ECONG607 Fall 2010
University of Hawaii
Professor Hui He
TA: Xiaodong Sun
Assignment 1 Suggested Solutions

The due date for this assignment is Thursday, Sep. 23.

1. Consider an stochastic optimal growth model as in the lecture with utility function
u(c) = In¢, production function f(k) = k%, and resource constraint ¢;+k; 1 < e* f(k;),
where 2, is the i.i.d. productivity shock belongs to a lognormal distribution. (15 points)

(a) Write the Bellman equation for the social planner’s problem.

Answer:
v(k,z) = max {Iln(e*k* — k") + BE(K, )]} (1)

0<k! <ezke
(b) Use “Guess and Verify” method to slove the Bellman equation. (Hint: Guess
v(k,2)=H+ Flnk+ Gz.)
Answer: Let’s guess value function takes form

v(k,z) =H+ Flnk+ Gz

What we need to do is to verify this is a right guess and determine the values of
constant term H, F' and GG. Substituting our guess into the RHS of the Bellman
equation (BE), we obtain

v(k,z) = Ill}f}X{ln(ezk“ — K+ BE[H + FInk + G2}
= max{ln(e’k” — k) + SE[H + Flnk]} (v BE(E)=0) (2

FOC w.r.t. k£ implies
1 BF
S Yt
ezk.a _ kl + k/

From it we have the optimal policy function as following

r_ BF Z .o
k_1+ﬂFek (3)

Put this policy function back into equation (2), we have

V(k,z) = H+Fhhk+Gz

= {In(e*k" — - fFBFe%a) +BH + FIn - fFﬁFe%a}
F
= 1n(1+6F)+ﬂFln(1f6F)+ﬁH+a(1+6F)lnk+(1+ﬁF)z



To match coefficients, we need to have

_ BE
H = ln(1+5F)+ﬁFln(1+6F)+ﬁH
F = a(l+pF)
G = (1+p3F)
which implies
!
Fo= 1—ap
1
B = 1—ap
1
H = l_ﬁ[ln(l—aﬁ)—i- 1fﬁa5 Inaf].

. Prove that the budget constraint in sequential market equilibrium (SME) as in the
lecture is as same as the one in ADE, i.e., BC in SME = BC in ADE. (15 points)

Answer: BC in SME is
ct+ QSir1 + 1y = ik +wyng + 8¢ + w1y, VE (4)
Let’s start from period 0 BC
Co + qos1 + o = Toko + wono + So + o

Rewrite
co—i—z'o:r0k0+w0n0+7ro+50—q051 (5)

From the BC above, we know
s1=c1 +i1+qsy — (riky +wing + )
Substituting s; into equation (5), we have
(co +10) + qolcr +i1) + qoqrs2 = Toko + wono + qo(riky + wina) + 7o + gom1 + So

Then we can also substitute out ss. Repeatly doing like this, we end up with

T -1 T T -1
Z qs(ce + 1) + H @ST+1 = Z H qs(reke + weng + ) + o
t=0 s=0 t=0 t=0 s=0

t—1
Let H qs = p¢ and notice that sp,; = 0 and sy = 0, we have
s=0

T T

Zpt(ct + ;) = Zpt(rtkt + wyny + )

t=0 t=0



Notice that
T
ZPHT t =T
t=0

Therefore, we have
T T
Zpt(ct +iy) = Zpt(rtkt +wyng) +
t=0 t=0

This is exactly is BC in ADE for finite horizon case. For the infinite horizon case, we
need a transversality condition as following

to guarantee the identical BCs in SME and ADE.

. (Two-period Emdowment Economy) Consider following two-period pure exchange econ-
omy. There is a single consumption good in each period. There are two HHs who have
identical preferences over consumption given by

u(cy,c0) =Inep + flncy
HH 1 has endowments given by (w;,0) and HH 2 has endowments (0, w2). (20 points)

(a) Define an ADE for this economy.

