literature is available on mechanical control system

Extensive research has focused on underactuated medreyrstams,
especially in the context of controlled Lagrangians and Hamnians,

e.g., see [1], [2] and subsequent works. Somehow less obsésar
available for controlling systems along relative equibra related
spin-up problem is considered in [3], the theory of kinemat-

ductions is exposed in [4]. Since this document builds diyagpon

the work in [5] we refer the reader to that document for a ditere

survey relevant for control algorithms for underactuategydangian
systems on Lie groups. A generalization of the theory in fb]at
larger class of mechanical systems can be found in [6]. Augichge
of our approach compared with implicit methods such as, ée.

RRT search heuristic presented in [7], is that the controdsgiven

by closed-form expressions. Therefore, only limited cotaponal

power is required—this is an appealing property when therotn
are to be calculated on-board and weight and reliabilityirmportant

design parameters.

This material is based upon work supported in part by the N8&ré
CMS-0442041.

Nikolaj Nordkvist is with the Department of Mathematics, chaical
University of Denmark, 2800 Kgs. Lyngby, Denmark (phone4%) 4525
3056; fax: (+45) 4588 1399; e-mail: n.nordkvist@gmail.gom

Francesco Bullo is with the Department of Mechanical Engjine
ing, University of California, Santa Barbara, CA 93106 USA-nfail:
bullo@engineering.ucsh.edu)

As main contribution of this paper, we propose algorithms to
compute small amplitude control forces that speed up, skownd or
stabilize, an underactuated system along a relative équith. The
resulting algorithm amounts to a repeated invocation of diono
primitive which, in turn, is composed of two control primiis in
succession; these are denoted “inversion primitives” e éimount to
local inversion algorithms for the “controls to state” maple main
advantage of the proposed approach is its applicabilityysiesns
that are not linearly controllable; the main limitation isat part
of the results are applicable only te-dimensional systems with
(n—1) controls. We mention that algorithms to control motion glon
relative equilibria are not presented in [5] which focusedcontrol
algorithms at velocities near zero.

This paper is organized as follows. First, we review the math
matical model of simple mechanical control systems on Laugs,
as described in [4], and perform perturbation analysis foals
amplitude forcing and initial velocity close to a relativgudibrium.
Based on this analysis we construct two inversion primstized
combine them into a single motion primitive. After an apation
of the motion primitive the system has accelerated or deszielé
along a relative equilibrium. Using this motion primitiveeiiatively
we design an algorithm which gives a control that results givan
acceleration/deceleration along a relative equilibritie illustrate
the approach by applying the algorithm numerically to anenad-
tuated planar rigid body and the satellite with two thrustemd we
end the note by summarizing the results in a conclusion.

II. MATHEMATICAL MODEL AND PERTURBATION ANALYSIS NEAR
A RELATIVE EQUILIBRIUM

A simple mechanical control system on a Lie group is a meda&ni
system which has as configuration manifold -ardimensional Lie
group G, with Lie algebrag, and Lagrangian equal to the kinetic
energy which is defined by an inertia tendarg — g*. We assume
that G is a matrix Lie group with identity elemeritl and adjoint
map Ad, : g — g associated to each € G. Such a system has
dynamics given by

1)
)

g:g‘£7

I€ = adgI€ + > foua(t),
=1
whereg € G is the configurationg € g is the body-fixed velocity,
ade : g — g is the adjoint operator andd; : g* — g" its dual,
fi € g defines theth body-fixed force, and : R — R™ is bounded
and measurable and gives the resultant force on the systodaty
to 31", fiui(t). In what follows, X = (G, I, {f1,..., fm}) denotes
this mechanical control system.
We define the symmetric produ¢t: -) : g x g — g by

(€:m) == —I""(ad{In + ad;L£).

