ECONG607 Fall 2010
University of Hawaii
Professor Hui He
TA: Xiaodong Sun
Assignment 3 Suggested Answer

The due date for this assignment is Tuesday, November 17. (Total 115 points)

1. (Home production) Consider an economy with infinitely lived individuals. Individuals
maximize

max F Zﬁt{ln c+yIn(l—1)}

t=0
where consumption is a aggregator defined by
e = ac, + (1= a)e], "

Cm,t 1s the consumption of market-produced goods, ¢, ; is consumption of home-produced
goods.

The model has two technologies, one for market production and one for home produc-
tion:
f(zm,ta km,ta lm,t) = ezm’tkgz,tlinjf

f G ks ) = ezh’tkil:,tlilb,_ty.

where 6 and v are the capital share parameters for the two technologies, respectively.
The two technology shocks follow the processes:

Emt = pzm,t—1+5m,t
Zht = PZht—1 T Ent

where the two innovations ¢,, and ¢;,; are normally distributed with zero means and
standard deviations o, and o0j; have a contemporaneous correlation ¢ = cov(o,,, op);
and are independent over time. In each period, a capital constraint holds

ke = ki + Epy.
The law of motion for the aggregate capital stock is
kipr = (1 — )k + iy
We also have following time constraint
bt +lny = 1.
Finally the resource constraints for two sectors

Cmt + i = [(Zmts Bmty lmt)

Cht = f(zh,tvkh,mlh,t)-

(20 points)



(a) Write down the Bellman equation for this problem. Be clear what are the state
variables, what are control variables.

Answer: The BE for this economy is

U(Zm,t, Zhts kt)

max

{Inc; +vIn(1 — l;) + BEV(Zmut1, Zhit1s kes1) }

{em,tsChtritskm t kn, e lm t,lh e }

s.t.
e = lach,+(1—a)) ]
Cmyp T = eZm’tkg%tlfn_’f

Cht = ez’“tk,’;jtl}l”t”
ke = FEpg+kne

kt—l—l == (1 - 5)kt + it

lm,t + lh,t == lt
Zmt = PZmi-1T Emits Zht = PZhi—1 T Eng

non-neg. constraints, kq given

(b) Derive the first order conditions of this economy and interpret their economic
implications.
Answer: We can use Euler equation approach to solve the equilibrium. Set up
the Lagrangian

L = EY B{nfach, + (1 —a)) )7+ — b — b}
t=0

A { ek, It — g — (Rmagt + Knasr) + (1= 0) (K + Fng)}
Fp e tky Y = eni

FOCs are

-1

. acl
b : = 1
ot b acnm,t + (1 — 05>Cz7t ' @

(1—a)dy’
che B : =L 2
It Oécnm,t + (1 - O‘>Cz,t ! @
b 5tﬁ — M\ (1 —0)e ekl 10 (3)
Y ZhtlV ]V

lhy 5tm = (1 —v)e™thky 1,7 4
kmg @ A1 = BA[Oem kLMY +1 = 6) 5

kne Mo = Bl (ve kL) + (1= 6)}

kmasr @ Ao = BENp [0 kD 00+ 1= 6]

Economic implications:

(1) says the multiplier associated with resource constraint in market good sector
is the discounted marginal utility of market good. MU, , = A (2) says the
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multiplier associated with resource constraint in home-produced good sector is
the discounted marginal utility of home-produced good. MU,,, = p,. (3) is the
optimal decision on labor supply to market sector /,, ;. It shows that the marginal
cost of extra unit of /,,; is the marginal utility of leisure. The marginal benefit is
the increase of marginal product of this extra unit of labor supply translated by
the marginal utility of consumption. In other words, this equation says that M RS
b/w consumption and leisure in market good sector should be equal to the market
wage. (4) is similar for [, ;. (5) and (6) implies a non-arbitrage condition (NAC)
b/w capital used in market good sector and capital used in home-produced sector.
p(weraky M) = Mbermrky MY e, MU, MP,,, = MU, MP, . (7)is
the Euler equation for capital used in market good sector. Notice that due to
NAC, the Euler equation for capital used in home-produced sector is redundant.

m,t

2. (Two-sector model of endogenous growth) Consider the following two-sector growth
model:

max Z Bru(cy)
=0

s.t.
c < BE&nl®
vy < Akgy
keyr = (1—0)ki + a2y
ki + koy = ki
ng = 1l,¢,2, >0
Assume -
u(c) = ¢ ,0>0
1—-0

(20 points)

(a) Show that this problem is “homogeneous”—that is, doubling ky doubles the entire
time path of optimal capital stocks. What does this do to the optimal path of
k1’s, ko’s, and ¢’s?