Answer: An ADE is a set of prices {p1, p2} and an allocation {c},cl, 2, 2} such
that

(i). Given prices, the allocation solves HH’s problem:
HH1’s problem

max Inc; + Blnc

€1:62
s.t.
picy +pac; < prwy
c%,c% > 0
HH2’s problem
2 2
maxlIncy + Blnc;
2,2
s.t
2 2 -
picy + P2y S paw2
5 > 0
(ii). Markets clear.
c%—l—c% = w
1, 2 _
Co+cy = Wy



(b) Suppose HHs has incentive to smooth their consumption over time by borrowing
and lending. Define a SME for this economy. Show that the ADE and SME give

identical allocations.

Answer: A SME is a set of price r, an allocation {c!, si}?_,,i = 1,2 such that

(i). Given r, {c},s!}2 | i = 1,2 solves HH’s problem.

HH1’s problem

1 1
c+ 87
1 1
Cy + 85

1 1
C1,Co

HH2’s problem

2 2
c] + 81
2 2
c5 + S5

2 2
C€1,C

(ii). Markets clear.

Now let’s solve SME.

max Inc; + Blnc
ct,cl,st,sd

s.t.

w1

(14 7)s
0

IV IA A

max Inci + Blnc

02 CQS S
1°-2°°1°°2

s.t.

0

wy + (1 +7)s3
0

IV IA A

1 2
ct+c = w
1 2
cy + ¢y
1 2
s1+ 81

1, .2
Sy +s; = 0

[
g

I
o

First of all, notice that we should have s} = s3 = 0. FOCs for HH1’s problem:

C1

Combining FOCs, we have EE

1
— A =0
ci !
1
5—1—)\220
C

2
—)\1 + (1 +T))\2 =0

—

= =06(1+r) (6)

==



Similarly, we have EE for HH2

Combining (6) and (7), we get

Notice that as in problem 2, we can combine two period BCs into one BC through
substituting out s{ in HH1’s problem and substituting out s? in HH2’s problem.
Hence HH1’s BC becomes

cl + 1cl<wl
LT

Similarly HH2’s BC is

1
G+ 3 < wy

147
Now let’s turn to ADE. FOCs for HH1 in ADE are
1
c1 - )\pl = 0
&
1

cy o B;—/\pgzo
2

Combining two FOCs, we obtain EE

o _n

BC% D2
Similarly EE for HH2 is

2

S _h

56% P2
Hence we also have

cd 2

2 _ 2

aq  q

Notice that it is easy to show

1 2 1, .2
Cg €3 Cytcy; we

o A& d+3 w
Comparing EEs in ADE and SME, we conclude

Jﬂ:1—1—7’

D2

Normailze p; = 1, then p; = 1—}”, substituting these expression into BCs in ADE,

we end up the same BCs as in SME. Thus, SME and ADE share the identical
objective function, identical BCs and identical EEs, it implies the solotions to
ADE and SME must be same.



1 Wi 2 Pwi
Cl = ’Cl =
1+ 1+ 75

2 2 BWQ

—.C .
1+ 145

S

02 -

(¢) Suppose w; = wy =1 and = 1, calculate the competitive equilibrium.

Answer:
1
1 o1_ 2 2 1
1 1
1 _ Lo 1
pr = pp=1
r = 0

(d) Suppose HHs cannot borrow or lend from each other. Try to define a competitive
equilibrium in this case. Show that a policy which transfers goods from the rich
to the poor in each period in Pareto-improving.

