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1.1 Introduction

In this section, we will discuss the use of instrumental variables as a solution to the endogeneity

problem. To motive matters, we consider the structural model given by

yi = β0 + β1xi1 + ...+ βkxik + ui

where E [uixi,j ] = 0 for j = 1, ..., k − 1. Note that we are now allowing for the possibility that

E [uixi,k] 6= 0 in which case OLS will not recover the structural parameters.

Suppose that we observe a variable zik which is not contained in the structural model that

satisfies

E [uizik] = 0 (A1)

and

xik = δ0 + δ1xi1 + ...+ δk−1xik−1 + θzik + rik for θ 6= 0. (A2’)

Assumption A1 states that zik is orthogonal to the error term in the structural model and

assumption A2’ states that zik and xik are correlated once we partial out the remaining covariates.

Also, we assume that the equation in A2’ is a linear projection so that rik is orthogonal to all of
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the right-hand side covariates. If we substitute A2’ into the structural model, then we obtain

yi = α0 + α1xi1 + ...+ αk−1xik−1 + λzik + υi

where αj ≡ βj + βkδj, λ ≡ βkθ and υi ≡ ui + βkri. We call this equation the reduced form of

the model.

Assumptions A1 and A2’ guarantee that the parameters of the model are identified. To see

this, we will write the structural model in its more compact form:

yi = xiβ + ui.

Next, we define zi ≡ (1, xi1, ..., xik−1, zik) and note that

E [z0iui] = 0⇔ E [z0i(yi − xiβ)] = 0⇔ β = E [z0ixi]
−1

E [z0iyi] .

We were able to take the inverse of E [z0ixi] because of Assumption A2’.

To better see this, define

x∗ik ≡ δ0 + δ1xi1 + ...+ δk−1xik−1 + θzik

and

x∗i ≡ (1, xi1, ..., xik−1, x∗ik) .
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We can then write xi = x∗i + ri where E [z0iri] = 0. Next, note that x
∗
i = ziΠ where

Π ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 . . . 0 δ0

0
. . .

...

...
. . .

...

... . . . 0 1 δk−1

0 . . . . . . 0 θ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and, thus, we will have that

E [z0ixi] = E [z0ix
∗
i ] = E [z0izi]Π.

We can then conclude that E [z0ixi] will be invertible if and only if E [z
0
izi] and Π are of full rank.

The latter can only occur when θ is different from zero (and, of course, if E [z0izi] is full rank,

but this is a minor point).

Using the analogy principle, the Instrumental Variables (IV) estimator is then

bβ = " nX
i=1

z0ixi

#−1 " nX
i=1

z0iyi

#
.

It is important to note that the A1 can never be tested. However, the rank condition condition

i.e. θ 6= 0 is testable.

Before we provide a general treatment of IV, we will work through the “classic” example of

endogeneity. Consider a simple supply and demand model given by

qdi = α0 + α1pi + ui
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and

qsi = β0 + β1pi + β2ezi + υi.

As we have already shown, market equilibrium implies that E [piui] 6= 0. However, provided

that Cov(ezi, pi) 6= 0 and E [eziui] = 0, we can use ezi as an instrument for the price in the demand
equation. To see how this can be done, define zi = (1, ezi) and xi = (1, pi). We will then have

that

E [z0ixi] =

⎡⎢⎢⎣ 1 E [pi]

E [ezi] E [piezi]
⎤⎥⎥⎦ .

This matrix will have full rank provided that

|E [z0ixi]| = E [piezi]− E [ezi]E [pi] = Cov(ezi, pi) 6= 0.
This is testable by regressing pi onto ezi and a constant.
Sometimes, we call ezi a supply-shifter because it shifts the supply curve while leaving the

demand curve alone. In actuality, supply-shifters are hard to come by. Some people might

argue that rainfall is a valid supply shifter.

1.2 General Treatment of 2 Stage Least Squares (2SLS)

Let’s consider 2SLS which is a more general case of the IV estimator that we discussed earlier.