Answer: Suppose that for a given initial capital stock kg, denote I'(kg) be the
set of all feasible allocations generated by ko. That is

['(ko) = { (Cs ey ke, Kag w1, )20+ ¢ < BR§yni =, xy < Ak, }
Kiyr = (1= 0)ks + a4, kg + ko = Kyymy = 1
Claim 1: If (¢}, kF, k3, k3, x5, ny) € T'(ko), then (Acj, Akf, Akj,, AkS,, Axr, Anf) €
I'(Ako)
Proof:
Bk§in{ ™ < Aep < B(Aky)™(Ang)' ™
Ty Akoyy & vy < AXky,
kivr = (1= 0k + 3 <= Meyr = (1 — 6) My + Az
kit + kot = ki © Mk + Aboy = My
1 Ang= A

Ct

IA A

Uz
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Claim 2: Suppose (¢}, kf, kf,, k3, 7, n}) is optimal given ko, then (Acf, Ak, AkT,, Ak3,, Az, Any)

is also optimal given A\kg.

Proof: Suppose not, i.e., 3 another feasible allocation (c}, kj, ki, kb, x5, n}) €
['(M\kg) such that

t=0
This implies
e} /11—0o 0 1—0
1—o t Ct ¢ ()
(/\) ;6 1—0 gﬁ 1—0
i /
0 Ci\l1—0o oo *\1—0o
t(K) +(cF)
>
P ) i
t=0 t=0

Notice that since ¢, € I'(Aky), = % € I'(ky). We obtain contradiction since ¢

is the optimal under ky. Thus when ky is double, the optimal pathes of all the
variables are also double.

Show that the value function for this problem is homogeneous of degree 1 — o,
ie., v(A\k) = AN %(k).
Answer: Value function v(k) is defined by

_ = i (cr)!
=) A=
=0
From part (a), we already know that Ac; is optimal under Akg. Thus we have

_ S (Act)lig _ \1-0 S (Ct)lia _ \1-0
v(Ako) = ;ﬁtﬁ = A ;ﬁﬁ = A"w(ko).

Use your results from part (a) and (b) to derive the time path for the solution
(BGP) to this planner’s problem.

Answer: Set up Lagrangian:
C —0
L= Zﬁt 2 + M Bk, — i} + p{ Ak — ki) + (1= 6)ke — keqa )}

FOCQCs are

e Ble7 =
klt . )\tBOék’%_l = A/.Lt
ken o= pea (A+1-0)

Combining these FOCs, we have the following EE

70ka71
2 .—0 La—1
Bct klt—i—l

4

=A+1-9



Notice that from resource constraint, we have

Cy k1t

Ct+1 k1t+1

«

Substituting into the EE above, we have

Bty gias1g
1t

i = L [3(A 41— )Mot
1t

Then it is easy to show that along BGP, g. = gx;, = gk, = 9x = 9= = [f(A +
1 —§)]Y/(@=e+D)  Once (A +1—4J) > 1, this economy has a long-run economikc
growth.

Define a decentralized Arrow-Debreu equilibrium for this economy.

Answer: The ADE for this economy is a price system (pe, pre, Wy, 1), an alloca-
tion (¢, kf,ng) for HH, an allocation (k{,, n?) for consumption good firm, and an
allocation (kg,) for the investment good firm such that

(1). Given prices, allocation (¢, k7, nf) solves the HH’s problem

0 1-0o
¢ (et
> T
t=0

s.t.

o0

(Pesce + pralki, — (1= O)KS]) <
=0

NE

(Ttkf + wtnf)
t 0
ce, ki, > 0,0 <n; <1k > 0 given

(2). Given prices, allocation (k%,,n¢) solves the consumption good firm’s problem

ma,xpctB(k:ft)a(nf)l’a — wtnf — Ttkft
s.t.
kiit’ nf > 0

(3). Given prices, allocation (kg,) solves the invetsment good firm’s problem

max pktAkgt - rtkgt
s.t.
ks, > 0

(4). Markets clear.

K4k = kS =k

d _ s _ —
ng = n;=mn =1
¢ < BkYn™®

ktJrl - (1 - 5)]‘6} + A(kit - klt)-



(e) Solve the ADE. Is your result identical to the social planner’s problem?
Answer: The HH’s FOCs:

(C7 Etct_g = APet (8)
kivi 0 pre =711+ (1= 0)presa (9)

The consumption good firm’s FOCs:

kG o= paaB (k)" ()70 (10)
i we = pa(l = ) Bk (nf) ™" (11)

The investment good firm’s FOC
kgt s = Appe (12)
Combining (10) and (12), we have
Pt B(k,)* ™ (n)' ™ = Api (13)
Substituting (12) into (9), we obtain
Pee = (A+1—=0)prir (14)
Combining (13) and (14), we have

P KT Dkt

a—1
DPet+1 k1t+1 Pkt+1

c D 1/o
t+1 ct
Cy { Det+1

Substituting the expression of the ratio ;P into (15), we have

c k S
t+1 1t

— =<pB(A+1-9

Ct { ( ) (kltﬂ) }

Also notice that from the resource constraint of consumption good sector, we have

—A+1-6 (15)

Notice that by (8), we know

Cy k1t

Ct4+1 k’lt+1

)Oé
Substituting into the equation above, we have the gross growth rate of ky;

k1t+1 _ [6(/4 +1— 5)]1/(040—044-1).
k1t

It is as same as the one derived from the social planner’s problem. But it should
not surprise us since we know that the First Welfare and Second Welfare Theorem
hold in this case.