Answer: A CE is a price system {p;, p2}, an allocation {c!}2_,,7 = 1,2 such that
(i). Given prices, the allocation solves HH’s problem:
HH1’s problem

1 1
max Incg + Blnc

€1:C2
s.t.
i < wy
g <0
cl,ey >0
HH2’s problem
2 2
maxIncy 4+ Slnc;
C2C2
12
s.t.
aa <0
5 < wy
g 2 0
(ii). Markets clear.
c%—i—c% = w
1, 2 _
02+C2 —_— w2

Obviously the solution is an autarky equilibrium

1 1 2 2
¢ =wy,cy=0,¢f =0,¢c5 = ws

6



Now we show that any transfer mechanism will Pareto dominates the autarky
equilibrium. Suppose in each period we trnasfer 0 < 7" < w; from rich to poor.
Now for HH1, life time utility is In(w; — T') + S 1InT. Obviously we have

In(w; = T)+ AInT >Inw; +1In0 = —c0
Simiarly, we have for HH2
In7T+ pBln(wy —T) >In0+ flnw; = —o0.

4. (When Robinson Crusoe meets Arrow-Debreu) Consider a Robinson-Crusoe economy.
Crusoe as the single HH on the island has a utility function over consumption of fish
¢; and leisure (1 — ;) as following

T

Zﬁt[ln ¢ +yIn(l —1)]

t=0

where 5 € (0,1) and v > 0. Crusoe has a technology transforming labor into output

of fish by
yr = Aglf

where o € (0,1), {A4;}L, is a sequence of numbers which measures Crusoe’s state of
productivity. The fish can only be used for consumption (Robinson does not have a
refrigerator). (25 points)

(a) Set up the social planner’s problem for this economy.
Answer: Social planner’s problem is

T
max Z Bnc, +vIn(1 — 1))

{Ctalt}tT:O t=0

s.t.
Ct S Atl?,t:0,1,2,..,T
¢ = 0,0<<1

Solving this problem using FOC ends up with

a 7
I, 1—1,
=
I
o+
* *\ a «
i = Alf) :At(a+7)-

(b) One interpretation of the production technology is there is a fixed supply of one
boat (or catamaran, denoted by k) so that the technology is

Yy = Atl{?tl_al?[.

7



Assume that the boat is owned by Crusoe and the technology is operated by a
firm (Dole Fishing Co.) which rents capital k; and labor [; in a competitive market
at factor prices r; and w;. Let p; denote the Arrow-Debreu price of one unit of
consumption at time t.

1. Set up Crusoe’s decison problem as a HH problem.
Answer: Crusoe’s problem is

T
max Z Bnc, +~vIn(1 —1,)]

{Ci 7lt}?:0 t=0

s.t.

T T
ZPtCt < Zpt(rtkf + wyly)

t=0 t=0

¢ > 0,0<I<1,0<k <k

2. Set up the firm’s problem.
Answer: The firm’s problem is

T
max m = Zpt[yt—rtk:f—wtlf]
{18}z, P
s.t.
ye < Adk)”
I > 0k >0

This is equivalent to a one period problem

maxmwy = pt[yt—rtkf—wtlf]
k1
s.t.
ye < Ak T
> 0k >0.

3. What are the resource constraint?
Answer:
Ct S Atktlialta.

4. Define a competitive equilibrium.
Answer: A CE is a set of prices {p;, s, w; o, an allocation {k{, 14, y,}],
for the firm, and an allocation {c;, k¥, 15}, for the HH, such that
(i). Given prices, {ct, k¢, [5}1, solves HH’s problem.
(ii). Given prices, {kZ, 1% y;}L , solves the firm’s problem.
(iii). All markets clear.

ko= ki =k
19 = =1

Akore,

Cy



5. Solve for the CE allocations.
Answer: Firm’s FOCs

Ty = At<]. - Oé)k_al? (8)
Wy = AtCkk'lialtail (9)
HH’s EE w N
t
=t 1
Ct 1-— lt ( O)

Substituting (9) into equation (10) to replace w;, and using resource con-
straint ¢; = A;k'1%, we have

Qo
Iy =
o+
% *\ a (3
i = Aully) :At(a+7> .