The structural model is given by

yi = xiβ + ui
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where xi is a 1×K vector. Let zi be a 1×L vector which includes all of the exogenous elements

of xi plus any excluded exogenous variables that are not contained in xi. Note that this is

more general than the IV example discussed above because we are allowing for more excluded

exogenous variables than we have endogenous variables. In addition, to assuming A1, we will

also assume that

rankE [z0izi] = L (A2)

and

rankE [z0ixi] = K. (A3)

We will call A3 “the rank condition.” The other assumption A2 is a technicality that will almost

always hold. Note that a necessary condition for A3 to hold is that L ≥ K which means that

we must have more excluded exogenous variables (i.e. variables that are in zi but in xi) than

we have endogenous variables. A general test of the rank condition is difficult. However, in

practice, researchers regress the endogenous elements of xi onto zi and check that the excluded

exogenous variables are significant by using an F -test.

The 2SLS estimator can be derived as follows. The “first stage” can be written as

xi|{z}
1xK

= zi|{z}
1xL

Π|{z}
LxK

+ ri

where E [z0iri] = 0. We will call x
∗
i = ziΠ. Note that

Π = E [z0izi]
−1

E [z0ixi] .
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2SLS uses x∗i as an instrument for xi. To see this, note that

E [x∗0i ui] = E [x∗0i (yi − xiβ)] = 0⇔ β = E [x∗0i xi]
−1

E [x∗0i yi] .

Our assumptions guarantee that E [x∗0i xi] is full rank because

E [x∗0i xi] = Π0E [z0ixi] = E [x0izi]E [z
0
izi]

−1
E [z0ixi] .

We will also have that

E [x∗0i yi] = E [x0izi]E [z
0
izi]

−1
E [z0iyi]

which then gives us that

β =
³
E [x0izi]E [z

0
izi]

−1
E [z0ixi]

´−1
E [x0izi]E [z

0
izi]

−1
E [z0iyi] .

We can estimate β via

bβ2SLS =
⎛⎝ nX

i=1

x0izi

Ã
nX
i=1

z0iz

!−1 nX
i=1

z0ixi

⎞⎠−1 nX
i=1

x0izi

Ã
nX
i=1

z0iz

!−1 nX
i=1

z0iyi.

If there are as many excluded exogenous variables in zi as there are endogenous variables in xi

then 2SLS is IV since

β = E [z0ixi]
−1

E [z0izi]E [x
0
izi]

−1
E [x0izi]E [z

0
izi]

−1
E [z0iyi] = E [z0ixi]

−1
E [z0iyi] .
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1.3 Asymptotic Properties of 2SLS

We will now show the 2SLS estimator is consistent and asymptotically normal. To see consis-

tency, note that

bβ2SLS = β +

⎛⎝ nX
i=1

x0izi

Ã
nX
i=1

z0iz

!−1 nX
i=1

z0ixi

⎞⎠−1 nX
i=1

x0izi

Ã
nX
i=1

z0iz

!−1 nX
i=1

z0iui

and that the second term will converge to zero in probability because E [z0iui] = 0. Thus, we

will have that bβ2SLS p→ β. The proof of asymptotic normality of 2SLS is just like the proof for

OLS and will follow from

1√
n

nX
i=1

z0iui
d→ N

¡
0, E

£
u2i z

0
izi
¤¢
.

If we are willing to further assume that

E
£
u2i z

0
izi
¤
= σ2E [z0izi] (A4)

where σ2 = E [u2i ] then the limiting distribution of 2SLS will be given by

√
n
³bβ2SLS − β

´
d→ N

³
0, σ2(E [x0izi]E [z

0
izi]

−1
E [z0ixi])

−1
´
.

We can calculate the standard errors via

bσ2Ã nX
i=1

bx0ibxi
!−1
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where bσ2 ≡ 1
n

nP
i=1

³
yi − xibβ´2 and bxi = zibπ. This formula works because

1

n

nX
i=1

bx0ibxi = 1

n

nX
i=1

bπ0z0izibπ p→ π0E [z0izi]π = E [x0izi]E [z
0
izi]

−1
E [z0ixi]

since π = E [z0izi]
−1E [z0ixi]. If assumption A4 fails so that there is heteroskedasticty, then we

simply use Ã
nX
i=1

bx0ibxi
!−1Ã nX

i=1

bu2i bx0ibxi
!Ã

nX
i=1

bx0ibxi
!−1

to calculate the standard errors.

1.4 Weak Instruments

Unlike OLS, the rank condition plays a crucial role when employing instrumental variables. To

see this, we consider a simple regression with a single endogenous covariate denoted by xi and

one excluded IV denoted by zi. We have shown that the probability limit of the IV estimator

will be

p lim bβIV = β +
Cov (ui, zi)

Cov (xi, zi)

which contrasts with the probability limit of the OLS estimator

p lim bβOLS = β +
Cov (ui, xi)

V ar (xi)
.

