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1.1 Introduction

In this section, we will discuss the use of instrumental variables as a solution to the endogeneity

problem. To motive matters, we consider the structural model given by

Vi = Bo + Bixin + ... + Bpik + u

where E [u;z; ;] =0 for j =1,....k — 1. Note that we are now allowing for the possibility that
E u;z; ) # 0 in which case OLS will not recover the structural parameters.
Suppose that we observe a variable z;; which is not contained in the structural model that

satisfies

and

Tik = 0o + 0141 + ... + Op—1ZTik—1 + Oz + 13y for 6 # 0. (A2))

Assumption Al states that z;, is orthogonal to the error term in the structural model and
assumption A2’ states that z;;, and x;;, are correlated once we partial out the remaining covariates.

Also, we assume that the equation in A2’ is a linear projection so that r;; is orthogonal to all of



the right-hand side covariates. If we substitute A2’ into the structural model, then we obtain

Yi = o+ 1T + oo + Qp_1Tip—1 + AZip + U;

where a; = B, + 8,05, A = ;0 and v; = u; + Byr;. We call this equation the reduced form of
the model.
Assumptions Al and A2’ guarantee that the parameters of the model are identified. To see

this, we will write the structural model in its more compact form:

Yi = xif + ;.

Next, we define z; = (1, x;1, ..., Tix_1, zix) and note that

ElZu] =0 ElZ(yi —u:8)] =0 8= E[Zx] " E 2y

We were able to take the inverse of F [z/z;] because of Assumption A2’.

To better see this, define

Ty = 00 + 01051 + ... + Op—1Tip—1 + Oz,

and

[ J— *
i = (L, @i, ey Tig—1, T, -



We can then write x; = x} + r; where E [2/r;] = 0. Next, note that =} = zII where
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0
1=
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and, thus, we will have that

E[Zix;] = Ezx}] = E [z, 11

(2 ]

We can then conclude that F [z/x;] will be invertible if and only if E [z]z;] and II are of full rank.
The latter can only occur when 6 is different from zero (and, of course, if F [z/z;] is full rank,
but this is a minor point).

Using the analogy principle, the Instrumental Variables (IV) estimator is then

5
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It is important to note that the Al can never be tested. However, the rank condition condition
i.e. 8 £ 0 is testable.
Before we provide a general treatment of IV, we will work through the “classic” example of

endogeneity. Consider a simple supply and demand model given by

qf = Qo+ a1p; + U



and

q; = By + B1pi + Bazi + v

As we have already shown, market equilibrium implies that E [p;u;] # 0. However, provided
that Cov(z;, p;) # 0 and F [Z;u;] = 0, we can use z; as an instrument for the price in the demand
equation. To see how this can be done, define z; = (1,%;) and x; = (1,p;). We will then have

that
1 E [p;]

E [Z] E [pizz‘]

E [Zx;] =

(2

This matrix will have full rank provided that

|E [zizi| = E[pizi] — E[z] E [pi] = Cov(Zi, pi) # 0.

This is testable by regressing p; onto z; and a constant.
Sometimes, we call z; a supply-shifter because it shifts the supply curve while leaving the
demand curve alone. In actuality, supply-shifters are hard to come by. Some people might

argue that rainfall is a valid supply shifter.

1.2 General Treatment of 2 Stage Least Squares (2SLS)

Let’s consider 2SLS which is a more general case of the IV estimator that we discussed earlier.
The structural model is given by

yi = i3 + U,



where x; is a 1 x K vector. Let z; be a 1 x L vector which includes all of the exogenous elements
of x; plus any excluded exogenous variables that are not contained in z;. Note that this is
more general than the IV example discussed above because we are allowing for more excluded
exogenous variables than we have endogenous variables. In addition, to assuming A1, we will

also assume that

rankFE [zz]| = L (A2)

and

rankFE [zjx;] = K. (A3)

We will call A3 “the rank condition.” The other assumption A2 is a technicality that will almost
always hold. Note that a necessary condition for A3 to hold is that L > K which means that
we must have more excluded exogenous variables (i.e. variables that are in z; but in z;) than
we have endogenous variables. A general test of the rank condition is difficult. However, in
practice, researchers regress the endogenous elements of z; onto z; and check that the excluded
exogenous variables are significant by using an F-test.
The 2SLS estimator can be derived as follows. The “first stage” can be written as
v, = z I +r

~— =~
la K 1z LeK

where F [zlr;] = 0. We will call zf = zII. Note that

I1=E[Zz] " ElZz].

(2



2SLS uses x} as an instrument for x;. To see this, note that

Elzfw) = FEz](y; —x:8)| =0 =F [ﬁ,%’]_l Ela}'y].