6. How does the CE change when Aj rises?” When A; rises?
Answer: When A T, obviously ¢y T, but (¢, ¢a, ..., ¢r) are unchanged. (Be-
cause there is no storage technology to transform higher productivity today
to smooth consumption.) 7o and wy will also increase at the same rate as co.
{l;}, remains unchanged. Same things happen to the rise in A;.

5. (Irrelevance of capital ownership) Exercise 2.9 in SLP. (10 points)

Answer: Under this new setup. the HH’s problem is

max iﬂtU(ct)
t=0

{Cta”f}fio _
s.t.
Zptct < Zptwtnf +m
t=0 t=0
¢ > 0,0<n; <1
The firm’s problem changes to
d .
max m = Pelys — winy — if]
{ytvitvntd}toio ; !
s.t.
Z.t == kt—i—l - (]_ - 6)kt
Yt < F(kta ntd>
ke > 0,n!>0
FOC for the HH is
BU(ct) = ppy (11)



FOCs for the firm are

ng Wy = Fn(kta nt) (12)
ki1 @ pe = Dep1[Fre(ker1, nes1) + 1 — 6] (13)

Substituting (11) into (13), we obtain EE

U'(ce) = BU"(cran) [Fr (b1, nesn) + 1 — 0]

This is the same EE as in the CE which HHs have the capital ownership. Besides, we
can substitute the expression of firm’s profits 7 into HH’s BC

o o
Zptct = Zptwtnt +
=0 =0
oo o0
_ s d .
= Zptwtnt + Zpt [yr — weng — 4
t=0 t=0

= Zpt[yt - it]
t=0

Zpt(ct‘l'it) = Zptyt
t=0 t=0

= Zpt [reke + wemny)

t=0
Therefore, these two problems are identical.

. (Continuity of contraction mapping) Exercise 3.8 in SLP. (5 points)

Answer: The function T': S — S is uniformly continuous if Ve > 0, 36 > 0 such that

for all z,y € S with |z — y| < § we have that [Tz — Ty| < e.

We already know that if 7" is a contraction, then for some 3 € (0, 1), we have
Te—T
% <pB <1, forallr,y € S with x # vy

r—Yy

Now let § = 5 >0, then for any arbitray ¢ > 0, if |z — y| < §, then

Tz =Tyl < Ble—y| < fe=e.

. (An example of contraction mapping) Exercise 3.10 in SLP. (10 points)

Answer: a). Since v is bounded, so the continuous function f is bounded, say by M,
on [—|lv|l,+ [|v]]]. Then it is easy to show that 0 < |Tw(s)| < |c| + s ||v||, which the
right hand side is clearly positive and bounded. Therefore, V¢ > 0, T'v is bounded on
0,¢]. The continuity of TV is straightforward.

10



b). Note that
To(s) - Tu(s)| < / (=) — flw(=)]dz
/SB lv(z) —w(2)|dz

0
< Bsl|lv—w|.

IA

Choose 7 = /B, where § & (0,1), then 0 < s < 7 implies that Bs|[jv —w]| <
B |lv — wl||. We then have

Tw(s) — Tw(s)| < B lv —wl|,Yv,w € C0,1]
Put the sup on both side, we have

| Tv(s) — Tw(s)| < Bllv—wl|,Yv,w € C|0,¢].

c). Suppose the fixed point is z € C[0, 7], with

2(s) = e+ /  f(a(2))dz

hence for 0 < 5,5’ <7,

o(s)—als) = [ Stz

= f(xz(2))(s — &), for some 2 € [¢, s].

Therefore, we have
z(s) — x(s')

s— g

= [(x(2))

Let s — s, then Z — s, so we have 2/(s) = f(z(s)). The uniqueness comes directly
from the Contraction Mapping Theorem.

