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Summary

The performance of predictive coding techniques used in most lossless image
compression algorithms depends very much on the pixels (neighbors) used for
prediction. This thesis studies the pixel ordering problem — how pixel ordering

and pixel choice affect the compression in predictive coding.

We discuss briefly the statistical assumptions of predictive coding and its
application to derive a mathematical measure to quantify how bad a given
pixel ordering and pixel choice combination can be. This measure is applied
to a class of raster scan pixel ordering and a few pixel orderings based on
the Multi-Level Progressive (MLP) method by Howard and Vitter. Although
simpler than the MLP, the raster scan pixel ordering proved to be better under

our measure. This result is further corroborated by our experiments.

The measure mentioned above implicitly assumes a prediction function
that treats each neighbor equally; however, not all prediction functions do so
in reality. The effect of the weights in a prediction function on pixel ordering
is therefore investigated and an improved badness measure conditioned upon
optimal weights derived. The above-mentioned pixel orderings are analyzed

again with this measure without much change to their relative performance.



Chapter 1

Introduction

Images have become an important part of electronic communication. From
surveillance systems to the graphics on Internet web pages, images are stored
electronically and transmitted over wired networks, satellite links and other
media. Although storage is cheap, bandwidth is usually not; hence the impor-

tance of efficient electronic representation of images.

Storing a 512 by 512, 8 bits per pixel greyscale image without compression
requires 512 x 512 x 8 bits. With compression we can do better. Data com-
pression is basically assigning short codes for long ones such that the original
data can be recovered from the compressed data. Image compression is apply-
ing data compression upon a particular type of data — images. The difference
between data compression and image compression is that image compression
usually makes use of certain properties particular to images to achieve more

compression.

Some image compression algorithms do not recover the exact original im-



ages upon decompression; such algorithms are called lossy compression al-
gorithms and those that recover the exact original are described as lossless.
One common technique in lossless image compression algorithms is to process
each pixel of an image in some order and predict each pixel using previously
encoded/decoded pixels. The prediction error, the difference between the pre-
dicted value and the actual pixel value, is then encoded. This is also known
as predictive coding. For more detailed descriptions, the reader may like to

consult [Sal98].

This thesis is mainly concerned with how pizel ordering and pizel choice
that are used in the prediction step affect compression. Pixel ordering is de-
fined to be the order or sequence in which an image is scanned and processed
at the prediction step and pixel choice is the selection of previously processed
pixels (neighbors) used for prediction. Pixel ordering and pixel choice are mu-
tually constraining: a particular pixel ordering will limit which pixels can be
used in the pixel choice and vice versa. Hence is it difficult to consider their
effect on compression in separately. We loosely call this the pixel ordering
problem. Questions that we try to address are: How can the pixel ordering
of different algorithms be evaluated? Is there a particular sequence/ordering
of neighbors that gives particularly good compression? We attempt to an-
swer these questions by proposing a mathematical measure of how bad a given
pixel ordering can be and analyze the pixel ordering of two compression meth-
ods: the Multi-Level Progressive (MLP) method and the raster scan method.
Greyscale images are assumed for clarity, but the results can be easily extended

to color images.

The next chapter will introduce this badness measure and discuss related



issues. The following chapters will then present the detailed analysis of MLP
and raster scan pixel orderings. Chapter 5 will propose a way of dealing with
weighted neighbors. Following which we will analyze the two pixel orderings
again using optimal weights. The last chapter will conclude this thesis with a
discussion of what has been achieved in this thesis and propose some future

directions.



Chapter 2

The Badness Measure

In this chapter, we first discuss the statistical background that motivated our
new badness measure, derive and present the badness measure and discuss
some of the issues relating to the parameters of our badness measure. We end
off with an explanation of the notation and conventions used in the rest of this

thesis.

2.1 Motivation

A common statistical measure of compression is the entropy, given by,

all symbols i

Hy=—- Y PX=i)logP(X =1) (2.1.1)

which measures the average number of bits used to reversibly encode a sym-
bol in the uncompressed data. For image compression, the entropy can be

interpreted as the average bits per pixel of the compressed image. This is be-



2.1 Motivation

cause the symbols are now pixel values or the compressed codes representing
the pixel values. The probabilities in the calculation of entropy can be ob-
tained by counting the frequency of the occurrences of each encoded value or
by assuming a probability distribution and calculating the probability of the

encoded value as if it were drawn from that distribution.

For predictive coding methods, the prediction errors and not the pixels are
encoded. The aim of predictive coding is to transform a greyscale image into
an error image such that the error image has less number of different values to
code. For example, a prediction function that predicts a n pixels 8-bit grey-
scale image perfectly will generate an error image of all zeroes and hence of zero
variance. To encode this error image (consisting of n zeroes) requires only an
average of %logn bits per pixel. Consider another example where the predic-
tion function transforms the image into an error image consisting of 2 values,
say 0 and 1 only. Effectively, this predictor has transformed the 8-bit image
with 256 grey levels into a 1-bit error image. Let py and p; be the proportion
of the errors that are of the values 0 and 1 respectively. The average number

of bits to encode a prediction error would then be —pg log, py — p1 log, p1. An-

1
n

other way to interpret this expression is — .1 errors ( ) log, P(error value)

which looks like the average of all the ‘— log, P(error value)’.

From this simple example, it should be clear that the encoding of the error
image depends on the probability distribution of the error values. It has been
found that the distribution of the error values resembles a zero mean Laplacian

distribution [O’N66] whose probability density function is given by:

1 2
fuo2(x) = NoTS exp (—\/;|x — u|) (2.1.2)




2.2 The New Badness Measure

where f is the mean (which is zero in this case) and o2 is the variance. The

integral of this expression will give the discrete probability mass function,

k405 1 9
P, (k) = o \/ﬁexp - §|x—0| dx. (2.1.3)

It should be easy to see that logs P(error value) o< |error value| and hence the

total number of bits required to code the error image is proportional to the

sum of all the absolute error values.

The badness measure that we propose in the next section is meant to be
the sum of the estimates of the expected absolute error value over the entire
image. The relationship between the average absolute error and the entropy
of the system will allow our proposed measure to assess how compressible the

prediction errors resulting from a pixel ordering are.

2.2 The New Badness Measure

Suppose X1, Xs,... X, are the random variables for the pixel values of the ¢
neighbors used in an arbitrary prediction. We will assume that the X;’s are
independent. Let Y be the true pixel value of the predicted pixel and Y the

predicted value.

Since the prediction errors are found to be of zero mean experimentally,

E(Y —-Y) =0 (2.2.4)

E(Y)-Y =0 (2.2.5)
E(Y) =Y. (2.2.6)



2.2 The New Badness Measure

It is difficult to obtain an expression for an arbitrary prediction error with-
out assuming some prediction function. For simplicity, the mean is assumed.

This assumption will be re-examined in Chapter 5. Hence,

VY —B(X) - Y (2.2.7)
:% Z (X)) - V. (2.2.8)

(Xi—Y). (2.2.9)

Our badness measure is defined to be the sum of the expected absolute
error of every prediction; however, the expected absolute error is difficult to

work with and we estimate it with the square root of the mean squared error,

E(V-v]) =~ \/E [(?—Yﬂ. (2.2.10)
But YV = E(Y) implies E[(Y — Y)?] = Var(Y),

E(y -Y|)~ /Var (V) (2.2.11)
= /Var (Y -Y). (2.2.12)

Substituting Equation 2.2.9,

E(y-v|)~ \jVar Fi(xi —Y)]. (2.2.13)

i



2.2 The New Badness Measure

Assuming (X; — Y')’s are independent,

~
|

=
Q

Jc_lziv@r (X, - Y) (2.2.14)

=1

c

_ EJiVar (X, — V). (2.2.15)

Using the above result, we propose our ‘badness’ measure for evaluating

pixel ordering as the sum over all pixels of absolute error estimates,

3 Z 2 no prediction
Badness B =
\/ d )
all pixels % otherwise
d

(2.2.16)

where d’s are the Manhattan distances of all the neighbors used in the predic-
tion of the current pixel, ¢4 is the number of distance d neighbors used in the
prediction and f(d) is a function that increases with increasing distance. f(d)

is basically an estimate for Var (X; —Y). 2

is the cost of encoding a pixel
instead of its prediction error and is used to account for pixels that cannot be
predicted such as the starting pixels transmitted to be used as neighbors for

the very first prediction.

This badness measure has the following two desirable properties: neighbors
further away are worse predictors than neighbors that are nearer; and, using

more neighbors reduces prediction errors.



2.3 Estimating f(d)

2.3 Estimating f(d)

We would like to associate f(d) with how E[(p, — p,)?| varies over d, where
d = |zy — xy| + |Yu — Y»| is the Manhattan distance between pixel u and v,
and py,p, are the pixel values of pixel v and v respectively. E[(p, — py)?] is
computed over all pixel pairs v and v. Experimentally, E[(p, — p,)?] is found

to resemble the following curve for many natural images:

b
d+c

(2.3.17)

where a, b and ¢ are positive constants relative to d (see Figure 2.1 for an
example and Appendix A for more plots). However, as a model for f(d), this
expression proves difficult to work with and we propose two approximations:
piecewise approximation using 2 straight lines and piecewise approximation
using a curve and a straight line. The first is elegant and greatly simplifies
the analysis, but is a little coarse at smaller distances. If a more accurate
approximation is required, we approximate the curve at smaller distances with

a square root curve (see Figure 2.2).

2.3.1 Linear Approximation

In the following analysis, the piecewise approximation using two straight lines

is as follows:

ud if0<d<a,
f(d) = (2.3.18)

Frone ifd > a.
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E[(u-v)"2] versus Manhattan Distance of u and v
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Figure 2.1: Plot of how E[(p, — p,)?] varies over Manhattan distance d for
lenna and barbara. Values are obtained experimentally.

where u is the gradient of the first ‘piece’ and fi,.x represents the second ‘piece’
which is a horizontal line. « can be viewed as the x-coordinate value of the

intersection of the two lines; hence,

fmaw

u

. (2.3.19)

We have set the value of v and f,,,, through experimentation.

One assumption about u requires explanation. For an image with a fixed
image size of n pixels, the gradient u of f(i) is constant; however, what happens
when n is varied? We interpret the increase or decrease of n for a particular
image to be an increase or decrease in resolution of that same image. Alter-

natively, this increase or decrease in resolution can also be viewed as sampling
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E[(u-v)"2] versus Manhattan Distance of u and v
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=
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Figure 2.2: Plot of how E[(p, — p,)?] varies over Manhattan distance d for
lenna at small distances. The square root curve 500v/d is a better fit than a
straight line.

the same image at more or less points. For example, consider the two bi-level
images sampled at different rates from the real picture in Figure 2.3. Consider
any two points, say the two lower corners of the square. The pixels corre-
sponding these two points in the 25-pixel image and the 100-pixel image have

the same pixel values, but their distances are double.

In fact, for any two points in a given image, their distance will be doubled

if n is quadrupled. To account for this, we propose,

where w is some positive constant, not dependent upon n, but dependent on
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00 cosjeee
The real picture DXH image 10x10 image

Figure 2.3: Increasing n as an increase in resolution. The same hollow square
in the real picture is digitized into a 5x5 bi-level image and a 10x 10 bi-level
image.

the picture. Another way to look at this is that the absolute distance between
2 points is not constant, but the relative distance (%) is constant across all

resolutions.

In most practical cases, the distance of neighbors d is seldom greater than a.
For MLP, usually enough starting pixels are transmitted to make the distance
of neighbors at the first level d; less than the threshold a. This constraint on
the number of starting pixels s for MLP will be quantified as follows:

dy = \/? (see Section 4.1.1) (2.3.21)
s

< a. (2.3.22)

But o = {me2 (2.3.19),

< oz (2.3.23)

Tu

n
S
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And substituting u = 7= (2.3.20),

< fmaz + (2.3.24)

§§\S

SERE

—< maxr~ - 2.3.25
< oL (23.25)

Since all terms are positive,

w

7 < Vs, (2.3.26)

Note that w and f,,.; are constants relative n and that,

w

7 <Vs=d<a. (2.3.27)
This condition effectively makes our model for f(i) a straight line for MLP;
hence the following analysis of MLP will assume s = fm% and omit the flat
portion.