3 (2

Our assumptions guarantee that E [2}z;] is full rank because

Elz¥z;) = WE 2] = E 22 B [2z] ' E [zlzi] .

(2

We will also have that

Ezl'y] = E[z,z] E [z;zi]fl E [zy;]
which then gives us that

B= (Bl Bleiz)" Blam]) Bl Bz Bl
We can estimate [ via

—1
n n -1 n n n -1 n
B o I, / I I / 1
2SLS — T,%; Z;% Z2;T; X;%; ZiZ ZYi-
i=1 i=1 i=1 i=1 i=1 i=1

If there are as many excluded exogenous variables in z; as there are endogenous variables in z;

then 2SLS is IV since

B =Elza] " B[z E vz Elxiz) Elez] Byl = B2z Elzy).



1.3 Asymptotic Properties of 2SLS

We will now show the 2SLS estimator is consistent and asymptotically normal. To see consis-

tency, note that

—1
n n -1y n n -1y
) ’ / ’ ’ / ’
Basrs = B+ g Tz g 2z E 2% g Tz E zz g 2
i=1 i=1 i=1 i=1 i=1 i=1

and that the second term will converge to zero in probability because E [z/u;] = 0. Thus, we
will have that 325 15 — B. The proof of asymptotic normality of 2SLS is just like the proof for
OLS and will follow from

%Zz;uz 4N (0, B [uizz]) -
i=1

If we are willing to further assume that
E [u}z}z] = 0°F [2]z] (A4)
where 0% = E [u?] then the limiting distribution of 2SLS will be given by
Vit (Baszs — 8) - N (0,0%(B [oz] El2jz) " Elai]) ).

We can calculate the standard errors via

n -1
~2 A~
o ;T

i=1



n
~2 - ~ ~ .
where 0° = 1% (yi - :Uﬁ) and 7; = z;w. This formula works because
K3

I n ~ _
=Y Tz = —Z’ZT Zdam B ' Edz)n = E[2lz] E 22 E 2]

since m = F [20z;] ' E [2lx;]. If assumption A4 fails so that there is heteroskedasticty, then we

(&) () (52)

to calculate the standard errors.

simply use

1.4 Weak Instruments

Unlike OLS, the rank condition plays a crucial role when employing instrumental variables. To
see this, we consider a simple regression with a single endogenous covariate denoted by z; and
one excluded IV denoted by z;. We have shown that the probability limit of the IV estimator

will be

Cov (uj, 2;)

phmﬁ[v = /8 + COU (I‘Z,Zz)

which contrasts with the probability limit of the OLS estimator

Cov (u;, ;)

lim By ¢ =
plim By =05+ Var ()

The problem here is that if Cov (x;, z;) is small then even small correlations between u; and z;
will get magnified. Because Var (z;) will always be bigger than Cov (z;, 2;), it may actually be

the case that OLS is less biased than IV when the instrument is weak.



Now, we consider the multivariate regression

Vi = By + Bzt + ... + Brwip +

where z; is a set of instruments. We can show that, under some homoskedasticity assumptions,

that the asymptotic variance of the 2SLS estimator will be given by

~2
o

AVar <Bk> ~ m

where SSRy, is the sum of squared residuals of a regression of Z;, = 27 onto (1,71, ..., Tir_1)-

Now, recall from the definition of R? that

SSRy, =TSSk(1 — R)

where T'SS, = i:l (5@;c — f_m) ’ and R? is the “R - squared” of a regression of Z;; onto (1, 1, ..., Tix_1)-
This calculation shows us two channels through which weak instruments will increase the
variance of the 2SLS estimator. The first is by reducing 7'SS;,. To see how this occurs, note
that because Z;; = z;7, a weak instrument will reduced the variability of z;;. In fact, if 7 = 0 so
that the instrument is as weak as possible, then there will be no variability in Z;;. The second
channel is that weak instruments will force R7 to be close to unity. To see this, suppose that

x;; is the only endogenous variable and that z; is the only instrument. If the instrument is very

weak then we will have that

T A O+ 011 + . Q1%



and, thus, a regression of Z;; onto (1,21, ..., T4_1) will yield an R? that will be very close to
unity.

The discussion, thus far, has suggested that weak instruments is a finite sample issue that
could, at least in principle, be corrected by larger sample sizes. To some extent, this is true if the
population matrix, F [z/z;], still has full rank, but just barely. However, what if the population
matrix does not have full rank, but in the sample the rank condition is barely satisfied? In this
scenario, weak instruments is a population issue.

To fix ideas, we will work through an example based on Staiger and Stock (1996). Consider
the simple model:

i =z + €

and

€T = ;T +;

where all of the variables are scalars. The second equation is a linear projection. We will allow
x; to be endogenous and we will assume that E [z;6;] = 0. Next, we will assume that © = %

This assumption allows the rank condition to barely pass in the sample, but implies that it will

fail in the population. We will always have that

)
|
=
I
R

10



Note that the rank condition will fail because

—Zzlxz = z + szzz — 0.