8. (a) We start with the first period’s budget constraint:

CO—I—qbg = bo—f-w
by = q *(bo+w— co)
For t = 1 we have:
Cl+qb2 = b1+w
b2 = q_l(b1+w—61>

= q_l(q_l(bo +w—co)+w—ocy)
= ¢hotqwtqglw—qg 0 —q a

11



For ¢t = 2 we have:

co+qgbs = by+w
bs = q 'by+w—cy)
= ¢ ¢+ q P+ w—q e —q e+ w — )
= ¢+ qtwtqPw+ g w—q g —q e —q e

and so on, until we have:

bury = ¢ " og+w(@ T+ g — (e g+ g )
q(Hl)b(tH) = bp+w(l+..+4q")— (co+qcr+ ... +¢'ct)

t t
= bh+twd "= ¢
k=0 k=0

taking the limit gives us:

t t
: t+1 _ ; k : k
Jim oy = b+ fim D" = Jim Do
k=0 k=0

w oo
Ozbg—i-——thct
1-q¢ =3

where we used the no-Ponzi game condition on the LHS. So the consumer’s con-
solidated (or lifetime) budget constraint is

[e.e]

w
S et
=0 —4q

The transversality condition is:

lim '/ (cf)bf =0

t—o00

or
tlim B (by — gbr1y +w)by = 0

the Euler equation is
qu' (by — qbe1 + w) = u' (b1 — gbeys + w)
We want to show -
Z qtbt =0.
t=0
Note that the Euler equation holds Vit

qu'(bg — gby +w) = Bu'(by — gby + w)
qu'(by — gby +w) = Bu'(by — qbs + w)
¢/ (by — gby +w) = /BQUI(bQ — qbs + w)

12



So we have
¢'u' (by — gby +w) = B'U/ (b — qbys1 + w)
Multiplying both sides by b, and taking limits:
tlim ¢ (bg — qby +w)b; = tlim B’ (by — qbyyy +w)by
u' (bg — qby + w) tlim ¢'by = 0 (using the transversality condition)
and so
tlim q¢'b; =0

(c) We want to prove that a sequence {b;}°, = 0 that satisfies the transversality
condition and the Euler equation maximizes the consumer’s objective function,
subject to the sequence of budget constraints and the nPg condition.

Modified proof:

Consider any alternative feasible sequence b = {b; }3°,.We want to show that for
any such sequence,

T
lim Y~ B'u(b; — gbjy, +w) — u(by — gbpss +w)] >0

T—o00
Define
T
= B'ulb; — qb}yy +w) — ulb — gy +w)] >0

We will show that, as T" goes to infinity A7 (b) is bounded below by zero.
By convavity of u,

[M] =

Ag(b) B (5 — abi s + w) (5 — be) — qu (B — @by + w) by — b))
=0
T
= [Z Bl by — gby +w)(b) — by)] Zﬁ qu qby 1 + w) (b — beta)]
=0
= (b — qbt +w) (b — bo)] + 25 u (b — qbly +w)(bF — by)
t=1
T-1
1> Bqu (b = bfar + )by — bis) — 57 qu (5 — @b +0) By — br)]
t=0
-1
= [/ (65— gbf +w)(B5 — bo)] + Y B (b1 — abipa + w)(bfay — brsa) —
t=0
Zﬁtqu by s +w)(biyy — bea) — 6Tqul(b*T — by + w)(bpyy — brs1)]

= u (bé — by + w)(bo —by) — 5TC]U/(b?F - qb*T+1 + w)(bi}ﬂ —bry1) +

T-1
Z Bt(er - bt+1>[ﬁu'(b2‘+1 — qb, +w) — qul(b: — qby + w)]
t=0

13



Note that:

(b5 —bo) = 0= u(by— qb} +w)(b;—bo) =0
Bu' (b — @by +w) — qu' (b — gbf; +w) = 0 (Euler Equation).