2.3.2 Sublinear Approximation

The approximation using a curve and a straight line is defined as:

u/d if0<d<a,
d) = (2.3.28)

Foa if d > .

where u is now a constant which both scales and dilates the curve. Note that

u is constant with respect to d but dependent on n. «, the intersection point
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between the two pieces as before, is now,

o= (fm“>2. (2.3.29)

u

Due to the square root, the relationship between u and n is now

u= \Z/”ﬁ (2.3.30)

and the condition for MLP to fall within the first piece of the approximation

is,

2
<fw ) <Vs=d<a (2.3.31)
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2.4 Notation

symbol meaning
n total no. of pixels in the image.
S no. of unpredictable, starting pixels.
k refers to the k™ level in MLP.
N, no. of pixels predicted at level k£ with ¢ neighbors.

g = >Nk total no. of pixels predicted at level k.
d refers to Manhattan distance in general.
dy, Manhattan distance of neighbors at level £ in MLP.
c=>g4cq total no. of neighbors of used in the prediction
Cd no. of neighbors of distance d used in the prediction
m total no. of stages to sum in a summation.
aj, bj, gj, h; constants, indexed in order of appearance,

used to simplify computations.

~ operator used in some of our approximations:
h(n) ~ g(n) < lim, % =1

or equivalently h(n) ~ g(n) < h(n) — g(n) = o(g(n)).

B, usually denotes the badness of pixel ordering « using the model 3 for
f(d). For «, rs denotes the raster scan pixel ordering and for the MLP based
pixel ordering, the substrings int and last denote the intermediate and last
levels respectively. For 3, lin denotes the linear model and sub denotes the

sublinear model.

The Manhattan distance of 2 points (z,y,) and (x,,y,) is defined to be

|2y — 2y |+ |Yu — Yu|. Unless otherwise specified, distances in this document are
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Manhattan distances

The number of pixels in an image is assumed to be a perfect square and
in base 2. The same conditions are required for the number of unpredictable

starting pixels s in MLP.



Chapter 3

Analysis of Raster Scan

3.1 Raster Scan Pixel Ordering

The raster scan pixel ordering is a left to right, top-down scan order. Pixel
choice is then constrained to those pixels in the rows above the current position
and to the left of the current position if they are in the same row. Figure 3.1

shows some possible pixel choice.

3.2 Analysis of Raster Scan Pixel Ordering

In this analysis of raster scan pixel ordering, we will use all available neighbors
up to a Manhattan distance of I (pixel choice C in Figure 3.1). Usually this
implies that [ strips of pixels from the left, top and right sides will need to

be transmitted as unpredictable starting pixels. Hence the number of unpre-
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a
0|g|g|g Ojgjo
gjg|g ojgjgig g|gjoao
0® 00|® 0j0/0|®
A B C

Figure 3.1: Some raster scan pixel choices. A and B are among the most
popularly used. The crossed circle ® represents the pixel to be predicted and
the circles with a number in it denote the neighbors and their corresponding
distance. Most of our analysis will use the pyramid shape pixel choice in C.

dictable starting pixels,

s =(31)v/n — 217 (3.2.1)

where n is the number of pixels in the image. However, since z’, the cost of
encoding unpredicted pixels, is a constant, it will be shown that sz’ is a lower

order term and therefore not significant.

Applying the new badness measure, the badness of raster scan pixel ordering

is,

rs_SZ—i-Z Y1 caf (d)

3.2.2
p=1 Ed:l Cd ( )

where ¢4 is the number of neighbors at distance d. For rasterscan, cq < 2d (see

Figure 3.1); using the maximum ¢y,

B. — s +Z Yt Qd)f(d).

3.2.3
p=1 Ed 12d ( )
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3.2.1 Analysis Using Linear Model for f(d)

Substituting f(d) = ud (2.3.18),

(2d)(ud
Bruin — 52 + Z = ( )(u )
p=1 22(1 1

54/2 d?
= sz +Z uzd !

Using the identities Y.\ d® = L((+1)(2l+ 1) and ¥, d = L(1 + 1),

n—s \/u L1+ 1)(21+1)]

e B e
B u(2l+1)
B Z 31(1+1)
o u(20 + 1)
=s2'"+(n—2s) A1)

Substituting v = Z= (2.3.20)

Brs,lin = sz + (n - 5) \j

3

= 5z +( 7 — sn_i)

(3.2.4)

(3.2.5)

(3.2.6)

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)
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3.2.2 Analysis Using Sublinear Model for f(d)

From Equation 3.2.3,

Y1 (2d) f(d)
B’I"S S’U4 + .
b= 8% pzl Sl 2d

Substituting f(d) = uv/d (2.3.28),

(2d)
Brssub_sz_'_z\/Zdl u\/_)
p=1 2 Ed:l

Using the identity Y\, d = L(I + 1),

Using the approximation Y2\, i% ~ [[10%i3di = 2(1+ 0.5)% — 2(0. 5)3,

] .

[Ms

\/2u [2(1+0.5)F —2(05)
BrssubNSZ +Z l(l—|—1)

(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)
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Note that maximum distance of a neighbor [ is assumed to be much smaller
than n; hence the approximation does not change B, s, asymptotically in n.

Next, we substitute u = 5= (2.3.30)

oot

)

nes \/qu—ﬁ [2(1+0.5)% - 2(0.5)

Brs,sub ~ SZ, 4 pz::l l(l n 1) (3.2.19)
Y S T
=52+ (n—s) (1 +1) | (3.2.20)
Finally,
JuEuromi-t008]y .
Brs,sub ~ { l(l n 1) }’rLB + sz
Srelarosi—z05])
_{ T }n 5. (3.2.21)

3.3 The Badness of Raster Scan Pixel Order-
ing

The badness of raster scan pixel ordering according to our two models for f(d)
is summarized in Table 3.1 for 1 <[ < 7. Only the dominant term is shown

since the entire expression is complicated.

Having analyzed raster scan, we proceed with the analysis of the MLP pixel

ordering in the next chapter to see how MLP perform against raster scan.
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[ | linear model sublinear model

1] 0.707/wni | (0.718 + O(1))/wns?
2 | 0.527wnt | (0.464 + O(1))\/wns
3| 0.441/wnt | (0.355 + O(1))\/wns
4| 0.387wnt | (0.293 + O(1))\/wns
5| 0.350y/wnt | (0.251 + O(1))\/wns
6 | 0.321,/wnt | (0.221 + O(1))/wns
7| 0.300y/wnt | (0.198 + O(1))\/wns

Table 3.1: Summary of the badness
dominant term is shown.

of raster scan pixel ordering. Only the



Chapter 4

Analysis of the Multi Level

Progressive (MLP) Pixel
Ordering

In this chapter, we introduce the MLP pixel ordering as described in [HV92b)]
and show how to analyze it with our badness measure. We then generalize the
original MLP method to use pixel choices that include more neighbors in the
hope of a better pixel ordering and also a fairer comparison with raster scan
orderings. Two particular case of this generalized MLP which we call GMLP6
and GMLP18 are analyzed.
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4.1 Analysis of MLP

4.1.1 The MLP algorithm

The Multi-Level Progressive method (MLP) consists of three main steps: pre-
diction, variance estimation and encoding of prediction error using the esti-
mated variance with a Laplacian distribution. The second and third steps are
not directly related to the pixel ordering problem and will not be described
here. The reader should consult [HV92b] and [HV92a] if interested. Before
applying our new measure to analyze MLP’s pixel ordering, we will describe
briefly the MLP prediction step and formulate some of its relevant aspects

mathematically .

The MLP prediction step proceeds in levels. At each level, pixels are pre-
dicted using some number of neighboring pixels which have been predicted in
the previous level. The last level uses a pixel choice of 16 neighbors which
form a diamond shape around the predicted pixel. The other levels use a pixel
choice consisting of the 4 nearest lattice pixels which form either a square or
a 45°-tilted square around the predicted pixel. The predicted pixel value is
typically a weighted sum of its neighbors’ values. Prediction of pixels near
the edges of the image will typically have some neighbors missing, since these
neighbors occur theoretically beyond the edges. In such cases, the weight of
the missing neighbor is set to zero and the non-zero weights renormalized.

Effectively this means that less neighbors are used for prediction.

The number of pixels predicted doubles after each level; therefore, the
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number of pixels predicted at level £ can be formulated recursively as,

s ifk=1
ng = (4.1.1)

2n,_1 otherwise.

= 2k=1g, (4.1.2)

Using this expression and the fact that at the last level the number of pixels
predicted must be 7, we can find the total number of levels required to process

an n-pixel image as follows,

n
Niast = 5
2last71 — ﬁ
"0
2last — ﬁ
S

last = log, (g) . (4.1.3)

Since n and s are assumed to be perfect squares in base 2, last is even.

Except the last level each prediction uses the 4 nearest lattice pixels that
have been predicted in the previous level. The distance of the neighbors used
for prediction in all except the last level reduces by a factor of two after every
2 levels (see Figure 4.2). Since n and s are assumed to be perfect squares and
in base 2, the distance of the neighbors at the start of the first level can be

expressed as,

d = \/g (4.1.4)



4.1 Analysis of MLP

26

and the distance of the neighbors used in the prediction at level k (except last

level) as,

if k=1,

e

dk

dy , if kis odd (4.1.5)

%dk—l if k£ is even
:2LWﬁ¢@: (4.1.6)
S

Each pixel of the image is either transmitted as an unpredictable starting
pixel or predicted exactly once at exactly one level; therefore, we can partition

these pixels according to the level at which they are predicted. At each level,

Set of all Pixels of the image

1 neighbour

%

[2)

2 Aveighbour

. © 3 heighbour

7]

7]

4 neighbour,

< IR I N S :

N J

1 1 1

1 level k | |

| | |

unpredictable 3< level 1 to log(n/s)-1 ,F last level ,E
starting pixels (intermediate levels) | ‘

Figure 4.1: How the pixels are partitioned and summed for MLP.

the pixels can further be partitioned into those which are predicted using one,
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two, three or four neighbors for the intermediate levels and up to sixteen
neighbors for the last level. The prediction using less than the specified four
and sixteen neighbors are those for pixels occurring near the edges of the
image. We use this two tier partition scheme to decompose the summation in

our badness measure (see Figure 4.1),

!
By = 52 + Byrnp—intermediate + BymLp—iast

. "‘Z{i kc\/ZdCdf } inlmc Sacaf(d)

c (4.1.7)

where m is the number of intermediate levels and 7y, the number of pixels in
the partition representing predictions in level k£ and with ¢ neighbors. The ex-
pressions for ny . at the intermediate and final levels are tabulated in Table 4.1
and Table 4.2 respectively. By applying these expressions to the example in

Figure 4.2, the reader can have some idea of their derivation.

The second and third terms are worked out in section 4.1.2 using f(d) = ud

and in section 4.1.3 using f(d) = uV/d.

4.1.2 Analysis Using Linear Model for f(d)

The Analysis of the Intermediate Levels using Linear Model for f(d)

We note that at the intermediate levels, all the neighbors used for prediction

at a particular level k are at a fixed distance d; from the predicted pixel.



4.1 Analysis of MLP

28

0 0 0 ° 0 °
° ° ° 0 ° 0
0 0O 0O D 0 °
° ° ° 0 ° 0
0 0 0O 0 Ol el 10| le] |O] |e |O] |@
° ° ° ° ol [0 le 0] |® [0 [e D
0 0O 0 0 Ol el 0] [e] 0] [e 0] e
° ° ° ° o O] [o] [0 (o [0 e 0
0 0 0 0 Ol el 0] le] 0] le 0] e
° ° ° ° D EEOENEOEEEDEE
0 0 0O 0 [0 el [0 o O [@ [0 e
° ° ° ° o [0 o O] e O] |@ [T

Figure 4.2: Some MLP levels of a 16 by 16 image. Odd levels are on the
left column and even levels on the right. The empty circles o denotes pixels
predicted in previous levels and the circles with a number in it denote the
pixels predicted in the current level with the number denoting the number
of neighbors used to predict that pixel. By observing the pattern of these
numbered circles, the expressions for ny . can be derived. The numbered circles
are omitted from the last level for clarity.
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c || g, for odd k ny, for even k

1 1 0

2] 2(vVne—1)

1 w1 | A s -2

Table 4.1: ny . for MLP intermediate levels.