Definingb; :=T""f;,i € {1,...
be written as

,m}, the dynamic equation (2) can

m
§=—3(E: 8+ bius(t). ®)
=1

Remark 1 (Simplifying convention)t is well known thatg is an
n-dimensional vector space. We make no distinction betwgen
and R™ in order to express a vector i as a column vector in
R™ and in order to represent a linear mapgoas a matrix. Although
we make this choice of notation, we shall be careful not tumss
that the Lie algebra operation is commutative. °

A relative equilibriumfor X is a curvet — goexp(tée) € G,
for go € G and e € R", that is a solution to the dynamics (1),



(2) for zero inputu. It is easy to see that — goexp(t&e) IS a
relative equilibrium if and only if(¢e : &e) = 0. It is convenient
to call relative equilibrium both the curvie— go exp(t&re) and the
vector &e. Given a relative equilibriungre, we define the linear map
Are : R" = R”™ by Aren i= —(&re: 7).

Remark 2 (Time scaling)tet A > 0 and T" > 0 and define
T =1t/ If (g(t),&(t)) is a solution fort € [0,77] to (1)-(2) with
control u(t), then(g(v/\),&(7/A) /) is a solution forr € [0, AT
with control u(7/))/A%. In the following we choosel’ = 2 for
simplicity. °

We are interested in control signalse C°([0, 2], R™) of the
form

u(t) = eu' () + €u’(t), 0<ex 1,

where ' € C°([0,27],R™). Accordingly, we defineb’(t) :=
> baul(t), j € {1,2}. In the perturbation analysis it will be
i=1

convenient to define, fof € C°([0,27],R") ando € R,

7@

t
/ eUA'e“_S)f(s)ds,

0

In what follows, s and = will be used as integration variables only.

Proposition 3 (Perturbation analysis).et > be a mechanical
control system on a Lie group with a relative equilibrigm and
corresponding matrixdr. For0 < ¢ < 1 ando > 0, let
[0,27r] > ¢t — (g(t),&(t)) be the solution to (1) and (3) with
t — Y Tbiui(t) = eb'(t) + €°b*(t) and from initial velocity
£(0) = o&e + 2£5, for &€ = O(1), and initial configuration
g(0) =1id. Let h(t) := g(t) - exp(—to&re) and letz(t) := log(h(t))
be the exponential coordinates bf Then, fort € [0, 2], it holds
that &(t, e) = £°() + e€' (t) + €2€2(t) + O(€*) with

fo(t) = 0&pe,
¢'(t) =" (1),
E(0) = i — 4

® 5 (1) + 57 (1),

andxz(t,e) = ex'(t) + 2%(t) + O(¢*) with

2 (1) =Adexp(soee) 01 (5)) (1),
22 (t) =Adexp(sotr) (€74°E2) (1) + Adexp(soee) (07 (5))(E)
— $Adexp(aaee (B 017) ())(1)
— 3[Adexp(soe) (BT (5)), Adesp(roge) (B

(T)()](D)-

Proof: Since the input is analytic ia so is the solutior§(t) =
ijg €3 (t). Inserting the expansions fa@r into equation (3) and
coilecting terms of same order we compute

50:_%<§0:‘£O>7 51:_<§0:‘£1>+b1(t)7
€ =—(":&) -3 )+’

Inserting the initial condition then gives

() = obe,  £'(1) = (D),
§Q(t) _ eoAret£2 %@1 §1>‘T(t) + 527 (¢)
oAt eZ LB B10) (1) + 57 (1).

Sinceg is a solution to the kinematic equation (1), it follows that

h=g-exp(—to&e) — g - exp(—toke) - oére
=g- & exp(—toke) — h- o
= h - (exp(toére) - § - exp(—toére) — 0ére)
=h- (AdexP(taére) () — o)
= h (Adexp(toge) (0 + €'+ + 0(53)) — 0&re)
= h - Adexp(toge) (€ + €€ + O(€%)).

If we define¢(t) := Adexp(roge (€€ +€€2+O(€%)), then we have,
according to [8], that

z(t) = C(t) — ¢, C)(t) + O(%). (4)

Usingz = ex' 4 2% + O(e*) we achieve the result an' and 2?
by inserting the expression farinto equation (4). u

Il1. DESIGN: LOCAL INVERSION PRIMITIVES

In this section we construct two open-loop control pringgwvhich
act as inversion primitives. Later these will be combined im single
motion primitive which, in turn, will be used iteratively ia control
algorithm.

For a mechanical control systel = (G, L, {fi,..., fm}) with
relative equilibrium¢e and corresponding matrixle, we present
the following assumptions. First, we make the standing rapsion
that (e ¢ span{bi,...,bm}, otherwise the theory of kinematic
reductions [4] is readily applicable and the control prafdewe
consider below are trivial.