3. (Investment-Specific Technological Change, Greenwood, Hercowitz and Krusell (AER,
1997)) Consider the following infinite-horizon growth model

max F Z ﬁtU(Ct, lt)

t=0
s.t.
y = 2F(ke, kg, 1) = 2k ke[l
Cttier Tl = Yt

k. = (1= 064)ks+ i,
kK. = (1—0d0)ke+icq
Ct7k7/ k, 0,0ﬁltﬁl

s 7e

Vv

where 0 < a, a, . + s < 1,0 < 9,0, < 1. And we assume
u(c) =0lnc+(1—-0)In(1 -1),0<f <1

In this economy, k. is the capital equipment, k, is the capital structure. Accordingly, i,
is the investment in equipment, i, is the investment in structure. Notice that there are
two types of technological change in this economy: one is the technological change in
total factor productivity (TFP) z, another one is technological change only happens in
investment, called “Investment-Specific Technological Change” (ISTC), denoted by g.
Suppose that z and ¢ grow at the (gross) rates v, and v, and let 2, = 7% and ¢, = 7.
(20 points)

(a) Define a balanced growth path for this economy. Especially derive the growth
rates of output, capital equipment, capital structure, consumption, investment in
equipment, and investment in structure along BGP.

Answer: The BGP in this economy is a situation in which all economic variables
grow at constant rates (but not necessarily same). Let’s define the gross growth
rate gx = X;(—tl for variable X.

From the law of motion of structure
k.= (1—04)ks + is.

Divide both sides by kg, we have

S/ R S
T TR

This implies ]1— =constant, which shows that ¢;, = gx,. Now look at the law of

motion for the capital equipment
kL= (1 —=0c)ke +1icq.

Divide both sides by k.



Let’s move one more period ahead

which implies

Te i,
kTR
:> / !
_ 4 Keie _ gk
T Tk g
But from the resource constraint
CH+ic+is=1y

we know that output y, consumption ¢, investment in equipment 7. and in struc-
ture i, all have to grow at the same rate, i.e.

9y = 9c = Gi. = Gi, = ¢
Therefore
Gis = Gks = 959k = GicVq = 97

But what is g7 From the production y = zk%®k%[1=* =% we know (since the
labor is constant along BGP)

Yy 2 KL K,
g = ZZ;(k,—e) (k_s)
= V.90 G
= 7.9 (97,
= g0 Ty
=
1/(1—ae—as) ae/(lfacfas).

9= o

Suppose there is a government that imposes tax on capital income at a tax rate
T, and labor income at a rate 7, and the tax revenue raised by the government in
each period is rebated back to agents in the form of lump-sum transfer payments
T, define formally a recursive competitive equilibrium (RCE) for this economy.

Answer: The economy-wide state variables are described by A = (s, z, q) where
$ = (ke, ks). The individual’s state variables are s.

The HH faces the following DP problem:

v(ke, biis,2,0) = max {u(c,l) + BE(k,, ks’ 2, q') (16)
s.t.
ot Fe= <1q_ Oc)ke K= (1—0,)k,
< (1= 7)[Re(Nke + Rs(Mks] + (1 — ) W(A)L +T'(A)
kLK > 0



The firm’s problem is
max T = zk® k2177 — R (Nk, — Rs(A\)ks — W(N)I (17)

Due to the CRS auumption of the production function, the firm makes zero profits
in each period 7 = 0.

Definition: A RCE in this economy is a set of decision rules ¢ = C(\), k. =
K.(\),k, = K¢(\), and | = L(\), a set of pricing and transfer functions w =
W(A),re = Re(N),rs = Rs(\), and T = T'(\), and an aggregate law of motion for
the capital stocks s’ = S()) such that:

(1). Given the the aggregate state of the world A = (s, z,¢q) and the form of
the functions W (-), R.(-), Rs(+), T(:), and S(-), the decision rules ¢ = C()), k. =
K.(\), k. = Ks(\), and [ = L()) solve the HH’s DP problem (16).

(2). Given A = (s,z,q) and the form of the functions W (-), Re(-), Rs(+), ke, ks,
and [ are the solutions to the firm’s problem (17).

(3). The government’s budget constraint is balanced every period.
T = Tp(reke + 15ks) + Tywl

(4). Resource constraint holds.
c+ i +is = 2F (ke, ks, 1).

Reinterpret this one sector economy into a two-sector growth model with one sec-
tor for consumption good and investment in structure, another one for investment.
Feel free to make your assumptions. Under what condition that this two-sector
model is equivalent to our original economy?