Summing from an arbitrary level v to m,

BMmet,zmzé anc (dk)] (4.1.8)
zgjv Z N c d) (4.1.9)
-5 I o T T, )

Splitting the summation into odd and even k

1 1
Barnp—intjin = Z \Vf f(dg) [nk 1+ nk 2T \/gnk,?) + 5%,4]

k odd

/— 1 1
+ Z dk lnk 1+ ’I‘Lk 2+ \/g’nk,g + §nk,41 .

teven (4.1.11)
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Substituting the expressions for ny . from Table 4.1,

1
Barnp—intjin = Z v f(di) [1 +—= -1+ 5 (Vg — 1)2]

+ 192—: \/f(dk)lﬁJrﬁ(\/m—l)
n % (Vs — 1) 23/ — 2)] (4.1.12)

Buirp—-int,iin = Z \/Tk {1 +V2 (Vi) = V2 + 5 ( g — 2v/ny, + 1)}

k odd

+ kz_: v f(dk) l\/§+ 7 (VrE-1) — %

k even

+ (gt — 2y + 1)] (4.1.13)

_Z\/Tk{ i + 2—1)\/_+<——\/§>}

k odd

+ Z \/Tklnk 1+(——2>\/m+(\/§—%+1>].

Ic even (4114)
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Substituting ny = 25"1s (4.1.2)

Buyinp—intjiin = kf:v \/@ EleS + (\/5 — 1) V2k-1g 4 (g — \/5)}

k odd

+ gj \/@[2“3+ (%—2>\/ﬂ+ (x/i—%Jrl)l
K even (4.1.15)

- kf: Vi) EQ’“H (1 - %) 52k 4 (; —~ ﬁ)]
R e )
K aven (4.1.16)

Substituting f(dy) = udj (2.3.18) and dj, = 2~ ¥/2], /2 (4.1.6),

n n|l 1 3
Brrrp—intiin = 2U€/2J\F —ok 1— —= | 52t/ <—— 2)
MLP—int,|l g} u 5[4 5+ /s Vs + 5 V2
k odd
s u-br2) [T\ 2ok 1 (2 1) ot
k=v s |4 \/g
k even

+ (ﬂ—%+1>]. (4.1.17)
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If kis even, |k/2| =k/2 , else |k/2] = (kK —1)/2,

B intlin — 2*(/6*1)/2 E _2k 1— 2k/2 (_ B 2)
MLP-intiin = D || Vo g2+ 7 Va2 (S =2

k=v

k odd
i n|l 2

+ u2=k/2 [ = =2k 4 | = — 1] \/52k/2
> e )
k even

N (ﬂ_%_Fl)]‘ (4.1.18)

Since last is even, m = last — 1 is odd, but we want the two summations to
be over the same number of levels. Hence we bring out the term when k£ =m
from the summation over odd k’s to make the number of odd levels the same

as the number of even levels in the 2 summations,

ml 1 1 3
Brripintiin = o-(k-1)/2, [ | Zoks 1 (1 - =) \/50k/2 (— . 2)
MLP t,l { Z Uu S 4 s+ \/E \/g i 2 \/_

k=v
k odd

N \/ug(ml)/Z\/g EQMS n (1 - %) V2 4 @ - \@)] }
)

m-l nl1 2
+ u2—k/2\/j “obs 4 [ = -1
kz::v s |4 V3

k even

n <\/§__+1>]_ (4.1.19)
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Change indexing variable k& — 7, where odd k¥ = v + 2j — 2 and even k =
v+ 2j — 1, assuming v is odd,
(m—v)/2 ) 1 ) 1 v42j—2
Barip - intiin = UQM\/@ Tovtli2g 4 (1 ) /527
MLP—int,| 1231 b NG Vs
3
*(5—“@]

(m—v)/2

+ Z ”“2'_1\/?[%2””]’15 + (% - 1) N
(-50)

+ \/u2(1—m)/2\/§ Hzms + (1 - %) Vs2m? 4 (% — ﬂ)] .

(41.20)
(m—v)/2 1 1 vi2j 2 1 vt2j—2
BMLP int,lin — UQz\/7 Z 2 T4 + 1—ﬁ \/52 2
3
*(5—“@]
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(m—v)/2 )
—v n 1 3: 3 1 vtj—1
B —intlin = w2 = —TRI s 4 [1 — —= 5272
MLP—int,lin =1/ \/S JE:I {Ll NG NE
3 i
+ = —2]2%

1 3 2 vtj—1
=20t s | = — 1) /52 2
; Vi)V

() )

+ \/u2(1m)/2\/§ Hzms + (1 — %) Vs2m2 4 (g — ﬁ)]l

(4.1.22)

Collecting j-terms,
(m—v)/2
1—v [T 1 1 3
B —int,lin — 27 — — 4 —| 52"227
A R P {lm 8]
1 1 2 v _j
+|l—=|1-—F=+—-1 2222
3 4 i
+[=-2)+([V2—-—+1]|22
n |1 1 3
(1-m)/2, |2 | Zom _ m/2 <__ >
+ 4/ u2 ,/8[42 s—l—(l \/5>\/§2 +13 \/5]
1

(4.

23)



4.1 Analysis of MLP

35

(m—v)/2 1
Barnp—int lin :\/UQ 2 \/7 Z {l \/_ ]SQ”QZJ
+ \/2—— V52823
3 9| V°
NS
V2 V3

+ \/u2(1—m)/2\/§ {%2’"3 + l1 - %1 Vs2m? 4 [g — \/5] } .

(4.1.24)

Replacing the constant expressions in square brackets with ay, as . .. as respec-

tively,

-v [T m;v . v i .
Bup-intin :F U= 3 {a152°2%7 + a5/5252% + 03278}
S =
J=1

1
+ u2(1—m)/2\/§ [12’"3 +ag/52m7 + a5] (4.1.25)

m—uv

- | ) m;v . m;'u
uQ—lgv,/ﬁ a152" E (2%]) + as/522 § :(2%) as Z (27
s ; '

j=1 J=1

J=1

1 m
+ u2(1—m)/2\/§ [Z2m$ + as/s27 + a5] i (4.1.26)
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Now, the summations are just geometric series,

o 25(%5) 1
Barrp—intjin = u2™ \/ﬁ{ Cl132v2% (%)
S 22 — 1

m—uv

. 23 (%54 _ 1
+any/5252! (ﬁ)

L1 =230

+az27: | ———

1-23
1 m
+ \/u2(1—m)/2\/@ [12’"3 + a4\/522 + a5] (4.1.27)
s
21—u\/ﬁ 9 a12% (2%(m—v) 1)
=(|lu2 2 — S —
s 25 _ 1

+/522 [ ?22%1] (ﬁ(m—v) _ 1)

[SIE

e )

1 m
+ \/u2(1—m)/2\/§ [12’"3 + a4\/522 + a5] : (4.1.28)

Replacing constant expressions in [...] again,

Barrp—intlin = u2lgv\/§{ s2%ag (2%("“”) — 1)
+V/525 a7 (250m7) — 1)
t+ag (1— 271 )}

1 m
+ uzum)/?\E [szs +an/52% + a5] (4.1.29)
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1—v [T 1 3
Brrp—inttin =\[u272 |/ — sag21”) 24" — s2%agq
’ 5

(M

+ (Vsar2i") 21 — /52

a7

1

+ag — (a527") 275

1 m
+ u2(1_m)/2\/§ [szs Fan/52% + a5] .

(4.1.30)
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Substituting m = log, (%) — 1 and consolidating non-m-terms at the end,

Brirp—intlin = u2’= g[ (sa62%”)2%[log2(%)*1]
+ (Vaar2iv) 2iloe(3)-1

- (asziv) 9~ illogs(2)-1]

+ (ag — /s22a; — s2”a6)]

+ \/u2[1_1°g2(%)+1]/2@HQIO&(%)_IS + a4\/§2%[log2(%)_1] + as
(4.1.31)

1
1—v n\ 4 1 3 n
Buirp—intiin =Vu2T (—) [ (sa624”) 271 <—>
s s

+ (Clg — \/s22a; — s?"aG)]

P2 ) [ () ]
(4.1.32)
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=

Distributing 27" (%)

Burrp—int,iin :\/E[ (27%8&6) <g>

1
2

# (Vi) (3)

a82%)

/N

_|_

(ag — \/522a; — s2”a6) 27T (E> %]

1
+Ju2? lgn 12 gyt + a5] .

Finally,

W=

1 V2
BMLP—int,lin :\/a{ (2 2ag + ?> n—+ (07 + CL4) n
+ (ag — /522a; — s2”a6) (21%8_%) ni

+ (2%as — 2tas) }

into [...] for the first term and simplifying the second,

(4.1.33)

(4.1.34)
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where constants aq, as, as, ay, as, ag, a; and ag are:

L1
= —=+ -
TR 8
21
“2=\37 3

5 4
a3 =—=———1
s 5 3

1

a=1-—s  ~0202

25 1 1
ag = RT3 ~ 0.3301

923 2 1
— sz ~ 1.0806
T (J; 2)

2*‘l 5 4
ay = ——— ( 1> ~ 0.5459.

The Analysis of the Last Level using Linear Model for f(d)

16 Sacaf(d )

BMLPflast,lm Z Naste=———— c

Substituting f(d) = ud (2.3.18),

v/ Z c
BMLPflast,lm \/_ Z Niast,c Yod o d

(4.1.35)

(4.1.36)
(4.1.37)
(4.1.38)

(4.1.39)

(4.1.40)

(4.1.41)

(4.1.42)

(4.1.43)

(4.1.44)
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c=4Ci| c1 c3 || ng.for even last level k

6 2 4 2

8 3 5 4

9 3 6 4

10 3 7 244 (Y20

12 4 8 4

13 49 4 (¥50)

14 410 2

15 4 11 4 (8

16 4 12 (Vi —6) (Y2
otherwise 0

Table 4.2: ny . for MLP last level. Our assumptions on n and s will make the
last level even.

Substituting the expressions for ny . from Table 4.2,

\/2+4>< \/3+5><3 V3+6x3
BMLP—last,lin = \/a T +4 x #

\/_—6 V3+T7x3 V4+8x3
2+4 5 10 +4x712

(f—(a) ‘/4+9X3+2x V4A+10x3
13 14

4(\/_—6> VE+11x3
2 15
+ (vii—o) <\/ﬁ2— 6) \/4+122 x 3}.

(4.1.45)
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Simplifying square roots,

V14

Barnp—tast,iin = \/a{—3

3 4
+5V2+ 5V

e ()

N
N

+ (v —6) (ﬁ_G

N

5 '3
V34

2 13
f—6>\/ﬁ

2 15

f—6>\/3_1

2

+

7

)4)

7

(4.1.46)
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Expanding bracketed terms,

V14 3 4
Burrp—tast,iin = \/ﬂ{— + —\/5 + —\/21

[f+ =V6 (Vi - 6)]+§\/?