Assumption 1 (Lack of linear controllability)The subspace
span{b1,...,b,} IS invariant under the linear mapl., that is,
(&re : bs) € span{bi,... by}, forie {1,...,m}.

Assumption 2 (Nonlinear controllability)The subspace
span{b;, (b bj) | 43 € {1,...,m}} is full rank and
(b; : b;) € span{bi,...,bm}, forie {1,...,m}.

Assumption 3:(&e : (b; : b)) € span{by,...
{1,...,m} andj # k.

Assumption 4:The subspacepan{bi, ...
the linear mamde,,.

Assumption 2 is the same controllability assumption adbpid5]. If
we define the matridB := [by, ..., bm] € R™*™, then Assumption 1
is equivalent to the existence of a matidx € R™*™ such that
AeB = BQ, and in turne=B = Be®. Similarly, Assumption 4
is equivalent to the existence of a matik{ € R™*™ such that
ade,.B = BM.

Given @ € R™*™, define Fy
C([0,27],R™) | £(0) = 0} by

Folu](t) := /t ey (s)ds.

0
Lemma 4 (Transformation of controlsfhe mapFy, is invertible
and its inverse is given as follows: it = Fg[u], then u(t)
—Quw(t) + w(t). Additionally, as in Assumption 1, letl,, B and
Q satisfy AeB = BQ. If u € C°([0,27],R™) andw = F,q[u,
o € R, then

,bm}, for gk €

,bm } is invariant under

. C°(0,27),R™) — {f €

Bu’ (t) = Buw(t).

Proof: One-to-one correspondence

ily checked. We computéBu’(t) = / e” (=) By(s)ds =
0

tbetweerand w is read-

t
B [ €79t %y (s)ds = Buw(t). [
Definition 5 (Convenient forcing frequencieshake r [Z].
For (i,h) € {1,...,m} x {1,...,r}, select numbersy;, in the
set{0,...,rm+ +m(m—1)} as follows:



Vi=0;Z:={1,....,rm+ im(m—1)}
for h e {1,...,r} andfor i € {1,...,m} do
w :=min(Z); v := Adexp(sote) (bi sin(ws))(2m);
if v € span(V) then i, :=0 elseq, :=w; Z:=7\ {w};
V:=VU{v} end if
5: end for
Define Ay, to be then x rm matrix with jth column

[As,al.j = Adexp(soe) (bk sin(akns)) (2m),

wherej = k+(h—1)m,k € {1,...,m}, h € {1,...,7}. Next, for
(i,5) € {1,...,m}?, select numberg;; as follows: fori < j take
Bij € {1,...,rm+tm(m — D)} \ {owntnyeqr,...mpx{1,...ry all
having distinct values, fof > j take 3;; = [;i, and fori = j take
ﬁij =0.

Remark 6:In other words, the numbers;; are selected sequen-

tially in such a way as to maximize the rank 4f, .. Note that, for
i,5,k,l €{1,...,m}andh € {1,...,r}, we have: (i) all nonzero
oy, are distinct, (i) all nonzeray,, are distinct from all nonzerg;y,

and (iii) B;; = Bw if and only if (i,75) = (k,1) or (i,5) = (I, k).

Remark 7:The computations required by Definition 5 include

checking that a vector belongs to a subspace. In practicakrioal
implementations it is sufficient to verify this condition tp a spec-
ified tolerance. It is convenient to choose this tolerancapgarable

with the accuracy of the control algorithms. °

For Z € R™*™ define\ : R™*™ — R™*™ py
sign(Z;k) /| Zjk |, j <k,
Ajk(Z) = 40, j=k,
%\/|ij|, j>k.

We are now able to obtain the following result.
Proposition 8 gpeed_inversion inversion primitive): Let X be

thenb'(t) = Bu'(t) andb?(t) = Bu?(t) satisfy
-1 b_10>a(271') +027(21) =17, )
Adexp(soe (07 (5))(21) = 0. ®)

We call this inversion primitive speed_inversion(o,n)
(b (1), b*(2)).