Answer: Think about the following two-sector model:

max F Z BtU(Ct, lt)
t=0

s.t.
ctis = zkfek{slToeT
A
kie + ke = ke
kis + kas = ks
kg = (1= 05)ks +is
kK. = (1—=080)ke+icq
L+l =1

It is easy to show that when a. = 5, and oy = 3, this economy is essentially
equivalent to our original economy since the capital-labor ratios will be equal in
the two sectors due to non-arbitrage condition. Thus our two-sector economy will
give the same prices (w,7e,7s) as in the original economy.



4. Consider the two (human and physical) capital version of the endogenous growth model
where the representative consumer sloves

maxz Bru(cy, 1 —ny)

t=0
subject to
Zpt [t + xpy + ) < Zpt (1 — Tre)riky + (1 — Tpe)wenghy
t t
kivr <0 (1= 0p)ky + e
hiyi < (1 —6p)ke + xpy
¢ > 0,0<n; <1, hgand kq are given

Where all variables have their standard interpretations. “effective labor supply” is
given by n:h;. T is the tax rate on capital income and 7, is the tax rate on labor
income. Firms face static problems maximizing profilts under the production function
and resource constraint

Ct+ T +Tpe + g < Akta(ntht)ka-

Assume that u(c,l) = ¢!77/(1 — o) so that labor supply is fixed. Assume that & =
dp = 9. Assume that all equilibrium quantities are strictly interior. (15 points)

(a) Define a Arrow-Debreu Competitive Equilibrium.
Answer: To be skipped.

(b) What is the equilibrium value for the ratio of h to k in the absence of taxes and
government spending? How is this ratio affected by the presence of capital and
labor income taxes?

Answer: When there is no tax,
Q@

Cl-a

k
h
When there are taxes on both capital and labor income,

k (67 1_7—kt

h 1—al—1y

5. (Tazation in AK model) Consider a standard AK model. But now suppose there is
a government that imposes tax every period to finance its expenditure g, which is a
constant fraction of n of output every period. We assume throught the tax rate is
constant at 7, and that the government maintains a balanced budget each period. We
also assmume that after purchasing government expenditure g; every period using tax
revenue, the government throws away the expenditure goods g; into the sea (forget
about environmentalism at this moment:-)). The utility function is standard CRRA.
(25 points)
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(a) Formulate the social planner’s problem.
Answer: The palnner’s problem is

—0

cl
maxZBt t
-0

s.t.
ctigt+g = y= Ak
kt+1 - (1 - 5)]4315 + it

¢ ki >0, ko given

(b) Define a decentralized Arrow-Debreu competitive equilibrium for this economy.

Answer: The ADE of this economy is a price system {p;,r;}, an allocation
{cs, iy, ki} for HH, and an allocation {y;, k?} for the firm such that:

(1). Given prices {p;, :}, allocation {c¢, i, kj} solves HH’s problem

—0

max Z Ik ft
—0

st
Z t(ee + ki — (1= 0)k)) < Zpﬂ“t ky
t=0
Ctvkterl > O

(2). Given prices {p, 7}, allocation {y;, k¢} solves the firm’s problem

max p;(y; — rtkf)

s.t.
Y < Akﬁf
k>0

3). Government balances the budget period by period.
( g y

ge = nyr = Triky
(3). Markets clear.

k= k) =k
Ct+it+gt = Al{?t

(c) What is the realized level of utility if this government spending is financed through
taxes on capital income (and all other taxes are zero)?

Answer: From the firm’s FOC, we have r; = A. Then the government BC tells
us 7 = 1.
Working on HH’s problem, we will end up with the EE for capital stock
& g
Ye = tCH ={B(rim(1—71)+1 - 5)}1/
t

= {BAQ—n)+1-8)}"",

11



Given
co=1vo—go—1t0o=(A(1—n)+1—0)ky — ky

And notice in AK model v, = 7., therefore, k; = 7 ko,

co = [(A(L =) +1-8) = {BA(L - 1) + 1= 6)}°] k.

The realized level of lifetime utility is

—0 —o l-0 ©©
¢ Ct B t%CO _ % 1—o\t
Zﬂ - ZB — 1_a;<5% )
B c(l) 7 1
l—ol—py

What is the realized level of utility if this government spending is financed through
taxes on investment (and all other taxes are zero)?