V34
T

i~

+3\/3_(\/ﬁ 6) +
- \/_( ~6)

+ @ (g — 6V + 18> } (4.1.47)

:\/a{g-l-;\/i-l—g\/ﬁ

+[g\/6+2\/6f—9\/6}+2ﬁ
+ 43 \/_f \/_ \/_

+1—\/§\/__ 1_\/3_7

+1—\/;_n——\/_\/_—|— \/_} (4.1.48)

Collecting the n-terms together,

V10 2 2 2 3
Buyrnp—tastjin = \/ﬂ{ [f] n + [g\/é + 1—3\/ 31+ 1—5\/ 37 — ZV 10} n3
Vv14 3 4 2 12 2
- [—3 +5V2+ 5V 4 2VE - VB + VT

—1—;\/3_1+@—g\/§+§\/ﬁl}.
(4.1.49)
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Replacing the constant expressions in square brackets with ag, a;p and aq;

respectively,

1
Barnp-—tastjin = Vu|(ag) n + (a10) n2 + (a11) |-

where constants ag, a;g and aq; are:
V10
16
2 2 2 3
ary = g\/6+ 1—3\/31 + 1—5\/3 - Z\/10 ~ 0.2757

ayg = ~ 0.1976

14 3 4 2 12 2
=0 s A 2e - R 2y

12 V34 4 9
_ 1_3,/31 + - g\/37+ Z\/ 10 ~ 0.2125.

The Badness of MLP Analyzed using Linear Model for f(d)

Substituting Equations 4.1.34 and 4.1.50 into 4.1.7,

!
BMLP,lin = S5z

+ \/E[ (2%% +
(
(

1

>n+(a4+a7)n2

as — v/52%ar — 52"ag) (277577 )

+ \/a[(ag) n+ (a) n? + (a1 ]

(4.1.50)

(4.1.51)

(4.1.52)

(4.1.53)

(4.1.54)
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Collecting the n-terms together,

2
Barnpiin = sz’ + \/UKQ%CLG + a9 + %) n

M

+ (a4 + a7 + app) n
* (ag —V/52%a; — SQ”aG) (QITTUS*%) ni

+ (an + 2205 — 22ag) ] (4.1.55)
But in section 2.3.1, we mentioned that effectively v = 1, so,

2
Burrpin = sz’ + \/EKQ%CLG + a9 + %) n

M

+ (CL4 +a7+a10)n

INES

+ (ag — \/52%a7 — 28@6) (s‘i) n

4 (an 1 23a5 — 2%a8) ] (4.1.56)
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Substituting u = = (2.3.20),

[w [, 1 V2
BMLP,lin = SZI + % [(2 2ag + ag + ?> n

+ (ag + a7+ ap)n

M

+ (Clg — /52%a; — 25a6) (s’%) n
+ (an + 2%05 - 2%a8)]

2
=s7 + ﬁ[(Q_%ag + ag + %) ni

N

+ (CL4 + ay + am) n
+ (Clg — /52%a; — 25a6) (3_%)

+ (ans + 2%a; — 2¥ay) n]

=

(4.1.57)

(4.1.58)
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4.1.3 Analysis Using Sublinear Model for f(d)

The Analysis of the Intermediate Levels using Sublinear Model for

f(d)

From Equation 4.1.16, we substitute f(d) = uv/d (2.3.28) and d}, = Q’WZJ\/g
(4.1.6),

e = (J2-tkr2) [ [ 2ok _ k/2 (__ >
Burrp—int,sub kE:u \lu 2 . [42 s+ (1 \/§> /52852 + 5 V2 ]

k odd
m 1 2
+ ug2-k2 [ Zokg 4 (2 1) (/522
g}\l s |4 V3 Vs
k even
+(va- L) (4.1.59)
V3

Replacing the constant expressions in round brackets with by, by ... b, respec-

tively,
S 1
Burrp—intsup = \}u 2-Lk/2l, f z [12’“5’ + by /5282 + b2}
— s
Foda
S 1
+ > Ju 2‘L’“/2J\/ﬁlz2ks+b3\/§2’f/2+b4]. (4.1.60)
k=v S

k even
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If kis even, |k/2| =k/2 , else |k/2] = (kK —1)/2,

Z’" m [l
Buirp—int,sub = \1“ 2-t-1)/2, /1 [12]’33 + by /5282 + bQ}
5

k=v
k odd
m n 1
+ 3 w2k = [Zz’fs + by\/52F/% 4 +b4} . (4.1.61)
S
k=v
k even

Since last is even, m = last — 1 is odd, but we want the two summations to
be over the same number of stages. Hence taking the term when £ = m out

of the summation over odd k’s,

m—1 1

i g1
Barrp—int,sub :{ 3w (2*(’“*1)/2) i (%) ) hgks 4 by /5242 4 bg]

1 irl
vt () (1) [l sy o)
s 4

K even (4.1.62)

m—1

1 5 1
Byip intous = ), U (2(1"“)/8) <E> ’ {12’“5 + byy/s2F/% + bg]
k=v S
n\s 1
1 1-m m
+u? (27) (—) {—2ms+b1\/§2? —i—bz]
s 4
= k n\s 1, .
+ 3wt (2747 (—) [12 5 + bsy/52 /2+b4} .
5
f even (4.1.63)
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Change indexing variable k& — 7, where odd k¥ = v + 2j — 2 and even k =

v+ 2j — 1, assuming v is odd,

m—uv

2 1
Brirp ity = . U7 (2[17<v+2j72>1/8) (ﬁ) ’ ngﬂs 1 by /520 H22)/2 4 bQ]
j,l §
+ Z uz ( (v+25- 1>/8) <ﬁ>§ H2”+23'—1s+bg\/§2(v+2]'—1)/2 +b4]
S
n\s [1
1 1-m m

+ur (2757) (—) {12’“5 + biV/52% + 52] (4.1.64)

S

= u% e 2] <E> l VT2 25 4 by /52 EER —i—bz]
s

j=1
& n v42j—1 vyl
+ Z 2 (—) -2 J- S—|—b \/_2 —|—b4
j=1 s
L/oimmy (05 [1 m
+ur (2% )(—) {12 s+ byy/523 +b2] (4.1.65)
S

2

oo

—il1 . 02—
{2%’ [ngwy—% b /s 4 bQ]

) ()

Jj=1
i1 . v2j
+ 27 lZQU-I—?J—IS 4 53\/52 = + 541 }
n\% 1
1 1— m
+ u2 (2T) (—) |:Z2m8 + bl\/§2? + b2:| (4166)
S
1 1—v n %mgv 1 i1 v, 3, 3 1—5
—u? (2°F) (g) 72TV s by /2B b2
j=1

+ H2”+%J’—1s + byy/528 T4 7E 4 b42%j] }

1
1 1—-m 8 ]_ m
+ur (2757) (g) ’ {12’“5 Fb1/52% 4 byl . (4.1.67)
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Collecting j-terms,

= N A 1 |
Busp-intu =u* (2°5) <ﬁ> X [(ZQ% + 121> 520+
+ (blz—% 4 532—%) 52t
+ (203 + by) QTJ]

. s71 m
vub (25) (2) [J2rs #bivert 4] (4.1.68)

Replacing the constant expressions in round brackets with b5, bg and b; respec-

tively,

1

i1 n
) {12’“3 +by/52% + bz] (4.1.69)
S

)
é 2 7 v =z, 3 7 —J
) [b552” 210 4 bgy/s22 230 b7 Y QT]
j=1 j=1 j=1

1 m
2" bR 4 b2] . (4.1.70)
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Summing the geometric series,

1 1—v n é 7 2%(m;v) -1
BMLP—int,sub =u?z (2 8 ) (g) b582v2Z ﬁ
1 —

1 — B ]_ m
+ uz (21 8 ) (%) ) |:Z2m8 + bl\/§2? + b2:| (4171)
1
8

1
1 —m 8 ]_ m
+ut (2757) (g) ’ {12’“5 + b /527 + bg] : (4.1.72)
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Replacing the constant expressions in round brackets with bg, by and by re-

spectively,

Barrp—int,sub —u> (21§U) (g) : lbng” (24( ) 1)

+boy/523 (2107 — 1)

+bio (1 - 2—““))]
1

]. m
) ’ h2m$ 4 b /525 + bz]

7m+v

[ngQ — ngQU

= bg\/§2%

b bwz%]

1—m 5 1 m
vt (25) ()7 [g2ns v ovm® )

S

Distributing 2%,

L/n 1+7'u
Barrp—int,sub =U? (;) l — bgs27 8

bl R 52

b2 — bmzl‘T’”]

1
1 —m 8 ]_ m
ot () (2)} [re s ).

(4.1.73)

(4.1.74)

(4.1.75)



53
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Substituting m = log, (%) -1,

] 147[lo, n v
BMLp_mt’sub :u% (_)8 [bgs +7] gz(s) ] _ ngQlJ%?
[loga(Z) »
FhoyE2 TR /5
1-[lo (%) 1
+b102 8 —b102 % ]
n 1 (=)
—|—u% (2 [log28(?) 1}) <2>8 EQ[log?(%) ]s+b1\/_2 23 —|—b2
s
(4.1.76)
1
—u? <E> ’ [b882%10g2(%)% — bgs2%
s
+ byy/525 1082 (%) =1 _ /525"
b2 — bmg%—%bgz(%)]
1 1_14, (ﬂ) n % 1 /n 1 /n %
o a0 (2 [ 2 i 2)
S 8 \s s
(4.1.77)

1 7
:u% <E> ) [bng% <E> — b8521+7v
s

S
3
1 bgy/52 7 (ﬁ> by /5275
S

_1
4 b2 — b2t (ﬁ> 8]
S

()] @) [ (&) remvart (2) 0]
(4.1.78)
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Grouping non-n-terms at the end of each subexpression,

1
BMLPfint,sub Zu% [ngQ% <E> + bg\/ggfi (ﬁ) ? +
S S

(b1021_TU — ngQ Hé” — bg\/EQ%) <E> — b102i
S

111 _1 1
+ uz21 [§n+ b2 2n2 + b2:| )
Consolidating n-terms,

1
Barnp—int,sub —u? [(bs;?% + §2%> n—+ (6927i + b12’%) n? +

n

1
(b102' 5" — bs2™5" — byy/52°57) <§> "+ (by — big) 2

where constants by, bo, ... b1 are:

1

by =1— —

1 V2
3

b2:§— 2

by =— 1
RV
4

by =V2— —= +1
! V3

1.+ 1

by =—271 4 —97!
R

b6 :b12_% + b32_%

~ 0.1993

by =2by + by
21y

- ~ 0.2837
21 — 1

bs

_ 1

(4.1.79)

=

|

(4.1.80)

(4.1.81)

(4.1.82)

(4.1.83)
(4.1.84)

(4.1.85)

(4.1.86)

(4.1.87)

(4.1.88)
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21
by = 4.1.89
P oo (4.1.89)
27%[)7
bio = - 4.1.90
0= (41,90

The Analysis of the Last Level using Sublinear Model for f(d)

16 \/zd Cdf(d)‘ (4.1.91)

BMLPflast,sub = Z Niast,c c
c=1

Substituting f(d) = uv/d (2.3.28),

16 /
> Cd\/a
Burrp tast.sup = VU E Niast,c d (4.1.92)
c=1

C

Substituting the expressions for ny . from Table 4.2 |

2+ 4v/3 3+5V3 V3 +6V3
BMLP—last,sub = \/6{2 X T\/_ +4 x T\/_ +4 x T\/_
vn—6\]V3+7V3 4483
+|2+4 +4x X Y"
2 10 12
Vi —6) V44 9v3 4+10V3
+4 5 +2x714

+4(¢2,6>¢Zgzh@

+(Vr:_6)(VGZ‘6> V4ﬁé2vg} (4.1.93)
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Buyrp—tast,sub = \/ﬂ{%\/2+4\/§+ i\/3+5‘/§+g X \/3+6V3
+g\/3+7f—\/3+7\/§+%\/4+8\/§
+%m_%\/4+9¢§+ Va+10v3

+%\/4+12f_¥\/4+12f—§\/4+12\/§}.
(4.1.94)

1
7

Grouping n-terms together,

Barrp-—itast,sub = \/ﬁ{ (;—2\/4 + 12\/5) n
(Mo Byies
- §~/4+ 12v/3 + %\/4+ 11\/§>\/ﬁ
n (é\/2+4\/§+i\/3+5\/§+g\/3+6\/§
—\/3+7\/§+%\/4+8\/_— f—gm

+%\/4+1of—%\/4+11f—g\/4+12\/§>}.
(4.1.95)

>
:
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Replacing constant expressions in round brackets with by, bjs and b3,

Barnp—iast,sub = \/ﬂ{bun + biov/n + 513} (4.1.96)

where constants b1, b2 and b3 are:

1911:31—2 44+12V/3 = 0.1556 (4.1.97)
bm:é 3+7\/§+133\/4+9\/§

—g 4+12\/§+%\/4+11\/§ (4.1.98)
blg_é 2+4\/§+% 3+5\/§+g\/3+6\/§—\/3+7\/§

% 4+8\/§—f—3\/4+9\/§+; 4+10V3

—% 4+11\/§—§\/4+12\/§. (4.1.99)

The Badness of MLP Analyzed using Sublinear Model for f(d)

Burrpsus =52 + Banp—int,sub + BrLp—tast,sub- (4.1.100)
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Substituting Equations 4.1.80 and 4.1.96,

!
BMLP,sub =Sz

+ U% [bu’ﬂ + blg\/ﬁ + b13‘|

1
+ U% [<b82_% + g2%> n + (bg2_i + b12_%) n% +

147v
8

=

(b1021_TU - b882

— byy/52"5) <g>é + (by — bio) 2 ]
(4.1.101)