Proof: Existence and uniqueness of the solution to (6) is a
consequence of Assumptions 3 and 2. Regarding existence and
uniqueness of the solution to (5), Definition 5 ensures that

Adexp(soge) (By(s))(2m) € Image(Asa).

Since every nonzero column i, . contributes to the rank ofl, o,
the entries ofy corresponding to these will be unique. The remaining
~-values are defined to be 0.

Regarding the proof of equation (8), direct calculationsvshhat

Adesxp(soge) (07 (5))(21) = Adexp(soge) (Bw'(s))(27)
= AU,O/}/ + Adexp(sa&re) (By(s))(Qﬂ-

Regarding the proof of equation (7), from Lemma 4 we compute

) =0.

& 7)) = <Z wh (b, + > wh(t)be)

m

Z

=j+1

m

by bi) + Y (wi(£)%(bi : by).

i=1

HMS

Since all nonzerax-values are distinct and are distinct from the
values we have foj < k

27
/“’
0

1
J

27
Z )\]l )\kq / sin(ﬁjlt) Sin(ﬁkqt)dt
0

,ql

a mechanical control system on a Lie group with a relativei-equ

librium & and corresponding matrixl,e and satisfying Assump-
tions 1, 2 and 3. Let) € R™*™ satisfy A.B = BQ. Letn € R",
o € R, and computez € R™ and Z € R™*™ as the pseudoinverse
solution to
m—1 m
n= Z%b -2 > Z
J=1 k=j+1

Givenr, o, As,«, and g as in Definition 5, let

Z]‘k:O fOl’jZk‘

Z)‘J’“ sin(Bjrt), j€{l,...,m},
and lety = (yi1,...,Ymis-- o, Yir,---,Ymr) . be the unique
solution to
Ao—,a'y - 7Adexp(so‘§re) (By(s))(Qﬂ—

®)

)
~Yin = 0 if a;p =0 for (i,h)E{l,...,m}X{l,...,

Additionally, if we take

r}.

)+ > yusin(at),

=1
ul(t) = Frqg[w'](t),

wherex € R™ is the unique solution to
m—1 m 2
= > [T
j=1 k=j+170

Z/O ”eaAre(zw s)( ()) ds (b; : b)), (6)

i=

m},

eo‘Q(t727r) (X + Z),

w; (t) = jefl,...,

1

u? (t) 5=

o Are(2m—3s)

— Dwj(s)wg(s)ds (b; : by)

+

Z Nt(Z) Mg (2)857 7
l,g=1
= Nk (Z) i (2)T = Zji..

By straightforward calculations we then obtain
)

2 710 770
/ ogAre(2m—3s) <b1 . bl >(8)
O

j=1 k=j+1 (/
/277

( o Are(2m—s)
f—Z [l st

> 2

1o 5 (2m) + 877 (2m

=

1
W

+ — Dwl(s)wk(s)ds(b; - bk))

bj) + Z(Xz +zi)b
i=1

3
L |

HM

[ |
Remark 9:From the proof of Proposition 8 we see that Defini-
tion 5 ensures that

xt (27) = Adexp(sogre) (b_la (s))(2m

after an application okpeed_inversion. Thus, using the controls
given by speed_inversion the deviation in the configuration from
the relative equilibrium is of orde®(¢?).
Proposition 10 €onfiguration_inversion inversion primitive):
Let 3 be a mechanical control system on a Lie group with a relative

):07



equilibrium &e and corresponding matrixA,e and satisfying then we obtain
Assumptions 1 and 4. Lep, M € R™*™ satisfy A,eB = BQ and

ade, B = BM. If y € R™, o € R and 9(47) = g5 exp(€*Vinar),

ul(t) =0, §(4m) = (0 + 62p)§fe + 625;‘rror7

uQ(t) = Fa_Ql [wQ](t), wg(t) = %e_ajwt/l, sing(t), for some vgor, arror € R™ with 7)ire(l/grror) = 0(1)1 PB(Vgrror) =

O(e), &arror = O(€) and for
thenb! (t) = Bu'(t) andb?(t) = Bu(t) satisfy (e): Seror = O(e)
—0c —o.7 —o * 2 2
—%(bl b7 (2m) + 627 (2m) = 0, go = go exp ((47m +2me " p)re + € Pgre(yermr)).
Adexp(soere) (2° (s))(27) = Bp. We denote this motion primitive(c + €%p, g5, Vvon Eamor) =