The problem here is that if Cov (xi, zi) is small then even small correlations between ui and zi

will get magnified. Because V ar (xi) will always be bigger than Cov (xi, zi), it may actually be

the case that OLS is less biased than IV when the instrument is weak.
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Now, we consider the multivariate regression

yi = β0 + β1xi1 + ...+ βkxik + ui

where zi is a set of instruments. We can show that, under some homoskedasticity assumptions,

that the asymptotic variance of the 2SLS estimator will be given by

AV ar
³bβk´ ≈ bσ2

SSRk

where SSRk is the sum of squared residuals of a regression of bxik ≡ zibπ onto (1, bxi1, ..., bxik−1).
Now, recall from the definition of R2 that

SSRk = TSSk(1−R2k)

where TSSk ≡
nP
i=1

³bxik − bxik´2 andR2k is the “R - squared” of a regression of bxik onto (1, bxi1, ..., bxik−1).
This calculation shows us two channels through which weak instruments will increase the

variance of the 2SLS estimator. The first is by reducing TSSk. To see how this occurs, note

that because bxik ≡ zibπ, a weak instrument will reduced the variability of bxik. In fact, if π = 0 so
that the instrument is as weak as possible, then there will be no variability in bxik. The second
channel is that weak instruments will force R2k to be close to unity. To see this, suppose that

xik is the only endogenous variable and that zi is the only instrument. If the instrument is very

weak then we will have that

bxik ≈ bα0 + bα1xi1 + ...+ bak−1xik−1
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and, thus, a regression of bxik onto (1, xi1, ..., xik−1) will yield an R2 that will be very close to

unity.

The discussion, thus far, has suggested that weak instruments is a finite sample issue that

could, at least in principle, be corrected by larger sample sizes. To some extent, this is true if the

population matrix, E [z0ixi], still has full rank, but just barely. However, what if the population

matrix does not have full rank, but in the sample the rank condition is barely satisfied? In this

scenario, weak instruments is a population issue.

To fix ideas, we will work through an example based on Staiger and Stock (1996). Consider

the simple model:

yi = xiβ + εi

and

xi = ziπ + vi

where all of the variables are scalars. The second equation is a linear projection. We will allow

xi to be endogenous and we will assume that E [ziεi] = 0. Next, we will assume that π = 1√
n
.

This assumption allows the rank condition to barely pass in the sample, but implies that it will

fail in the population. We will always have that

bβ − β =

1
n

nP
i=1

εizi

1
n

nP
i=1

zixi

.
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Note that the rank condition will fail because

1

n

nX
i=1

zixi =
1√
n
z2i +

1

n

nX
i=1

vizi
p→ 0.

Next, note that

√
n

Ã
1

n

nX
i=1

zixi

!
= z2i +

1√
n

nX
i=1

vizi
d→ E

£
z2i
¤
+ a

where a ∼ N (0, E [v2i z
2
i ]) and, thus, we will have that

bβ − β =

1√
n

nP
i=1

εizi

1√
n

nP
i=1

zixi

d→ b

E [z2i ] + a

where b ∼ N (0, E [ε2i z
2
i ]). This is a problematic result as it tells us that 2SLS is no longer

√
n

consistent and, in fact, is not consistent at all!

1.5 Generated Regressors

We now consider the problem of generated regressors. Consider the model

yi = xiβ + ui

where xi = f(wi; δ). The idea here is that we do not observe the xi’s, but that we have to

generate them by estimating δ. Suppose that we have a
√
n-consistent estimator of δ. Assume

that we also have generated instruments for xi which are given by bzi = g
³
vi; bλ´ where bλ is a

√
n-consistent estimator of λ. We will assume that E [ui|vi] = 0.
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We can estimate β via 2SLS:

bβ =
⎡⎣ nX

i=1

bx0ibzi
Ã

nX
i=1

bz0ibzi
!−1 nX

i=1

bz0ibxi
⎤⎦−1 nX

i=1

bx0ibzi
Ã

nX
i=1

bz0ibzi
!−1 nX

i=1

bz0iyi.
Next, note that

yi = bxiβ + (xi − bxi)β + ui

and, thus, we will have that

√
n
³bβ − β

´
=
³ bC 0 bD bC´−1 bC 0 bD " 1√

n

nX
i=1

bz0i [(xi − bxi)β + ui]