Grouping n-terms together,

!
BMLP,sub =S5z

1
+ u% [ b11 + b82_% + §2%> n + (b12 + bg2_i + b12_i) n%

1
+ (b1021;8” — hgs2 5 — bg\/gz%) (ﬁ> ’

S

+ (227 — b1o27 + bys) ] . (4.1.102)
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Substituting u = = (2.3.20)

!
BMLP,sub =Sz

i

[N

S|

)

1
[(bn + 05271 + §2i> nt (b + b2 7% 45278

1
+ (b1021%“ _ bgs2 5 — bg\/§2%) (g) )

+ (B227 — bio27 + b13)] (4.1.103)

/
=Sz

1
+w? | (b + g2 T + §2i> ns + (bu 4 hy2 4 b12*%) ns

| — |

+ (b10217TU — b882 H;v — bg\/EQ%) 87%

ool=

+ (B22F — b1o2% + biz) - ] (4.1.104)

4.1.4 The Badness of MLP

Summarizing the last two sections, we tabulate the dominant term in our
two expressions for the badness of MLP together with those for raster scan

restricted to distance 2 in Table 4.3. MLP seems to be worse than raster scan

Pixel Ordering Linear Model | Sublinear Model
MLP 0.608/wni | 0.473\/wns
Raster Scan [ = 2 | 0.527\/wn1 0.464/wns

Table 4.3: Comparison of MLP and raster scan ([ = 2).

even at [ = 2 and with f(d) = uy/u (recall that raster scan’s badness decreases

with increasing [), but note that this comparison is not entirely fair. Raster
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scan at [ = 2 uses 4 neighbors at at-most distance 2 for almost every prediction,
whereas MLP uses 16 neighbors of distance at-most 3 for about half of the total
number of predictions and 4 neighbors of at least distance 2 for the other half.
In order to make a fairer comparison, we propose a generalized MLP (GMLP)
method that removes the restriction that the intermediate levels must use a
4-neighbor pixel choice and that the final level must use a 16-neighbor pixel
choice. A particular case of this GMLP ordering where only 6-neighbor pixel

choices are allowed is analyzed next.

4.2 GMLP6: GMLP Pixel Ordering Restricted

to 6 Neighbors

4.2.1 Overview

In this section we examine a special case of the generalized MLP method
restricted to using exactly 6 neighbors at all levels. The reason we impose
this restriction is to enable a fairer comparison of MLLP and raster scan pixel
ordering. Comparing the original MLP method which uses a 4-neighbor pixel
choice at the intermediate levels and a 16-neighbor pixel choice at the last level
to a raster scan ordering that consistently uses a fixed number of neighbors
is odd. Restricting the number of neighbors in the pixel choice each ordering
could use will hopefully enable the pixel ordering inherent in the method to
be better evaluated. The choice of a 6-neighbor pixel choice (as opposed to

4-neighbor or k-neighbor) is arbitrary.

The pixel choice of GMLP6 is shown in Figure 4.3. A point of departure
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Intermediate Levels Last Level
odd levels even levels
0
° o |o
o, o |o o (o @
— ® o o |® o [exje |®
= o |o o o @
° o |o
°
Ne)
(el <o <o o
— o |e ol@]o
= o ® o 3 |o OE0
©) o o °

Figure 4.3: The pixel choice used in MLP and GMLP limited to 6 neighbors.
The crossed circle ® represents the pixel to be predicted. The hollow circles o
denote the neighbors predicted at the previous levels. The diamonds ¢ denote
the neighbors that are predicted at the current level in the usual top-down,
left-right sequence.
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from MLP is that in addition to neighbors predicted at previous levels, this
modified scheme also uses neighbors that are predicted prior to the pixel at
the current level. Moreover, the even levels uses neighbors that are at distance
2dy,, where dj, is the distance of the neighbors used at level k£ in the baseline

MLP algorithm.

An implication of using neighbors at distance 2dj is that the number of
starting pixels s would have to be quadrupled compared to that of normal

MLP in order to make the first level distances d; within the threshold .

The expressions for the number of pixels processed at level k using ¢ neigh-
bors, ny ., are derived in a similar manner as the previous section only that
in this particular pixel ordering, there are cases when the same total number
of neighbors ¢ may have differing constituent ¢;’s (the number of neighbors at
distance d). The values are present in Table 4.4 and Table 4.5. The restriction
in neighborhood size has also made the last level indistinguishable from the

intermediate levels; hence the analysis can be performed in one step.

= ¢y ng,. for odd k
1
VN — 1
0

N
Vi — 1
(Ve — 2) (Ve — 1)

Table 4.4: ny . for GMLP6 odd levels.

T W N =IO
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O
IS

=)
N
IS

ng, for even k
1

V-1
1

2 (v — 1)

Vi -1

4 2 (Vi — 1)’

otherwise 0

S T W W NO
W W N W N

NN == OO

Table 4.5: ny . for GMLP6 even levels.

4.2.2 The Analysis of GMLP6

Summing from an arbitrary level v to m,

\/Cdkf(dk) + coq, f(2dy) }

C

Bavrpe = Z {Z Ni.c

k=v all ¢

Substituting f(dy) = udy (2.3.18),

\/Udk (Cdk + Qngk) }

Baarire = Z {Z N,c

k=v \all ¢ ¢
il \/ 2
=Vuy, {\/d: > o e T 20 ALUSS
k=v all ¢ ¢

Splitting the summation into odd and even &,

m 6
\cq, + 2¢
Beaarrpes :\/ﬂ{ E \ dp E nk,c—dk c 2
k=v c=1

k odd
m 6
2
SRS SR
k=v c=1

k even

(4.2.105)

(4.2.106)

(4.2.107)

(4.2.108)
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The odd levels use neighbors that are at distance dj only; hence cyq, = 0 and

cq, = ¢ for odd k,

m 6 1
Barpe :\/ﬂ{ Z @an,c—
k=v c=1 \/E

k odd

m 6
+ > \/@an—vcd’“t%m} (4.2.109)
k=v c=1

k even
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Substituting the expressions for ny . from Table 4.4 and Table 4.5,

Berrre :\/E{kf: \/@[1%+(\/n_k—1)%+(\/n_k_1)i

- 2 Vi
+ (V= 1) o= + (V= 2) (Vi = 1)
« £ VAP o R
2 (ymm - ) L (g Y22
r2 (v -1 Y | (12.110)
il £ i G5 () - o3 04) -5
)+ G- s () +
B )
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Collecting the n-terms together,

Replacing the constant expressions in round brackets with g . .. gg respectively,

m 1
Barrps :\/E{ > Vi [glnk + ganj + 93]
k=v

k odd
m 1
+ Z \/ dg [gwkl +gsnp_, + 96] } (4.2.113)
k=v
k even

Substituting n, = 2¥1s (see (4.1.2)), dy = 2_’“/2“/2\/? for odd k and dj, =
2"“/2\/? for even k (4.1.6),

Banwrs :ﬁ{ > 2‘%\/?[ 12815 4 25D +g31

k=v
k odd

+ Z 2_§\/?l 942]6728 + 952%]6718% + 96] }
k=v §

k even (4.2.114)
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Change indexing variable k& — 7, where odd k¥ = v + 2j — 2 and even k =

v+ 2j — 1, assuming m is even and v is odd,

m—v+1

Banrps =u? (g)i { 22: V2-tE l912"+2j3s + 250t g3 93]
s
vy \/@lgﬂvﬂj% + 220D g3 ge] }
. (4.2.115)
v e (P | o

+ 2:2L <g42”+2j38 + 952%1}‘”7%8% + 96> }
(1.2.116)

Collecting j-terms,

() 2]

m—v+1
2

: >

1

Baarps =u [(27591 + 27394) V5237

J

W=
(Ml

+ (2792 + 27 g5) 2% 572

NL.

+ (2295 + o) 27 ] } (4.2.117)
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. . . 3; o1 =
Summing the geometric series 227, 2% and 27,

() ot 52 -3 v a3 95 (=) 1
Bavrps =u? (;) 274 (2 2 g1+ 2 94) L e ——
2

Replacing constant expressions in [...] again,

1
Beaawre :u% (n) ! QITTU {972US (2%(m72v+1) — 1)
s

+ 982%8

+ go (1 _ 2—%(’”;”>) } (4.2.120)

W=
roun
[N}

W=
—

3

N

<

~—

[y
N——

68



4.2 GMLP6 : GMLP Pixel Ordering Restricted to 6 Neighbors 69

(NI

1
(9 2 {gﬂﬂSﬁ(mvH) — g72"s

Bavrps =u
+ 982%5‘%2%(’”’"“) — 982355
+ 99— 9925(’"”“)} (4.2.121)
1
—u? <E> ! {29782%"’ + 2%985%2%7”
s
+ (gg — 972118 — 982%3%) 21TTU _ 992—%m )
(4.2.122)
Substituting m = log, (%),
i
Bonrpe =u? (ﬁ> {2g752%10g2(%) 4 25 ggs3211082(3)
s
+ (gg — g72”3 — 982%5%) QITTU _ 992_%10&(%)
(4.2.123)
n\ i ny4 n\ 1
1 1
:u% (-) {2g75 (—) + 22 ggs2 <_>
S S s
1
v —v n\ "1
+ (gg — g:2's — 98255%) 2T — gy (_)
S
(4.2.124)
1 1 1
=uz2 {297n + 2298n2
v 1 1—v 1 1
+ (90— 972"s — gs2357) 2T s H - gg}' (4.2.125)



4.2 GMLP6 : GMLP Pixel Ordering Restricted to 6 Neighbors

70

But in Section 2.3.1, we mentioned that effectively v = 1, so,

1

Beaurpe :U%{QQW +23ggn® + (99 — 2g78 — 259855) §TInT — go b

(4.2.126)
Substituting u = = (2.3.20),
1 3 1 1 1 1 _1 _1
Bayrps =w? {297n4 +22ggnt + (99 — 2975 — 229882) 571 —gon
(4.2.127)
where,
1
g="7 (4.2.128)
1 1 1 3
= —+-+—=-— 4.2.129
11 1 2
GB==——F7——F—=+—F— (4.2.130)
2 V2 V5 6
2/2
i = Tf (4.2.131)
1 5 VT 42
g5:—+£+£——\/_ (4.2.132)
V32 5 3
g_i—i—l-g—@—ﬂ—F& (42133)
T2 V3 '3 2 5 3 -
2§
_5 2
g7 = (2791 +2 394) o ~ 0.2939
(4.2.134)
923
gy = (2 Lgy + 27 g5) T (4.2.135)
1

1 272
gy = (2293 + gﬁ) (1 1) . (4.2.136)
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Hence the dominant term in Bgarpe 1S 0.588\/571% which is much worse
than the 0.441,/wni of raster scan with 6 neighbors (I = 3). Since GMLP6
is still worse than raster scan, we analyze another case of GMLP that uses a

pixel choice of even more neighbors next.

4.3 GMLP20: A GMLP Pixel Ordering Using

20 neighbors

Having analyzed MLP and GMLP6, the next question would be how us-
ing more neighbors would affect its badness. In this section we analyze the
GMLP20 method which, in addition to MLP pixel ordering, uses a pixel choice
that include all available neighbors within a distance of 2dj, (dy is the distance
of the neighbors used at level k) for the intermediate levels and within a dis-
tance of 3 for the last level. The positions of the neighbors are shown in
Figure 4.4. As with GMLP6, GMLP20 also uses neighbors that are predicted

prior to the pixel at the current level.

As with GMLPG6, the number of starting pixels s must be quadrupled that of
standard MLP in order to make the first level distances d; within the threshold

Q.

The expressions for the number of pixels processed at level k using ¢ neigh-
bors, ny ., are present in Table 4.6, Table 4.7 and Table 4.8. Again, there are
cases when the same total number of neighbors ¢ may have differing constituent

ca’s (the number of neighbors at distance d).