We denote this inversion primitive Change—SPeed_(g’ G P go’f’_e"o“ Serror)-
configuration_inversion(o, u) = (b'(¢),b%(t)) = (0, b%(t)). Proof: Using Propositions 3 and 8 we compute

Proof: For b'(¢t) = 0 we have, using Lemma 4 and?(¢) = o A2 o A2
L1e=oMty gin? (1) ,(t)hat 9 ®) £(2m) = obre+ € (6 AT error + plre — €74 ferror) +0(€)
o _— - = (0 + pe")ére + O(c?),
=307 b7y (27) + 27 (27) = b2 (27) = Bw?(27) = 0. *
and from this, Propositions 3 and 10 we h@vén) = (o4 pe?)&ret-
0(63). Definego,1/2 := go exp ((27TU+625)§re), Dére := Pee(Verror),
Adep(soee) (27 (5))(27) = exp(soade,) (Bw(s))(2r) andvp := P (veror), then we achieve using Proposition 3 and the

e — _ Baker-Campbell-Hausdorff formula
= BeoMsw?(s)(2m) = £ Busin®(s)(27) = Bp. P

Using Assumption 4 and Lemma 4 we compute

-1
™ 90,1/29(27") =
exp(— (2no+€ D)fre)galg(O) exp(22?(27m)+O(€%)) exp(2nore) =

IV. DESIGN: GLOBAL MOTION ALGORITHMS exp(—270&re)exp(es +O(*) )exp(e(2m) + O (%) exp(2m0ére) =

In this section we combine the two inversion primitives damsted 5 5 3
in the previous section into a single motion primitive uskedatively — *P (6 Adexp(—2roge) (vB +27(2m)) + O(e ))-
in a control algorithm to achieve speeding up or slowing dahomg Using this, Propositions 3, 8, 10, and the Baker-Campbaliddorff
a relative equilibrium. formula W(la obtain T

The algorithm presented in this section requires the falgw

additional assumption. g(4m)
Assumption 5:The n dimensional systent hasn — 1 control 2 3 2
forces, that ism — n — 1. —gE2W) exp(e"Bu + (3(6 ) ex_p1 (27T(J + € p)fre)
Remark 11:Assumption 5 together with the standing assumptiori= 9o €Xp (—2m(o+e P)ffe>go,1/29(277)
i:(ejdg Splélin{bl, ey bm}f)llmrﬁ)“ei R™ :. bpaSH{blci 1 .y bmt,hf]re}l. . eXp(egBu + 0(63)) exp (271'(0' + €2p)§re)
itionally, one can verify that Assumptions 5 and 1 togetimply 9 2 3
Assumption 3. Assumption 4, which is needed for Proposition ~ 90 eXp(E Adoxp(~ 2 (o-+e2p)gre) Adexp(~2natre)Pere (T (27))) +O(e ))

can be weakened to a_s_suming tbghn{bl, .. ~zbm’5'e} _is _invari- — gt exp (627’§re($2(277)) n 0(63)).

ant underade,, a condition which is automatically satisfied under

Assumption 5 and the standing assumption; see [9]. ° u

Define the projection operatos : R" — R™ and P, : R — R" We illustrate the motion primitivehange_speed in Fig. 1.

by With this motion primitive we are now able to construct the
Peo(v) i= (v - &re)re, P = id — Peg. following control algorithm that speeds up, slows down, tabdizes,

where - is the dot product inR" defined by requiring 2 SYStem along a relative equilibrium.
{b1,...,bm, &} to be an orthonormal basis. Notice that, under Proposition 13 §épeed_control algorithm): Let X be a mechan-