Answer: Now the HH’s problem changes to

00 -0
t Gt
maXZ 6] T
t=0
s.t.
Yopla+A+7)ky —(1=0k) < > prk
t=0 t=0
Ct7k:zf+1 2 0

And the government’s BC changes to
9t = nye = Tip = (k1 — (1 — 9)ke)

It implies
T]Akft = T(kt+1 — (]_ — 6)]{3,5)

Divide both sides by k;, we have
1
= S = (A1),

From the resource constraint (market clearing condition), we have

ctict g = Y= Ak
¢ + (1 + T)it = Ak}t
c + (1 -+ T)(kt+1 — (1 — 5)]@) = Akt

Divide both sides by k;, we obtain

Ct

T =(A+(1+7)(1-90))—(1+7)y, = constant

12



which implies
The HH’s FOCs lead to the EE

%Ect—ﬂz{ﬂ(

Ct

Along the BGP, we must have

1/o
= {BE -0 = L-9 =,

This determines a relationship between tax rate 7 and government spending share
n

T = 7(n) = AlnA+1-0)/(B( o +1— )"

+ 7
And the growth rate of consumption is

A 1/o
B2 v1-9)% .
e {B<1+T(n) )}

Given
co = Yo— go— 1o = Ako —nAko — iy = Al —n)ko — (k1 — (1 — 9)ko)
= [A(1=n) +1 -6 —ylko

= A=)+ 1= 0= = (nd+ 1= 0k,

The realized level of lifetime utility then is

—o —o l—oc

tCt _ ¢ ()’ _ % 1-o\t
Zﬁ - Z/a e 1_(;;(5% )
B c(l)g 1
l—ol—pByi™

Notice that in this case, 7 # 7, so the realized level of utility is different from the
one in part (c).

What is the realized level of utility if this government spending is financed through
taxes on purchases of consumption goods (and all other taxes are zero)?

Answer: Now the HH’s problem changes to

C —0
maXZB L

s.t.

Yool e+ (ki — (L= 0k)) < Y pereky
t=0 t=0
Ct;kfﬂ > 0

13



tax

on capital income tax on investment

tax on consumption

Ve

{54

(=) +1- 0} [ty +1-0} "

{B(A+1-8)}""

Co

—(BA(L—n) +1—9))" |

[ Al—n)+1—-0 |
T(n)(nA—i—l 5)_

(Al—m+1-0 T "

Al—n)+1-9¢
~(B(A+1-4)"" |

6. (Tazxation in Uzawa-Lucas Model) Consider the following planner’s problem.

And the government’s BC changes to
9 = nye = Ak = T¢

Therefore, we have

ky T

o A
This implies

Ve = V-

The EE for the HH is

Ct+1
Ct

= {BA+1-a)p.

Ve

Given

= (L=mA+1-=0-)k

Yo — go — 1o = Ako — nAko — (k1 —

={B(rig1+1- 5)}1/0

— 6)ko)

= (L=mMA+1=6—(B(A+1-20)")ko.

The realized level of lifetime utility then is

[e’s) 1—0 [e e} —0 1—0o
t Gt + (Vo) _ %
;51—0 B ZB l-0 1-0
B c(l)“ 1

 l—0l— Byl

Which taxation scheme is the best for consumers?

> (B

t=0

Answer: The utility level depends on ¢y and 7,.. See Table below for the com-

parison.

Obviously, tax on consumption has the highest growth rate 7.. This is because
the constant tax rate on consumption across time does not affect consumer’s
intertemporal marginal rate of substitution, thus giving least distortion.

points)
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o0 —
i’
max E 6]
t=0

1—0
s.t.
Ci+ Iy < AK{(uH,)'"™
Iyy < B(1—w)H,

Ky = (1-0)K; + Iy
Ht+1 — (1 - (S)Ht + IH,t
Koy, Hy given

(a) Rewrite this problem as that of a decentralized economy in which the accumula-
tion of stock of human capital H is non-marketable. Define a ADE.

Answer: The ADE of this economy is a price system {p;, r, w;}, an allocation
{C4, Ixcs,up, K7, H} for HH, and an allocation {Y;, K¢, H} for the firm such that:

(1). Given prices {p;, 7, w,}, allocation {C}, I+, us, K, H; } solves HH’s problem

o0 Cftl—a
¢
maXZﬁ T >
t=0
s.t.
Zpt(ct +Iky) < ZPt(Tths + wyu HY)
t=0 t=0

Kfﬂ = (1 — 5)Kts + Ik
His+1 - (1 - 5)Hf + B(l - Ut>Hf

(2). Given prices {p;, r:}, allocation {Y;, K& HZ} solves the firm’s problem:

max py(Y; — rthd — wtuthd)
s.t.
Y, < AKD(uH)' o

(3). Markets clear.

K; = K=K,
Hf = H!=H,
Ct + IK,t = AK?(uth)lia.

After tedious algebra, we end up with along BGP

Yo =Tk =Ty =78 =7

And the growth rate v is
y={B(B+1-o)}.
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(b) Suppose now government imposes a flat-rate tax on capital returns. Will this tax
affect the growth rate in the economy?

Answer: Now the HH’s problem changes to

cl-o
maXZBtm
. st
Zpt(Ct + K, —(1-90)K;) < Zpt ri(1 — 1)K} + wyu HY)
t=0
Hiy, = (1 —0)H; + B(1 —w)Hy
FOCs are

C, . PO = Ap,

Kiyi @ pe=pea[(1 = 7)rep +1—0)]

Hivr o py = ApepiWeitert + fypq [B(1 — tg1) + 1 — 6]
uy o AppwHy = p, BHy.