We perform the analysis in two parts: the intermediate levels and the last
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Intermediate Levels Last Level
odd levels even levels
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Figure 4.4: The pixel choice used in MLP and GMLP20. The crossed circle ®
represents the pixel to be predicted. The hollow circles o denote the neighbors
predicted at the previous levels. The diamonds ¢ denote the neighbors that
are predicted at the current level in the usual top-down, left-right sequence.
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level:

!
Banvinp2o = 52"+ Banrnpao—int + Bamrp2o—ias-

4.3.1 The Intermediate Levels

Summing from an arbitrary level v to m,

\/Cdf(dk) + a4, f(2dy;) }

c

m
Banvnp2o—int = Z {Z N,c

k=v (all ¢

Substituting f(dy) = udy (2.3.18),

m
Bayvnpao—int = Z {Z Nk.c

k=v \all ¢

\/Udk (Cd + Qngk) }
c

iy { e m S

all ¢

Splitting the summation into odd and even £,

BGMLPZO—int -

Vil 30y o Y

k odd

8 +2
+ 3 iy m ST
c=1

k even

(4.3.137)

(4.3.138)

(4.3.139)

(4.3.140)

(4.3.141)

(4.3.142)
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Substituting the expressions for ny . from Table 4.6 and Table 4.7,

U Vv2+2-3 vV3+2-4 V3+2-5
Benrzpao—int :\/ﬂ{ > @[2 5 + 2 - + (Vi — 4) s
k=v

k odd

VA+2-5 V4+2-6 /5+2-5
* 9 T T 1o

VA+2-7T /5426
+ (v — 3) TS

VvVO+2-8 6+2-7
+ (yng — 3) 13 + 13

Vv6+2-8 v6+2-9

(-t YT

SN PURERE

+ (v - 3) (v - ) L2

k=v
k even

V3+2-2 V3+2-3
+M?+(M—1)T

VET22 VET2-3
Y 3 (VI — )

+ (T =) + (Vi — 2)] 7“122'4

(4.3.143)
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V14

+ 5+

‘,_.
[\Dﬂ
—
o

(G281 V)

12 2/ VI3 1
\/@l\! VIL VI3

Baarrpoo—int :\/E{Z + - + g

VIS 32 4 9v2  VIT V2L

1
5
" 1 1 13 "

+
R‘wl»—-

10 11

WA 26 VB 26 s 26

13 13 7 15 * 5

LVB L TVH T 6V

g 'k 16 17 " 17
V30 7V30 1 230
+ njy — ,§+—
18 18 3
+§f_ Vo V5 VR VT
J2 T g 1Ty 5 5
keven
Ly 1 v2 3VI0 s 6VI0
51T T g 7 Ok 7
3 1 53
+£nk1 \2/_13 +Tf]}

2
(4.3.144)
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Collecting the n-terms together,

n v30
Baarrpoo—int :\/ﬂ{ DY dk[ (1—8 Mg
k=v
k odd

+(\/ﬁ+3\/§+\/ﬁ+2\/6+\/%

8 11 13 15 8
2V/7 7\/30> 1
+ - —— |1

17 18
44/2  2v/11 113 14 2 +/15
+(5f+ [— > "9 570

_9\/§+\/ﬁ_3\/ﬁ+2\/5+\/ﬁ
11 11 13 13 7

26 7V26  6V7  2v/30
_5_16_17+3>]

5 7 1 3v10 3v3)\ 1
+ £_|_£_|__+—__\/_ ”13_1
4 5 2 7 2
1 5 2v2 1 2
LA _vE W2 L Ve
2 4 5 2 3

_6vI0 5\/§>] } (4.3.145)
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(s

Replacing the constant expressions in round brackets with Ay ...hg respec-

tively,

Baanp2o-—int :\/ﬁ{ Z @l hing + thz + h3]
k=v

k odd

m 1
+ Z dy, [ hyng_1 + h5n,§_1 + hg] } (43146)
k=v

k even

Substituting nj, = 28715 (4.1.2), d), = 2—’9/2+1/2\/§ for odd k and d, = 2—1@/2\/?
for even k (4.1.6),

m
Baarrpoo—int :\/ﬁ{ > 2§+%\/?[ hy 2% s 4 hy23k Vg3 4 h3]
— s
o
+ > 2’“\/@[ ha2b2s + hy23% 7155 4 h,ﬁl }
s
k=v
keven (4.3.147)

Since last is even, m = last — 1 is odd, but we want the two summations to
be over the same number of stages. Hence taking out the term when k = m

from the summation over odd k’s,

m—1

BGMLPZO—int :\/a{ Z 2_§+%\/§[ h12k—18 + h22%(k_1)8% n h,3
k=v S ]
k odd

+ ,/2%%[[ hi2™ s 4 hy23" D3 4 g

m—1
+ Z 2_§£[ h42k_28 + h,52%k_18% + hﬁ] }

k=v
k even (43148)

w |3
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Change indexing variable k& — 7, where odd k¥ = v + 2j — 2 and even k =

v+ 2j — 1, assuming m is even and v is odd,

1 m—v

1/n\1 | <

Banvnpao—int =u? (;) { Z
j=1

m

+ XZ: Vot [h42”+2j_38 4 h22 (v F2—D=lgs 4 hgl }
7=1

27%ﬂ+% lh12v+2j38 + hQQ%(U+2j73)S% + h3]

m

+ 2_?-}_% [ h12m718 + th%(mil)S% + h3]
(4.3.149)
l mz—v .
:u% <E> ! {21? Z lQITJ <h120+2j_38 + h22%(v+2j_3)s% + h3>
s :
j=1
+ 2:21 (h42v+2j38 + h52%v+jigs% + hﬁ)]
+ 27%+% [ h12m_18 + th%(m_l)S% + h3] }
(4.3.150)
Collecting j-terms,
1 /N i 1—v m2—v -5 3.
Bannpao—int =u? <—> {2 1 { Z [(27711 + 2_3h4) 252327
s ;
7j=1
+ (27 hy + 27 D) 28 5328

+ (205 + o) ﬁ]

+/27% 42 [ hi 2™V 4 hy23 M V3 4 ha] }
(4.3.151)
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. . . 3; o1 =
Summing the geometric series 227, 2% and 27,

1

3/rm—v
1 —v — 2_( ) — 1
Banrrpao—int —u? (n) ! 95" { (275 hy + 2’3h4) 2523 (L)
s

1/m—v
_ v 2:(%77) — 1
4 (2 hy + 2% ) 28 sho) 7)

(4.3.153)

79
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Replacing constant expressions in [...] again,

1

Bannp2o—int —u> <E> fo {h72”3 (2

S

Nl
—
M)
~
|
—_
N———"

(4.3.154)
Bennpoo—int =u (g) T {h72U82%(m_”) — h72"s

+ hg285225(M) _ o5 g3

+ hy — h92%<mv>}
n\ 1

+u? (-) 227% ( h12m718 + }LZQE(mil)SE + h3>
s
(4.3.155)

+ (ho — he2's — hg25s3) 25 — hgﬁum)}

+our (ﬁ) Yoi % ( h2™ s 4 hy23m Vg3 4 h3>-
s

(4.3.156)
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Substituting m = log, (%) -1,

n

Bentirao—img =13 (_>Z {Qihﬁg%(l‘)g?(%)l) 4 9% pgstoi(lor(5)-1)

S
+ (hg — h72%s — th%S%) 257 — thi[l(logz(%)l)]}

b <n>4 ot~ (logs(2)-1) <h1210g2(g)_1_18

S

t hy230ea(5) 1D g3 | py,

1 3 1
{2_%h78 <ﬁ> ! + th% <ﬁ> !
S S

- (hy — he2%s — hg2353) 27 — 28, (g) }

(4.3.157)

S
D=
N
w |3
N———
'S

M
IS

(4.3.158)

wat (1) (1) (me (2) o ma2 (1))
S S S

S

BGMLP20—int :u% {2_%h7n + hg’n% + (hg - h72US - h82%8%) 2121} % _i - 2%h9}
+ us <h12_%n + h22_%n% + 2%h3>

=u? { (27%hs +27%hy ) n + (hs + 277 hy) 2

+ (hg — h;2s — h82%s%) 2T nis 1 4 22 (hs — ho)

(4.3.160)

81
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where,
h, = \1—3_; ~ 0.3043 (4.3.161)
h_\/_+3f V21 2\f V26 2\/7_7\/?5
278 11 13 15 8 17 18
(4.3.162)
" _4\/§+2\/ﬁ_1\/ﬁ+\/ﬁ+g V15 9v2
75 7 2 9 5 10 11
+\/ﬁ 3\/_ 2f V22 2\/6_7\/% 6\f 21/30
11 13 13 5 16 17 3
(4.3.163)
3
hy = g ~ 0.8660 (4.3.164)
V5 V7T 1 310 3
hy = Y2 4 YL Z 2V R 2VY 4.3.165
= T ety 2 ( )
1 W2 1 2 6J/10 53
h,ﬁz——éJr—‘[——Jr£ 6VI0 | 5V3 (4.3.166)
V2 4 5 2 3 7 4
2§
he = (2 > hy + 2 h4) <2§ ’ 1) ~ 0.2507 (4.3.167)
2 —
hs = (27"hy + 27 hy) 12% (4.3.168)
27 — 1
23
he = (22}7,3 + h,G) (1 = %> (4.3.169)
4.3.2 The Last Level
20 Yacaf(d )
Baavnp2o-—tas = anastc (4.3.170)

c
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¢ Cqd  Cod ng,. for odd k

5 2 3 2

7 3 4 2

8 3 5 Vg — 4

9 4 5 1

10 4 6 1

10 5 5 1

14 7 Ve =3

11| 5 6 1

13|15 8 Vg — 3

136 7 1

14 || 6 8 2

15116 9 (Ve —4)+1

166 10| 2(ns—4)+1

171 6 11 Vg — 3

18 6 12 | (Vnk—3)(V/re —4)
otherwise 0

Table 4.6: ny . for GMLP18 odd intermediate levels.

c |l cqg coa ng, for even k

2112 0 1

411 3 1 Vig—1—1

512 3 1

51 3 2 (Vnr—1 —1)+1

613 3 (Vi1 —2)+1

61| 4 2 1

7 4 3 3( N1 — 2)

81 4 4 || (Ve — 1)+ (Vng_1 — 2)*
otherwise 0

Table 4.7: ny . for GMLP18 even intermediate levels.
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c=3q4Ci|c1 c2 c3 || ng for odd last level k

6 2 0 4 1

9 2 3 4 1

9 3 1 5 1

10 3 2 5 2

11 3 3 5 1

10 3 1 6 1

11 3 2 6 1

12 3 3 6 1

13 3 4 6 1

11 3 1 7 (%)

12 3 2 7 (¥22) +1

13 3 3 7 ()

14 3 4 7 (¥%2) +1

15 i 3 8 2

16 4 4 8 2

16 4 3 9 2 (V2

17 4 4 9 2 2@6;

18 4 4 10 2

19 4 4 1 4 (¥2=0)

20 4 4 12 (Vi —6) (Y5
otherwise 0

Table 4.8: ny . for GMLP18 last level. Our assumptions on n and s will make
the last level even.
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Substituting f(d) = ud (2.3.18),

vV C
BGMLP?O las —\/_anastc Z;l d (43171)

Substituting the expressions for ny . from Table 4.2 |

V2+2-0+3-4 24+2-3+3-4 /3+2-1+3-5
+ +
6 9 9
2\/3+2-2+3-5+\/3+2-3+3-5+\/3+2-1+3-6
10 11 10
V3+2-2+3-6 3+2-3+3-6 V3+2-4+3-6
+ 11 + 12 + 13

vn—6\v3+2-1+3-7
(5 ) :

Beaarnp2o—tas :\/ﬂ{

V3+2-243-7
12

(%
( >\/3+2 3+3-7
A

13
>\/3+2-4+3-7
14
\/4+2 3+3- 8 \/4+2-4+3-8
15 16

2<\/_—6> Vi+2-3+3-9
2

16
5 Vn—6\v4+2-4+3-9
2 17
VA+2-4+3-10 Vn—6\v4+2-44+3-11
2 18 o 19

+ % (v - 6) (4.3.172)

24 +2-4+3-12
20
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Bearnpoo-ias =V 9 10

(A (50 )4

(Y ()
ARk

{\/_ 2f+2f \/_ 2f V23

2 17

()

+ (n - 12/n + 36) (4.3.173)

4

Collecting n-terms,

V30 V2 V3T
6

* 1

Beaainp2o—ias :\/ﬂ{ (E 11 + o 56

) (T
7
DB ) g (2

7 Trg 0% 6
25 V22 26 V23, 5
T TPt T T
V29 2v6 VT V30 2f \/_

Y22 _ g2V T 9V
+13 311 6 313 7 15

L3I VB VB VB VB
4 8 17 9 19 5)

_|_

2/5
9

V3

4

(4.3.174)

Replacing constant expressions in (...) with hyg, hy; and hys,

Banrnpzo-ias =Vt | hion + hiv/n + hay (4.3.175)
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where the constants,

~ 0.1732 (4.3.176)

TR AANE e Ay (4.3.177)

AT S A T A (4.3.178)

4.3.3 The Badness of GMLP20

Combining Equations (4.3.160) and (4.3.175),

!
Beaarnpao =2

M

+ub [(2—%;7,1 £ 0+ (275 + he)

1—v 1

4 S_ZTLi + 2% (h3 - hg)]

+ (h,9 — hy2Vs — h,82%s%) 2

+ ’LL% |fl10’fl + hnn% + h12] . (43179)
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Substituting v =1,

!
Beaarnpao =2

+ ’LL% |]110’ﬂ + hnn% + hl?] .
Collecting n-terms,

!
BGMLP20 =S5z

bl [(Q%hl +2 4+ b m
+ (27 2hy + hs + hyy) 2
+ (ho — 2h7s — 22 hgs?) s~ ind
+ (20hy — 22 hy + hy) ]

Substituting v = 7= (2.3.20),

!
Bearnpao =2

NS

27%h1 + 27%h7 + hlg) w%n

M

1 1
24

9-

g

hy + hs + ha)

1
S 4w:

M

hg - 2h78 - 2%}188%

N——

+ o+ o+ o+

=

1
2n

g

(
(
(
(

23 hy — 27 hy + hu)

(4.3.180)

(4.3.181)

(4.3.182)
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The dominant term will evaluate to 0.458\/En% which is slightly worse than
raster scan’s 0.441,/wn1 at [ = 3 and better than raster scan’s 0.527/wnt at
[ = 2. This seems to suggest that GMLP20 is probably better than most raster

scan orderings using pixel choices with neighbors atmost distance 2 away.