And so we have

Ap(b) = —BTqu (b5 — by, +w)(bpyy — brya)
= 5Tqu/(b5kr —gbpyq + w)(_b'?-‘rl + bry1)
= 5T5U’(5T+1 — qbryo +w)(—b7y + bry)

Taking limits we have
Tlirn Ar(b) = Tlim BTHUI(b;H = qb7yo + w) (=07 + b7yy)

Recalling that

' (b — qbt +w) = p(bf — qb; 1 + w)
u' (b — qby +w) = Eu’(bt —qbj, +w)
tlim g, = 0
and
tlim Bl ()b = 0

We have
jll_rf;o Ar(b) = jll_{lgo 5T+1u/(b§’+1 — by + w)(=bri1 + b )

T+1 , ,

= Hm FQTHU (0741 — @074 + w)brs1 — Jim BTN (0 g = @by + W)

9. (a) Carefully define a sequential competitive equilibrium for this economy.

A sequential competitive equilibrium for the economy {u4,up,w}, is a sequence
{ei 20,105 1411020, 167 120 (Where gfmeans price of Arrow security) for i = A, B
such that

1. Fori= A, B,

[e.0]
{C:ta @141 }zo = argmax Z Bilog (cir)
t=0

s.t.
Cit + G Qi1 = Qg+ w
o0
tlggo Qi 41 (g Qt> > 0
ajgo = 0, ¢ >0

14



(b)

2. My + (1= Ny =w fort =0,1,2...
3. Ak + (L= ANap, =0fort=0,1,2...

Carefully define a recursive competitive equlibrium for this economy.

A Recursive Competitive Equilibrium (RCE) for the economy {ua,up w} is a set
of functions: price funtion: ¢(K); policy function: a; = g;(a;, K); value function:
v;(a; K); transition function: K’ = G(K) (Ky = )Y aa, is the aggregate asset
holdings at time ¢ by type-A agents; a; is the individual asset holdings for the
representative agent in each type i) such that:

1. Fori = A, B, a, = gi(a; K) and v;(a;, K) solve

U@'(ai,K) = Inax 10%(@') + ﬁi“z’(a;a K/)

{ei,ai}

s.t.
¢ +q(K)a, = a;+w
K' = G(K)

2. Consistency

G(K) = ga(K K)
A A
——F7G(K) = ——FK K
Show that this economy has steady state: in particular, show that the type-B
agents become poorer and poorer over time and consume zero in the limit.
To solve this problem, we first get Euler equation. In recursive formulation,
consumers solve

vi(a;, K) = maxlog(a; +w — q(K)a;) + B,vi(a;, K')

{Ci,aﬁ;)

s.t.
K' = G(K)

Solve for F.O.C. and use envelope condition, we get the euler equation

u'(Cipq1)
il £ VASPNS
7 U,I(Ci,t) Q( )
or equivalently,
3 ' (cae1) _ u'(c 1)
A u'(caz) B ul(cpy)

Now we can see that ¢; ;11 # ¢;+(Vi, Vt). Suppose not, without loss of generality
let cat41 = cay. By feasibility condition, we know that cp.11 = cp¢. Plug into
the equation we get 4, = (5, a contradiction. As a result, there cannot be any
steady state in this economy.

We start to prove the convergence property of consumption path. First, we want
to show that [Ca],", ({¢Bt}e) is an increasing (decreasing) sequence. We already

15



know that cat+1 # ca+(Vt). Now suppose that cary1 < cay for some t. By the
feasibility condition, we know that cp;+1 > cp;. From the strict concavity of
felicity function, we have

! !
U (,CA,t+1) 1> U (,CB,t-H)
uw'(cat) u'(cpt)
: ! !
5 v (cati1) U (CB41)
4 u'(cat) B u'(cpy)

which contradicts Euler equation.

Since bounded montone sequence has a limit, we have ¢4y, — ¢ for t — oo.
But we have shown that the economy has no steady state, so c4; can converge to
nowhere but the boundary, i.e. ¢4y — w and cg; — 0.
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