We end up with two EEs. EE for K is

(cm)” = B(1 = T)ress + 1 — 0]

C

And EE for H is w
Pr t+1(B_’_1_5)'

P41 Wy
From the firm’s FOC, we have

W41

|
R

2
L)
2

Wy
The two EEs imply that

(1=7)rip +1 =0 =7%75"(B+1-9)

Notice that from the firm’s problem, we obtain

gy (B
+

This implies that g:—ﬁ = constant. Therefore, 7, = v5. Now it is easy to show
that along BGP

Yo =Tk =Ty =7Tu =7
and

y={BB+1-0)}"".
Therefore, the flat-rate tax on capital income does not affect the long-run growth
rate in this economy. The reason is in this economy, the source of economic growth
comes from the AH technology in the human capital sector. The tax on capital

does not affect the accumulation of the human capital. Hence the growth rate is
as same as before.

16



(¢) How would you answer to part (b) change if the utility function is modified as

(Cwll—y)l—a
1—0

u(C,l) =

where [ € [0, 1] is the fraction of time spent on leisure?
Answer: Now the HH’s problem changes to

0 1=-\1—0
(L)
maxgﬁ -
s.t.
Y (Cot Ky — (1=0)Kp) < Y pi(rell = 7) K} + wyu Hy)
t=0 t=0

After tedious algebra, we can show that along the BGP, we still have

Yo = Tk =Vw =Yg ="

U = U

lt = l*
The growth rate for the economy without tax and with tax are same.
v ={B(B(L—1")+1- )}

7. (Replicate the Equity Premium) Read Mehra, R., and E. C. Prescott (1985): “The
Equity Premium: A Puzzle,” Journal of Monetary Economics, vol. 15, 145-162. Fol-
lowing Mehra and Prescott, write a Matlab code to replicate Figure 4 in their paper
for CRRA coefficient 10 > o > 0 and discount rate 0.99 > 5 > 0.9. (10 points)

Answer: We should end up with a graph looks like the following one.

8. (Growth slowdowns and stock market crashes) Consider a simple one-tree pure exchange
economy. The only source of consumption is the fruit that grows on the tree. This
fruit is called dividends by the tribe inhabiting this island. The stochastic process for
dividend d; is described as follows: If d; is not equal to d;_i, then d;;; = vd; with
probability w, and d;,; = d; with probability 1 — 7. If in any pair of periods j and
Jj+1,d; =dj;q, then for all t > j, d; = d;. In words, if not stopped, the process grows
at a rate 7 in every period. However, once it stops growing for one period, it remains
constant forever after. Let dy = 1. We assume only the share purchased at time t can
claim the dividend at time t. And we cannot purchase and sell the shares within the
same period.

Preferences over stochastic processes for consumption are given by

1—0o

> . c
E L A
0 ZB 1—o
=0
Assume that 1 >0 > 0,0 < 3 < 1,7 > 1 and 7' < 1. (20 points)
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Replication of Figure 4 in Mehra & Prescott (1985): under (a<=10, 0.9<=b<=0.99
0.03 T T T T

0.0251-

0.0151

Average Risk Premia, Re-Rf

0.01

0.0051

e

0 0.05 0.1 0.15 0.2 0.25
Average Risk Free Rate, Rf

(a) Define a SME in which shares to this tree are traded.
Answer: First let’s define the HH’s problem

max By » Y Bu(c(d"))

t=0 gt
s.t.
ci(d') + pe(d)si(d') < dise(d') + pi(d')sea(d)
ci(d'), s (d) > 0,5, =1

A SME in this economy is a price process {p;(d")}2,, an allocation {c¢;(d"), s,(d")}2,
such that:

(1). Given the price, {c;(d"), s;(d")}2, solves the HH’s problem as above.
(2). Markets clear.
Ct(dt) = dt-

The FOCs lead to the following EE (asset pricing formula):

v (c
pe = di + BE; {—(, t+1)pt+1}
u'(ct)

Imposing the equilibrium condition ¢; = d;, we have

g

(b) Display the equilibrium process for the price of shares in this tree p; as a function
of the history of dividends. Is the price process a Markov process in the sense
that it depends just on the last period’s dividends?

pt:dt+6Et|:
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Answer: Following the lecture notes, it is easy to show that the share price p; is
an expected discounted stream of future dividends.

o (dyy
P = L Zﬁj ( tﬂ)dtﬂ*
=0

u'(dy)

If the growth process is stopped since time t, i.e., diy; = d¢, Vj > 0, we will have