In the next chapter, we take a respite from this analysis and investigate

the relationship between pixel choice and the weights used in prediction.



Chapter 5

The Problem of Weights

Nothing yet has been said about the weights used in prediction functions.
In this chapter, we investigate its relationship with pixel choice and how it
affects our badness measure. Recall that pixel choice is closely related to pixel
ordering in a mutually constraining way; consequently, the problem of weights
indirectly affects pixel ordering too. A modified badness measure is derived

and proposed to take into account the weights.

5.1 The Problem

Our previously proposed measure B seeks to evaluate a pixel ordering and
pixel choice combination by quantifying which neighbors are used and how far
these neighbors are. One wonders whether and how the weights in a prediction
function affect pixel choice. It is surely preferable to study the pixel ordering

problem independent of the prediction function (and hence the weights), but
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neighbors whose weights are very closed to zero are effectively not neighbors
in the pixel choice at all. This means that a measure for the pixel ordering

problem can ignore those neighbors.

Looking at the pixel ordering problem this way, a prediction in an n-pixel
image can be considered to have a pixel choice of n —1 neighbors each of which
has a normalized weight. In the case of our original badness measure B, these
weights take discrete values from the set {0, 1} (where ¢ is the total number
of neighbors actually used). Obviously, these discrete weights were a simplifi-
cation and may render our measure inadequate for analyzing predictions that
do not use the averaging function as the predictor: we need to somehow take

the weights of the predictor into account.

Instead of proposing a measure which takes a set of weights as parameters,
we would like to study pixel ordering under the condition of optimal weights;
we propose a measure to quantify how bad a given pixel ordering using the
best possible weights. There are two reasons for this approach. Firstly, this
helps us to focus on the pixel ordering problem (and not the best predictor
problem). Secondly, optimal weights enforce a kind lower bound, since a pixel
ordering using non-optimal weights cannot be better than the same one using

optimal weights.

The next two sections will show how we derive this new optimally weighted

badness measure.
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5.2 Finding the Optimal Weights

Let X1, Xy, ..., X, be the random variables for the pixel values of the ¢ neigh-
bors used in an arbitrary prediction and wq, ws,... ,w,. their corresponding

normalized weights. The random variable Y for the predicted value is then,

~

Y =wun Xy +weXo + ... +w.X,. (5.2.1)
If Y is the actual value of the pixel, the error will be given by,
V—Y = Xy +wsXo + ... +w. X, — Y. (5.2.2)
Since Y_; w; = 1, we distribute Y according to w;,
V-V =w (X, = Y)+w(Xo—Y)+ ... +w(X, - Y). (5.2.3)

But we are interested in variances, so,

Var(Y —Y) = Var [wy (X, = Y) +wa(Xy = V) + ... + wo(X, — Y)].
(5.2.4)

Assuming (X; — Y') are independent,

Var(Y — Y) = w?Var(X, — Y) + w?Var(Xy — V) + ... + w?Var(X, — V).
(5.2.5)
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Estimating Var(X; — Y) with f(d;), where d; is the distance of the pixel cor-

responding X; from the predicted pixel,

Var(Y —Y) = w?f(dy) + w2 f(dy) + ...+ w?f(d,). (5.2.6)

Our goal is compression and that means that we want to minimize Var(Y —Y")
(see Section 2.2); hence we use Lagrange’s Method to obtain the optimal

weights. Let

F(@) = wif(di) + w3 f(ds) + ...+ w? f(d,) (5.2.7)
GW) =w +wy+ ... +w.=1 (5.2.8)
u = F () + AG()
= wlf(dy) + wif(dy) + ...+ wlf(d) + A (wy +ws + ...+ w,)
(5.2.9)

where F'(w) is the expression to be minimized under the constraint G (&) and

A is the Lagrange multiplier.

Differentiating u partially with respect to each w;,

ou
= 2f(d;)w; + A. 5.2.10
S = 2f(du + (5210
At minima, each % must be 0,
2f(d)w; + X =0 (5.2.11)
S (5.2.12)

2f(d;)
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Substituting 5.2.12 into G(w) (5.2.8) to solve for A,

2.1
> 571y - 5:213)
A 1
52 (5.2.14)
2
A= - (5.2.15)
=1 7(d;)

Back-substituting 5.2.15 into 5.2.12 for optimal weights,

la)lsty) e

7=1 f(
1
— d . (5.2.17)
YCODY B 7y

5.3 The Optimal Weights Badness Measure

Since F(w) = Var(Y —Y'), we substitute the optimal weights into F(u) to get

the optimal variance of the errors of a prediction

F(woptimal) ch;{ [f(d) lc ])] f(dz)} (5318)

- j=1 f(}i
c f(ds)

5 2 ) (5.3.19)
i=1 [f(d;)] [ = lf(fli])]

94
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But [ =1 ﬁr is constant relative to i,
J
- 1 . f(d;)
F(woptimal) = . L 12 Z [f(d)]2 (5320)
[ j:l (T]):I =1 (2
1 ‘1
= 5.3.21
[ L]Q ; f(d;) ( )
J=1 fldy)]
1
== 1 (5.3.22)
7=1 7(d;)

We are now ready to propose a badness measure that uses the optimal weights
for the given pixel ordering and pixel choice combination. Recall that the
badness measure is the sum of the estimates of the standard deviation of the
errors of each prediction. F'(wWoptimal) estimates the variance of the errors of

each prediction; hence the optimal weights badness measure is given by,

I\

no prediction,
B= Y 9 (5.3.23)

all pixels | / F'(Woptimat.)  Otherwise

I\

no prediction,

= Y (5.3.24)

all pixels ﬁ otherwise.

\ =1 f(d;)

where j indexes each of the c neighbors used for prediction and d; is the

distance of neighbor j from the predicted pixel.
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5.4 An Optimal Pixel Ordering/Pixel Choice?

Since we can interpret whether a pixel should become a neighbor in a prediction
based on how small the weight for that pixel is, we ask if there could be some

optimal sequence and choice of neighbors?

From Section 5.2 Equation 5.2.17, the expression for optimal weight is,

w= 5 e (5.4.25)
_ _ L (5.4.26)
Pl |\ 7y + 7o+ F 7
_ 1
f(dz) f(d2) f(ds). f(dc)-l-f(dl25(;132(.1..])‘;(2)‘)“";&(?1)f(d2)f(d3)---f(dc1)](5 4 27)
_ f(di)f(dy) f(d3) .. f(de)
f(d) fldo) f(d3) ... f(de) + f(di)f(d3)...f(de)+--- ] (5.4.28)
+f(di)f(d2) f(d3) ... f(der)
_ f(d)f(dy) f(ds) ... f(dia) f(diza) ... f(d.) _
F(@2)f(ds) - f(de) + f(dr) f(ds) .- F(de) + ] (5.4.29)
+f(dy) f(d2) f(d3) ... f(de1)

Note that the denominator is constant over all i; hence, the value of w;
depends on the numerator only. Since f(d) has positive gradient over all d’s
for most images, w; can only be small if the distance of neighbor i is relatively
larger than the distances of the other neighbors. This confirms that near

neighbors are better predictors; however, this result is as good as the model

for f(d).



Chapter 6

Analysis of Raster Scan with

Optimal Weights

Using the badness measure with optimal weights as defined in Equation 5.3.24,

,c=sz + Z - (6.0.1)

j=1 F(d;)

where 2’ is the cost of encoding the unpredictable pixels, ¢ is the number of
neighbors used, n is the number of pixels the image has and d; the distance of

the j-th neighbor. Partitioning all neighbors according to their distance,

,c=sz + Z Zd e (6.0.2)
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where ¢, is the number of neighbors at distance d. For raster scan, ¢; < 2d;

using the maximum cy,

=57 + Z (6.0.3)
\/Ed N0
6.1 Analysis Using Linear Model for f(d)

Brs Jin =Sz 6.1.4

+Z Ed T (6.1.4)

=s2' 6.1.5

5 F o

=sz' + Z —21 (6.1.6)

p=1 \/;

=sz'+ (n — s)\/g (6.1.7)

Substituting u = % (2.3.20)

, JR—
rs,lin SZ +

— 8\ (;_lﬁ) (6.1.8)
n— s)n_i =z (6.1.9)

=5z +
[

(n
(
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6.2 Analysis Using Sublinear Model for f(d)

1
Brs sub _SZ + Z

S (6.2.10)
et ot

=52 + (n — 3) L (6.2.11)

- S 2.

Using the approximation Y\, i* ~ [j3*%i2di = 3(1 +0.5)7 — 3(0.5)%,

Bl ~57 + (n— s) JEED 5;; 2097 (6.2.12)
=s2' + (n — 3) s 0‘5;% =TEH (6.2.13)
=57/ +(n—5), | 5 @ 0;; =B (6.2.14)
Substituting u = 2 (2.3.30)
Loy ~57 + (0 — S)\J e 5)%7 o (6.2.15)
=7+ (n - S)n%\} afa+ 0.5?15_ (05)7]

(6.2.16)

A summary of the badness of raster scan with optimal weights is shown in
Table 6.1.

99
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[ | Linear Model Sublinear Model

1] 0.707/wni | (0.711 4+ O(1))/wns
2 | 0.500y/wnt | (0.456 + O(1))\/wns
3| 0.408/wnt | (0.348 + O(1))\/wns
4| 0.355y/wnt | (0.286 + O(1))/wns
5| 0.316y/wnt | (0.245 4+ O(1))/wns
6| 0.289\/wnt | (0.215+ O(1))y/wns
7| 0.267wnt | (0.193 4+ O(1))y/wns

Table 6.1: Summary of the badness of raster scan pixel ordering with optimal
weights. Only the dominant term is shown.



Chapter 7

Analysis of MLP with Optimal
Weights

We proceed with the analysis in the same way as in Chapter 4, analyzing
the intermediate and the last levels separately. Note that the analysis of the
intermediate levels is exactly the same as in Chapter 4, since the implicit
weights of the intermediate levels are already optimal as we will now show.
The notation remains unchanged. n is the number of pixels in the image; ¢ the

total number of neighbors used for prediction; d; is the distance of neighbor j.

7.1 The intermediate levels

1
ngLmet = Z —c 1 - (7-1-1)

all pixels J=1 f(d;)
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Since all neighbors of each prediction have the same distance d from the pre-

dicted pixel,

1
ngLmet = Z 1 (7.1.2)
all pixels \ C7(d)

Partitioning the predictions according to levels and number of neighbors,

Byi1p—int = i lﬁ: niet] L (f’“)] (7.1.3)

k=v Lc=1

which is the same expression worked upon in Section 4.1.2 and 4.1.3. We

summarize our previous results Table 7.1 for convenience.