#

where bC ≡ 1
n

nP
i=1

bz0ibxi and bD ≡ 1
n

nP
i=1

bz0ibzi. It turns out that bC p→ E [x0izi] and bD p→ E [z0izi] provided

that the functions f (.) and g (.) are well-behaved. A mean-value expansion yields

1√
n

nX
i=1

bz0iui =
1√
n

nX
i=1

z0iui +

"
1

n

nX
i=1

∇λg (vi;λ)ui

#
| {z }

op(1)

√
n
³bλ− λ

´
| {z }

Op(1)

+ op(1)

=
1√
n

nX
i=1

z0iui + op (1) .

A similar calculation gives us that

1√
n

nX
i=1

bz0i (xi − bxi) β = −G√n³bδ − δ
´
+ op(1)
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where G ≡ E
£
(β ⊗ zi)

0∇δf (wi; δ)
¤
. If we assume that

√
n
³bδ − δ

´
=

1√
n

nX
i=1

ri (δ) + op(1)

where E [ri (δ)] = 0 then we will obtain that

√
n
³bβ − β

´
= (C 0DC)

−1
C 0D

"
1√
n

nX
i=1

(z0iui −Gri (δ))

#
+ op (1)

d→ N (0, V )

where V ≡ (C 0DC)−1C 0DMDC (CDC 0)−1 and M ≡ V ar(z0iui −Gri (δ)).

A few points are worth mentioning. First, the fact that we had generated regressors is

picked up the term Gri (δ). Thus, if G is zero, then the generated regressors will not affect the

asymptotic properties of the estimator. However, they may impact the finite sample properties.

Next, the fact the parameter λ was estimated does not matter. Thus, generated instruments,

in contrast to generated regressors, will not impact the asymptotic properties of the procedure.

1.6 Testing for Endogeneity

Consider the model

yi1 = zi1δ + yi2α+ ui2.

Suppose that we have a vector of instruments that satisfies E [z0iui2] = 0 and that the vector zi1

is a proper subset of zi. The regressor, yi2, may or may not be endogenous. It is important to

know whether or not this regressor is endogenous before we use IV since IV is inefficient when

compared to OLS.
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We write

yi2 = ziπ + υi2

where E [z0iυi2] = 0. Note that because the elements of zi are valid instruments, we will have

that yi2 is endogenous if and only if E [υi2ui2] 6= 0. We then write

ui2 = ρυi2 + ei

where the residual is orthogonal to υi2. Note that E [ziei] = 0 since E [ziui2] = E [ziυi2] = 0.

Thus, we can write

yi1 = zi1δ + yi2α+ ρυi2 + ei

where ei is orthogonal to the regressors by construction. We can now test for whether or not yi2

is endogenous by testing H0 : ρ = 0. Be aware, however, that υi2 cannot be observed directly

and must be generated and, so an adjustment to the standard errors will be necessary.

It is important to know what this test is and what it is not. The test says that, provided that

we have a vector of valid instruments, we can test for whether or not a regressor is exogenous. It

is important to note that the test requires valid instruments. The test does not tell us whether

or not our instruments are valid. In general, we can never know whether or not we have a

valid instrument. Some people may claim that overidentification tests allow us to see if our

instruments are valid, but as we will see this statement is a bit imprecise.
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1.7 Overidentification Tests

We consider the model

yi = zi1δ1 + yi2δ2 + ui1

where zi1 is 1xL1 and yi2 is 1xG1. Let zi ≡ (zi1, zi2) be a set of instruments where zi2 is 1xL2

and L = L1 + L2. Assume that the model is overidentified so that L2 > G1. The Hausman

Principle says that we should compare the 2SLS estimator using all of the instruments to the 2SLS

estimator that only uses a subset of the instruments. The idea is that if all of the instruments

are valid then the two estimators should be similar and, in the limit, the same. Let R2u be the

R2 from a regression of bui1 onto zi. It turns out that if the instruments are valid and given a

homoskedasticity assumption that we will have

nR2u
A∼ χ2L2−G1

where the degrees of freedom is given the number of overidentifying assumptions. The logic of

the overidentifying test is that if at least one of the extra IV’s is invalid then the tests will be

rejected. It is important to note that this test is a necessary, but not sufficient condition, for

the validity of a set of instruments.

15