0 0 d
B=) Fdi=d} ¥ =g
j=0 j=0

If the growth process is not stopped then two things can happen tomorrow. First,

with probability 7 the economy grows. In this event Cz; = v and the dividend of

the tree is d; 1 = yd;. Second, with probability 1 — 7 the economy stops growing.
In this event c’zl = 1 and the dividend of the tree is d;;; = d;. Let’s guess in
this case, the share price is a linear function of d;, i.e., p/ = pd; where pY is a

constant. Thus, the (cum dividend) price of the tree at time ¢ is

Cti1_y s
pldy = pl=d+p {7?(_?1) Pl + (1 — 7T)ptﬂ}
t

= d+p {m"pg’ydt + (1 =7y d_tﬁ}

We end up with

p’=1-7py)" {1 + Bi%_;)] :

Thus our guess is right. We have
= a=m) 14

The price of the tree is Markov provided we expand the state to (d;_1,d;). Specif-
ically, if d;_y # d;, we have p, = p]. Otherwise, we have p;, = p;. In this sense,
the price process is a Markov process because it depends just on the last period’s
dividends.

Let T be the first period in which dr_q = dy = 77V, Is Pp_; > Pp? Show
conditions under which this is true. What is the economic intuition for this result?
What does it say about stock market declines or crashes?

Answer: The question asks under what condition we will have p{ > pf. It is
equivalent to

ST A (EL ) I

1-3 1—5 P

Again, this is equivalent to
1—0n

1 —7wpByl=e
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in turn is equivalent to
v > 1.

As long as there is economic growth, the stock price is also growing. But when
the growth stops, the stock price drops from p{ to p{. We can interpret this as
stock market crashes.

(d) If this model is correct, what does it say about the behavior of the aggregate
value of the stock market in economies that switched from high to low growth
(e.g., Japan)?

Answer: See answer to part (c).

9. (Pricing bonds with different maturities) Consider a Lucas’ tree economy in which the
representative consumer maximizes

l1—0o

> c
By o
— l1—0

subject to

¢+ Z Lit+pesir1r < (pe +di)se + Z R iLjij.
i=1 Jj=1
and given do, S0, {Ll,—lRl,—l7 L27_2R27_2, PN Ln,—an,—n}- Lit is the quantity of i—period
pure discount bonds purchased at time ¢, with a certain payoff of R;; per period in i
periods. s; is the number of shares in tree purchased at time ¢ — 1, and p; is the tree
price at time t. There is exactly one tree per capita in the economy.

Dividends d; grow stochastically, where d;;; = v,d;, and the evolution of v follows a
stationary Markov chain. Agents learn the realization of v, at beginning of time ¢ 4 1.
The dividend is perishable, and can be used only for consumption. (20 points)

(a) Write down the Bellman equation for this economy. What are the state variables?
What are the choice variables?

Answer: The Bellman equation is

v(dyy Sty Vi1, {Lj,t—j}?:l) = max {uler) + BEw(dii1, Se415 74 {Lj7t+1—j}?:1)}
CtySt41,0 e Lyt
s.t.
cr + Z Lig+pisirn < (pe+di)se + Z R jliji-
i=1 j=1

Cty St+1 Z 0
do, S0, Y_1,{L1,-1R1,—1, Lo, 2Ry 2, ..., L, R, _,} given

(b) Write down the Lagrangian for this problem. Derive the first order necessary
conditions and market claering conditions.

Answer: The Lagrangian is

(pr + di)se + Z R, Ly — ¢ — Z Ly — pt3t+1] }
i=1

j=1

L= EOZBt {U(Ct) + A\
=0
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FOCs are

Ct Ct_o—:)\t

St+1
Liy

Apr = BEN 41 (Dig1 + diya)
)\t = ﬁzEt/\t—l—iRi,t

Combining FOCs, we have the usual asset pricing formula for the stock

Ct+1

pe = BE; (
c

t

and the asset pricing formula for the i-period bond

R;j = ('E,

The market clearing conditions are

Cy
St
Ly

N dtm] (18)
()] )

dy
1
0, Vi, vt

Derive an expression for the equilibrium returns Rs;. Show that this expression
is independent of d;.

Answer: From the FOCs, we have EEs for 1-, 2-, and 3-period bonds:

E 6(ﬂ> Ry = 1
Cy

E, |5 (ﬁ> Rye| = 1
Cy

E, |5 (ﬁ> Ry,| = 1
Ct

Ct+3
Ct

Ct+1
Ct

Ct42
Ct41

Notice that <

“

) =
)

) e (22) - (22) . Hence we have

() () (22)
() () () n

:ﬁ?’ (’Yﬂt+1’7t+2)_0 R3,t] =1

Ct+42

Ct+2

Ct+1

Ct+3
Ct

Ct+1
Cy

Ct+3

Ey Ey

Ct+2

diys

dit2

diy2

di41

it

E 2l
t d,

Ey

Thus it is easy to see that Rs; is independent of d;.
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(d) Suppose the government announces that at time 0 beginning in three years, it will
introduce a permanent tax on dividends at a constant proportional rate 7 (i.e.,
the stockholder receives (1 — 7)d; each period thereafter). The proceeds of the
tax will be distributed in a lump-sum payment back to the agent, whether or not
he owns the stock. What is the effect on the stock price at time 0 (write down an
expression for the price)? What happens to the short-term interest rates? What
happens to long-term (greater than three years) interest rates?