Model for f(d) | Byrp ins
Linear \/ﬂ{ (2_%‘16 + %) n
+ (a7 + aq) n

+ (Clg —\/522a; — 32”(16) (21? 3_%) ni
(

Sublinear \/ﬂ[(bﬂ% + %2%) n

Table 7.1: Badness of MLP intermediate levels.
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7.2 The Last Level

1
R D (7.2.4)

all pixels J=1 f(d;)

Since each prediction uses neighbors of distance 1 and 3 only,

1
Byiptast = 2, T (7.2.5)
le()

all pixels + G5y f( )

Partitioning the predictions according to number of neighbors,

, B 16 1
BMLP—last - CX::I’ﬂloast,c Clﬁ T f(13) (726)
R F)f(3)
_Z:lmm’c I G) + e f() (7.2.7)
Substituting the values for njqs ., c1 and ¢3 from Table 4.2,
: _ f)f(3) f()f(3) f)f(3)
Burs—tas ‘QJ 2F@) +47(1) 4J 3703 > f( ) +4J 373 >+ 6f( )

+[2+2(\/ﬁ— J +7f \} +8f
f)f
) +

6)]
F)£(3
+2(\/_—6)\4f((¢+2\J 703

1
3)+97(1) o
Ff6)
F2(VI = O)\ 35 + 1)
i : [ 0/0)
+3 (Vi) J4f(3)+12f(1)' 728
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At this point we can choose to use the linear model (f(d) = ud) or the sublinear
model (f(d) = uv/d) for our analysis. We show the analysis for both in the

next two subsections.

7.2.1 Analysis Using Linear Model for f(d)

Substituting f(d) = ud (2.3.18),

, B (u-1)(u-3) (w-1)(u-3)
BMLP—last, lin —2\l 2(u - 3) + 4(u 1) + 4\J 3(u-3)+5(u-1)

(u - (u-1)(u-3)
4 3(u-3) +6 +<2f_10>\j 3)+7(u-1)

(u-1)( (u-1)(u-3)
4 A(u - 3) +8u 1) +(2f_12)J A(u-3) +9(u-1)

(w-1)(u-3) (w-1)(u-3)
2 4(u-3)+10(u-1)+(2\/ﬁ_12)\l4(u-3)+11(u-1)

(- D) 3)
4(u-3)+12(u-1)

+ <1n —6v/n + 18) \} (7.2.9)

/ /3u
B?\/[LP last, lin — 4\/7
3u 3u
2 — 10 — 4+ 44—
+(ﬂ )\/16+ U

+ (2v/ - 12) %+2 2—;‘
+ (2vn - 12) 2—;:

+ Gn —6v/n + 18) \/g (7.2.10)



7.2 The Last Level 105

1 V3 1 [3
;\/[LP—last,lin: 4—\/§ \/ﬂn+<7+2\/;+2 2_3_6\/§>M

3 3 1 V3 3
20—+ —+4 =z —10— + 44/ —
* ( 10 + 14 + 5 4 + 20
1 [ 3 3 1
— 124 =+ 24/ = — 124/ —= + 184/ = X 2.11
7 + 22 23 18 8> v (7 )
Replacing the constant expressions in square brackets with ag, ayy and aq;
respectively,
g\/[LPflast, lin =V U [agn + aov/n + au] (7.2.12)

where constants ag, a;g and aq; are:

g = ~ 0.1768 (7.2.13)

—\/_
ar —g \[ \/ 6\[ (7.2.14)
3 V3 3
Y A AN LT A gy
e T ST \/; 0 T
1 3 3 1
122 + 2 — 1242 418y =, 2.1
JrrofS -/ sy (21
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7.2.2 Analysis Using Sublinear Model for f(d)

Substituting f(d) = uv/d (2.3.28),

5 ZQJ (u-VD)(u-V3) 4J (u-VD)(u-V3)
MLP—last, sub 2(U\/§)+4(U\/I) S(U\/§)+5(uﬁ)
+4J (uVD)(u-V3)
3(u-V/3) +6(u- V1)
(u VD)(u-V3)
*(M_m)\jsw-ﬁ)w(u-ﬁ)
+4\} (u V(- V3)
4(u - v/3) + 8(u - V1)
(u-VD)(u-V3)
) A
Lo | VD vE)
4(u-V/3) +10(u - V1)

(u-V1)(u-V3)
A(u-V3) + 11(u - /1)

1 (u- V1)(u-V3)
* <§”_6‘/ﬁ+18> \l4(u-\/§)+12(u-ﬂ)

+(2\/ﬁ—12)\}

(7.2.16)
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V3 uv/3
B — 9,4 14
MLP—last, sub 2\/§+4 3\/§+5
+4 + [ 2¢/n — 10
3v3+6 (‘f ) 3V3+ 7
+4 + (2/n — 12
43 + 8 (\F ) 43 +9
3 3
Lo | w3 (2v/n — 12) uy'3
43+ 10 43+ 11
1 uv/3
—|—<—n—6 n+18> —
2 Vi 4y/3 + 12

Collecting n-terms together,

1

/ —
BMLPflast, sub — (2\

43 412

v (2

V3 V3 \/3
+(¢2M+4¢M M
\/_
_l’_
7
e Nivca T ise) Ve

+2

3vV34+7 4\/§+9+
V3
4\/§+12>\/ﬁ

V3 V3 V3
*24 QJW

s %
3\f+7 4\/_+8

(7.2.17)

2.18)
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Replacing constant expressions in round brackets with by, bjs and b3,

MLP—tast, sub =VU [bun + biav/n + 513] (7.2.19)
where constants b1, b2 and b3 are:
1 3
by == VB ~ 0.1513 (7.2.20)
2\ 43+ 12
3 3 3 3
biy =2 V3 +2 V3 +2 L—G V3
\3v3+7 “Nav3+9 “\4v/3+11 4/3 +12
(7.2.21)
N2v3+4  \3v3+5 \3V3+6
3 3 3
— 10 \/_ +4 \/_ — 12 \/_
3V34+7 44/3 48 4349
3
pol VB VB e VB
4v/3 + 10 443411 44/3 412

(7.2.22)
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7.3 The Badness of MLP with Optimal Weights

7.3.1 Analysis Using Linear Model for f(d)

Combining expressions for B, p_;,, (from Table 7.1) and B, p_;.: (Equa-

tion 7.2.12),

/ o /
MLP, lin — 57

+ ﬁ[(z%aﬁ + g) n

[SIE

+ ((Z7 + Cl4) n:
+ (a5 — V523 a7 — s2%ag) (277574 )
+ (2%615 - 2%%)]

+ \/ﬂlagn + alon% + aul ) (7.3.23)

Grouping n-terms together,

/ . '
MLP, lin — 5%

+\/El<2%a6 + g +a9> n

[SIE

+ (a7 + a4 + 040) n:
+ (a5 — V527 a7 — 52%ag) (21%4”37%) ni

+ (2%a5 - 2%a8 + (ZH) ] . (7324)
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Substituting u = <% (2.3.20),

%

/ —
MLP, lin =

(a7 + a4 + Cll[)) \/ETLi

( — /522a; — 32”(16) (217 3_%) Vw
(

a

oo

_|_
_|_
_|_

M

2 as — %(Zg + CLH) \/IZTL_%. (7325)

7.3.2 Analysis Using Sublinear Model for f(d)

Combining expressions for B, p_,., (from Table 7.1) and B, p_;.«; (Equa-

tion 7.2.19),

/ —
BMLP, sub — 5%

+ \/ﬁ[buﬂ + blgn% + b13‘| . (7326)
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Grouping n-terms together,

;\/[LP, sub — Szl
s 12
+u <b82 14 §24 +b11> n

| — |

M

_|_

(b92_% + 1312_i + b12) n

1
¢ (02— b2 ) (1)

+ (8227 — b1o27 + bi3) ] (7.3.27)
Substituting v = = (2.3.30),
;\/[LP, sub — SZ,
1 1
+ <b82% +520+ b11> N

1

13927Z + b127% + b12) \/IZTL%
b1021_TU — ngQ Hé” — bg\/EQ%) Sé\/w

bgzi — bl()2i + b13) \/En_é. (7328)

+ o+ o+

The badness of MLP with optimal weights is summarized in Table 7.2.
There is some improvement over the previously computed one without the
optimal weights; however, it is still worse than raster scan at [ = 2 with

optimal weights.
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Linear Model

Sublinear Model

Burp 0.608/wn i 0.473\/wn?
Byip 0.587/wn' 0.469\/wn s
;asterscan,l:2 0500\/@7& 0456\/I_UTL%

Table 7.2: Summary of the badness of MLP pixel ordering with optimal

weights. Only the dominant term is shown.



Chapter 8

Conclusion

In this thesis, we have attempted to quantify the pixel ordering problem by
proposing a mathematical badness measure for evaluating pixel ordering with
a particular pixel choice. This measure is based on the statistical variance
of prediction errors which is used to estimate the number of bits required to

encode a prediction error.

Using this measure, we have shown how two well-known pixel ordering,
MLP and raster scan, can be analyzed. The analysis has shown that MLP
is generally worse than a raster scan pixel ordering that uses all neighbors
up to a distance of 2. Using pixel choice with more neighbors for raster scan
will improve its performance even more. A few variations of the MLP pixel
ordering scheme are proposed and analyzed in the quest for a fairer compar-
ison with raster scan and insight into the pixel ordering problem. Although
these variations did perform better than standard MLP under our measure,

they still lag behind raster scan. That raster scan is better than MLP can
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be further substantiated by the zero order entropy values obtained through
experimentation as tabulated in Table 8.1. In the experiment, the mean is
used as the prediction function both in the standard MLP pixel ordering and

in the raster scan pixel ordering using all neighbors up to a distance of 2.

Tmage 0-order Entropy

MLP | Raster Scan ([ = 2)
lenna 512 4.81044 4.78031
barbara 512 | 5.77607 5.76520
goldhill 512 | 5.31637 5.22996
fruits 512 3.05386 2.94682
mri 256 5.36377 5.26937

Table 8.1: Zero-order entropy of prediction errors from MLP and raster scan
pixel ordering. The mean of the neighbors’ pixel values are used as the predic-
tor. The entropy is calculated the error image which includes the unpredictable
starting pixels.

The problem of how the weights of a prediction function might affect pixel
ordering and pixel choice has also been discussed and our badness measure
has been modified to evaluate pixel ordering under the condition of optimal
weights. Using this improved measure, the raster scan and MLP pixel order-
ing are analyzed again. Their relative performance remains unchanged. The

important results are summarized again in Table 8.2.

Future Research

Our two models for f(d) are still very coarse. It should be noted that the
logarithm curve fits the smaller distances of many images very well too. In

this thesis, it is not used because of the difficulties it poses in the analysis of



115

Linear Model | Sublinear Model

;asterscan,l:i% 0408\/1;“i 0348\/1;71%
Byastersean—s | 0.441/wni | 0.355\/wns
Banrp2o 0.458\/571% .

! sterscani—2 | 0-5003/wni | 0.456,/wn?
Brasterscani—z | 0.527\/wni | 0.464,/wns

L Lp 0.587\/wnt | 0.469\/wns
Beamrre 0.588/wn 1 -
Bup 0.608/wni | 0.473\/wns

Table 8.2: Summary of the important results proved in this thesis. Only
the dominant term is shown. B denotes original badness measure and B’ the
badness measure with optimal weights.

MLP; however, it might be tractable for other pixel orderings.

Another class of pixel ordering that we would like to analyze with our
badness measure are those defined by space filling curves. These curves are
like paths that traverse each pixel in the image exactly once and hence can
be used as pixel orderings. Different curves have different characteristics like
whether the paths explore the image in small regions. Such characteristics are

hope to exploit local similarities.

Lastly, our badness measure does not differentiate between the direction
of neighbors relative to the predicted pixel. For example, a distance 1 neigh-
bor that is directly above the predicted pixel is no different from a distance 1
neighbor that is directly on the left of the predicted pixel. Whether the direc-
tion of neighbors have any significant effect on compression is another topic

for future research.



Appendix A

More E[(py — py)?] Plots

Each of the following rows show the image used, its E[(p, — p,)?] plot over the

full range of distances and the same plot over smaller distances.
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