Assumption 4, these projection operators commute with,. This ical control system on a Lie group with a _relative equil_iltmikgjre and
allows us to construct the following motion primitive. corresponding matrixd,.. AssumeX satisfies Assumptions 1, 2_, 4,
Proposition 12 ¢hange_speed motion primitive): Let & be a and 5 and také < e < 1. Let g(0), go, Vermor, , Eerror, p b€ @S N

mechanical control system on a Lie group with a relative ligiam ~ Proposition 12 and lei € K.
& and corresponding matriAre and satisfying Assumptions 1, 2, 4, Define the algorithm (o + ENp, g6, Vérron Samor) =

and 5. For0 < e < 1, assume that speed_control(e, a, p, N, go, Verror, Serror) DY
2 1: go,1 := go; Verror,1 := Verror, 01 := 0; Eerror1 := Eerror,
9(0) = go exp(e Verror), 2: for k€ {1,...,N} do
‘E(O) = Ufre + 62‘56"0“ 3: (Uk-&-h 4o,k+1, Verror,k+1, ferror,k-H) =
Change_SPeed(E, Ok Py 90,k Verrork gerror,k)

for somego € G, 0 € R, Verror, ferror € R™ With veror = O(1) and

Eeror = O(1). If we takep € R, 4: end for

5! g0 = Go,N+1; Vérror := Verro, N+1; Earror := error, N+41;
(b0 .0%(1))= speed_inversion(o, p&re—e”™" **fenar), ¢ € [0,27), The final configuration and velocity after the execution ofsth
’ configuration_inversion(o, i), t € [2m,4m), algorithm are

and g(N4m) = g5 exp(2vino),

1 — *
BM:_AdeXP(—Qﬂaire)PB(l’e"for"" E_QIOg (9(0) 19(277)6)(1’(_2770&6))) ) £(N47r) = (o + 62Np)£fe + 62'f;herrory



change_speed

t €10,2m) t € [2m,4m)
speed_inversion configuration_inversion
measure measure

Y

Fig. 1. Diagram of thechange_speed motion primitive. The first measurement, of configuration aelocity, and the second measurement, of configuration
alone, are represented by the black circles.

where Vo, Earor € R”, Pfre(Ve*rror) = O(l), PB(Vgrror) = 0(6)1
g;rror: O(E), and

N
g(’; = go exp ((Uﬂinal + %pEQNﬂinal) Ere + 62 Z P&re(l/error,k)> . L
k=1

Proof: From Proposition 12 we have, = o + (k—1)pe? so we
immediately obtairé(N4r) = ont1&e+ O(e*) = (0 + € Np)ée+ 0, ,9)
O(€*). From Proposition 12 we havg(N4r) = g§ exp(€*vnor)

h

where
N Es
0 = 277(20'k + 062)§re + €2P§re(Verror,k))>
Fig. 2. The planar rigid body with two forces applied at a pe@irdistancehx
from the center of mass CMs denotes an inertial reference franté, x, y)

271(20% + pe*)re + € Peo(Verror, k)) are coordinates for the configuration of the body. The bodgreace frame
(not depicted) is aligned with the direction of applicatioh f; and f2.

N
= goexp (271'N (20 + NpeQ) Ere t+ € Z Pg,e(yermr,k)>

k=1 b1> =0, <b2 : b2> = %62, and <b1 : b2> = —%63. Assumption 2
L2 5 N is immediately seen to be satisfied. Choosing the relativdibqum
= go exp (O'Tfinal+ 5PE NTfinaI) et € prre(yerrol’,k) e = es we have A = adg, = 0900 so Assumptions 3 and
. . = . 4 are met. It is straightforward to coa?c(fj ate th&tB = BQ, with
From Proposition 12, its proof, and Proposition 3, we hav& __hm [0 1} so Assumption 1 is satisfied
- 7 Loo] .

that change speed gives the map (Serork, PB(Verrork), o)

) The ~-values can be calculated using Definition 5 to =
(erork+1, PB(Verrork+1), 0+ €2p)  independent  of go v 9 da

a2 = a2 = 0, a1 = 1, y11 = 12 = 722 = 0, and 21 =

and P . Because ,P = 01 .

gives (Ege(r:::ﬁ?PB(Vermrkﬂ)()fe"or’:k B(gzzr)mr’k\,)\,)e obtain (th?':\t —a21)21(Z) /6, where € {2’3’4§5}' |2:|nally, the components of
Po(veron) = O(c.k) — O(c), Peuveros) = O(L k) — O(1), X are foungl to be;g = 7Th()\.21(Z) +721)/J andx? =0.

and errors = O(e, k) = O(e). m Assumption 5 is immediately seen to be satisfied, so all the