Next, note that

N (%izzxz) 2 4 —szzz = E |z

i=1

where a ~ N (0, E [v?2?]) and, thus, we will have that

LS

3—6:@; 4
L& EE+a
vm LAl

where b ~ N (0, F'[¢222]). This is a problematic result as it tells us that 2SLS is no longer \/n

consistent and, in fact, is not consistent at all!

1.5 Generated Regressors

We now consider the problem of generated regressors. Consider the model
Yi = xif + u

where x; = f(w;;0). The idea here is that we do not observe the x;’s, but that we have to
generate them by estimating §. Suppose that we have a \/n-consistent estimator of §. Assume
that we also have generated instruments for z; which are given by z; = ¢ (vi;/):) where ) is a

v/n-consistent estimator of A. We will assume that F [u;|v;] = 0.

11



We can estimate § via 2SLS:

Next, note that

yi = 2B+ (v — i) B+ w

and, thus, we will have that

Vi (5-5) = (a@a)l &'D

%Z? (i — 72) B+ ui
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%i%g (vi; A) u@] vn (X - )‘> +0p(1)

on () Op(1)

1 n
ﬁZz;uz + Op (1) .
=1

A similar calculation gives us that

%Z;:? (2 — 7)) B = —Gv/n (5 - 5) +0,(1)
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where G = F [(8® 2) Vs f (w;;6)]. If we assume that

Vi (5-6) = %iy (5) + 0,(1)

where F [r; (§)] = 0 then we will obtain that

n

3 ’ -1 v 1 ’ d
Vn (5 — ﬁ) =(C'DC) " C'D [ﬁ;(zlul —Gri (6))| +0,(1) = N(0,V)

where V = (C'"DC)"' C'DMDC (CDC")™" and M = Var(zju; — Gr; (9)).

A few points are worth mentioning. First, the fact that we had generated regressors is
picked up the term Gr; (0). Thus, if G is zero, then the generated regressors will not affect the
asymptotic properties of the estimator. However, they may impact the finite sample properties.
Next, the fact the parameter \ was estimated does not matter. Thus, generated instruments,

in contrast to generated regressors, will not impact the asymptotic properties of the procedure.

1.6 Testing for Endogeneity

Consider the model

Vil = 210 + Yirx + Uso.

Suppose that we have a vector of instruments that satisfies F' [zju;s] = 0 and that the vector z;
is a proper subset of z;. The regressor, y;2, may or may not be endogenous. It is important to
know whether or not this regressor is endogenous before we use IV since IV is inefficient when

compared to OLS.
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We write

Yio = 2T + V42

where F [z/v;s] = 0. Note that because the elements of z; are valid instruments, we will have

that y;2 is endogenous if and only if E [v;ou;s] # 0. We then write

Uiz = PUi2 + €;

where the residual is orthogonal to v,. Note that F [ze;] = 0 since E [z;u;] = F [zv2] = 0.
Thus, we can write

Vi1 = 210 + Yo + pUjo + €;

where ¢; is orthogonal to the regressors by construction. We can now test for whether or not y;-
is endogenous by testing Hy : p = 0. Be aware, however, that v;; cannot be observed directly
and must be generated and, so an adjustment to the standard errors will be necessary.

It is important to know what this test is and what it is not. The test says that, provided that
we have a vector of valid instruments, we can test for whether or not a regressor is exogenous. It
is important to note that the test requires valid instruments. The test does not tell us whether
or not our instruments are valid. In general, we can never know whether or not we have a
valid instrument. Some people may claim that overidentification tests allow us to see if our

instruments are valid, but as we will see this statement is a bit imprecise.
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1.7 Overidentification Tests

We consider the model

Yi = 2101 + Yi202 + Uit

where z;; is 1zL; and y;o is 12Gy.  Let z; = (251, 2;2) be a set of instruments where z;5 is 1219
and L = L; + L,. Assume that the model is overidentified so that L, > G;. The Hausman
Principle says that we should compare the 2SLS estimator using all of the instruments to the 2SLS
estimator that only uses a subset of the instruments. The idea is that if all of the instruments
are valid then the two estimators should be similar and, in the limit, the same. Let R? be the
R? from a regression of u;; onto z;. It turns out that if the instruments are valid and given a

homoskedasticity assumption that we will have

2 A 9
nR; ~ XLo—G4

where the degrees of freedom is given the number of overidentifying assumptions. The logic of
the overidentifying test is that if at least one of the extra IV’s is invalid then the tests will be
rejected. It is important to note that this test is a necessary, but not sufficient condition, for

the validity of a set of instruments.
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