Answer: The consumer’s BC after ¢t > 3 changes to

cy + Z Li,t +pt5t+1 S (pt + (1 — T)dt>5t + Z Rj,tijj,tfj -+ Tdt,vt 2 3.
=1 7j=1

Following the lecture notes, it is easy to show that if there is no tax
po = Ky iﬁj (Vj1Yj—2--70) 7 d;
= Ey i 5j ('ij1’7jf2~--’70>_J(7j717j72---70)d0
= doEy i ﬁj (7]‘—17]’—2"'70)17

J=1

If there is tax, the price of shares at time 0 changes to

[e'e) t—1
o = Eo ﬁvé_"do+ﬁ2(%vo)1_ado+Zﬁt(H%)1_”(1—T)do]
t=1 s=0
00 t—1
= doEo |85 + B2 (nm0) ”+Zﬁt<H%)”<1—T>].
t=1 s=0

Thus with tax, the stock price will decline. It is not surprising because the
lecture notes showed that the share price is an expected discounted stream of
future dividends. Now with tax, the stream of future dividends goes down, so
does the stock price.

But for interest rates, it is a different story since in the equilibrium, the represen-
tative consumer still consumes the same amount ¢, = (1 —7)d; + 7d; = d;. EE for
bonds (19) does not change. Thus the interest rates (short-term and long-term)
will not change at all.

10. (Two-tree Model) Consider a version of "Lucas tree"” economy in which there are two
types of trees. Both types of trees are perfectly durable; a type-i tree(i = 1,2) yields a
random amount of dividends equal to d;; in period t. Assume that {dy;}°2, and {dg }$2,
are i.i.d. sequences of random variables and that di; and ds, are statistically indepen-
dent for all t and s. In addition, for ¢ = 1,2, assume that d;; = d;, with probability 7;
and equals dy > dj with probability 1 — ;. the economy is populated by a continuum
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( of measure one) of identical consumers with preferences over consumption streams
given by:

E, Z Blog ()
=0

where ¢; is consumption in period ¢. In period 0, each consumer wons one tree of each
type. Dividends are non-storable and are the only source of consumption goods. There
are competitive markets in which consumers can buy and sell both types of trees.

(a) Define a sequential competitive equilibrium in which the only assets that con-
sumers trade are the two (types of ) trees.

Answer: Skipped

(b) Find an algebraic expression for the equilibrium price of a type-1 tree (measured in
terms of today’s consumption goods), assuming that the dividends of both types
of trees are equal to d; today. Your expression should depend only on primitives
(i.e., on the parameters describing preferences and technology).

Answer: Follow the model or lecture notes:

u/ (Ct+s)
= F E ity s
D1t t B e 1t+

Z diits
( 1t 2t) 1 6 (d1t+8 d2t+s)

So there are 4 states of the world:

State 1: (d; d;) with probability of 7,72, the outcome of duj-ljrtle- is dl(ﬁdl =1/2

State 2: (d;,d) with probability of 7y (1 — 73), the outcome of dltfsli-;;t+s is dzil "

State 3: (dy,d;) with probability of (1 — 1), the outcome of ;- jljrt;w is d}dj;dl

State 4: (d,dy,) with probability of (1 — m;)(1 — m3), the outcome of ——%— js

p dit+s+dat+s
dhfdh =1/2
So

d1t+s 1 dl dh

B(—tte ) = 1—m)(1— 1— 1—

<d1t+s+d2t+s> 5 (mimy + (1 —m) (1 = 72)) 471 (1 — 72) dl+dh+< 1)W2dh+dl
then we have

1 d; dp,

= 2d — 1-— 1-— 1-— 1-—

1 ll—ﬁ 2(7r17r2+( 1) (1 —m2)) + 71 (1 —m2) dz+dh+( ﬂ-l)ﬂ-th—l-dl

for the case of both dividends equal to d; today.
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(c) How many Arrow securities are there in this economy? Express the prices of these
securities in terms of primitives.

Answer:

v (c
ﬁﬁp (d1t+1, d2t+1)
dis +d
= 6Mp<dlt+l)p(d2t+l)

dyp41 + dopyr

p (digy1) p (dagy1) here do not depend on dy; or dy
then the arrow securities’ prices are:

dyy + day
24,

pry (1 —my)

pmimy

dyy + doy
dig + day
d; + dj,

dy +d
5(1—7r1)(1—7r2)”Th%

6(1—7T1)7T2

corresponding to each 4 states.

(d) Use your answer from part (c) to find the price (expressed in terms of today’s
consumption goods) of an asset that pays one unit of the consumption good in
the next period if the dividends of the two trees (in the next period) are not equal
to each other and pays zero otherwise.

Answer: the price here will be

dyy + doy

Blmi (1 —mg) + (1 — ) 7o 4t d,
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