@ssumptions are met, and therefore we can applyghed_control
algorithm to speed up the system alomg. The result of the
speed_control algorithm applied to the planar rigid body can be

Note thatp > 0 speeds up the system along the relative equili
rium, p < 0 slows down the system, and= 0 stabilizes the system’s
motion along the relative equilibrium. We may seleét= O(}Q) O~
in Proposition 13 so that the absolute change in velocitpgltne S€€n in Fig. 3.
relative equilibrium is of orde(1). Thus, it is possible to use the Example 15 (Satellite with two thrustersConsider a satellite
algorithm speed_control to change the velocity along the relativewith two thrusters aligned with the first and second princimees.
equilibrium from a given value to another independent.of The configuration manifold isG = SO(3) and the equations

In summary, the algorithmspeed_control consists of the re- of motion are of the form (1) and (3) where the symmetric
peated use of thechange speed motion primitive which, in product is given by(¢ : n) = I (¢ x (In) + n x (I€)), where
turn, invokes the two inversion primitivespeed_inversion and 1 = diag(Ji,J2,J3), J; being the moment of inertia along the

configuration inversion in succession. ith principal axis, andx is the cross product. We have that
(es3 : es) = 0, soes Is a relative equilibrium, and sindg = Jilel
V. EXAMPLES andbs = }Zeg it is not possible to directly controlothe rr:)otion in the
The usefulness of the theory is illustrated in the followgm- es direction. With&e = e3 we computeAre = |:agl aéz 8} where
ples. ap = 2592 andaz = F7L. It is straightforward to calculate
Example 14 (Planar rigid body)Consider a rigid body moving o J2-J3
in the plane as described in [5]. The configuration manifsidzi= that AreB = BQ, with Q = s 5 } so Assumption 1 is
J1

SE(2) with local coordinate¢, z,y). Let m denote the mass of (iicfiaq. From(by : by) = (bs : bo) = 0 and (b; : by) = L2

€3

; ; ; ; T1 2 J:
the body,J its moment of inertia and the jglstar;ce from the centerWe see that Assumption 2 is fulfilled if; # Ja. Assurﬁthicj)n 3
of mass to the cgntrgl forces. Fau, v, v2) GORO we have t_hat the is satisfied becausées : (b : bs)) — :7112;2‘513 (es : es) = 0.
adjoint operator is given byd .y, ,v,)7 = | ¥2 0 —O‘“}- The inertia  Sinceadsn = ¢ x n we see that also Assumption 4 is satisfied.

tensor has the representatibe- diag(.J, m, m). With controls as in Assumption 5 is immediately seen to be met. Thus/iif# J2 in
Fig. 2 we have); = %62 andb, = f%el + %63, which gives(b: : a satellite with thrusters along the first and second praicixis,
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Fig. 3.

speed_control applied to the planar rigid body withe = e3, e = 0.1,

0 50 100
t

andp = 2 and with initial conditions(¢, z,y)(0) = 0, go = g(0), and

(w,v1,v2)(0) = 0. The dotted curve in the left figure corresponds to the motibthe center of mass and the ellipses corresponds to tharpkady at
time equidistant instances. In the right figure the dashedeccorresponds ta (¢) and the solid curve correspondsg(¢).

small-amplitude control forces the algorithm solves trekseof accel-

0.3}

£ 0.25!

0.2
0 50 100 (2]
t
1.5 3]
i [4]
1 [5]
[6]
7 [7]
1.5 ‘ ‘ .
~0 50 100
t
[9]

Fig. 4. speed_control applied to the satellite with two thrusters with
&re = ez, € = 0.1, andp = 1 and with initial conditions¢(0) = (0,0, 0.2)
and go = ¢(0). In the bottom figure the dashed curve corresponds;t@)
and the solid curve correspondsdg(t).

then the theory presented in this paper can be used to spett up
satellite along the third (un-actuated) principal axiseTiesult of
the speed_control algorithm applied to this example can be seen
in Fig. 4.

VI. CONCLUSION

In this note we have designed a motion control algorithmasuleét
for a class of invariant mechanical systems on Lie groupsndJs

erating along, decelerating along, and stabilizing redagquilibria.
The algorithm has been applied numerically to two examp#tesys
to illustrate the theory.
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