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1.1 Multivariate Distributions

Let C be a sample space and X; and X, be functions such that X;(c¢) = z; and Xs(c) = .
We say that the pair (X;, X3) is a random vector where the space of (X7, X5) is given by

D= {(Z’l,ﬂig) X1 = Xl(c),xl = Xl(C),C € C}

Example 1 A coin is tossed 3 times. Define X to be the number of heads on the first two

tosses and Xs to be the number of heads on all three tosses. Then the sample space will be given
by

C={HHH,HHT,HTH,THH,HTT,THT,TTH, TTT}

and the random vector will induce the sample space

D ={(0,0),(0,1),(1,1),(1,2),(2,2),(2,3)}.

All of the intuition behind random variables will carry over to random vectors. For example,

the CDF of (X, X5) is given by

Fx,x,(z1,72) = P({ X1 <} N {Xy < 29}) .



If (X3, X3) is absolutely continuous then

T1 9
FXle(xlax2):/ / fxixo(t1, to)dt dty

where fx, x,(x1,22) is the PDF of the random vector. In addition, provided that the PDF is

continuous at (1, xs2), we will have that

82}7)(1)(2 (x1> $2>

8x1x2

= fX1X2 (xh x2)'

In addition, we will also have that [ [ fx,x,(x1,%2)dz1dzy = 1 where D is the support of the
D
random vector and that fx, x,(x1,z2) > 0.
So, how do we go from the joint distribution of (X, X5) to either the distribution of X or

X537 To do this, first note that

{Xl < l’l}:{Xl SZEl}ﬂ{—OO < Xy < OO}

= {Xl < 2,—00 < X2 < OO}
Consequently, we will have that
Fx,(x1) = P(X; <21,—00 < X3 < 00) = lim Fy, x, (71, 22).

To—00

Note that the last equality follows because the probability of a limit is the limit of a probability.



Next, note that for a discrete random vector, we will have that

Fx, (21) = Z Z P x, (w1, T2).

w1 <x1 —0o<T2 <00

We call px, (w1) = Y. px,x, (w1, z2) the marginal distribution of X; evaluated at w;.
—o0o<re<00

Example 2 Consider the following joint distribution for a discrete random vector

Xo\X1 12 3 p(Xy)

;] L 1 3 1
10 10 10 2
9 2 1 2 1
10 10 10 2

pX) % o5 3

Note that to obtain the marginal distribution of X1, we sum vertically over the support of Xy and

to obtain the marginal distribution of Xs, we sum horizontally over the support of X;.

The procedure to obtain marginal distributions is analogous for continuous random variables:

T o]
Fx, (1) :/ / Ix,x, (w1, x2)dwydzy

x1 00
= / / fX1X2 (U}l, .IQ)dQ?QdU)l.

The marginal distribution for X; is given by fx, (1) = ffooo fxix, (w1, xe)dxe. As a general rule,
we always integrate out the “one that we do not want” when calculating marginal distributions.
So, if we have a random vector (X,Y’) and if we want the marginal distribution of Y then we

will integrate out over the support of X.



Example 3 Consider

8r1xs for 0 < xy <9 < 1
f(xb 1‘2) =
0 otherwise

Then, we will have that

o) 00 1 xo
E[X1X32] = / / x1x§8x1x2dx1dx2:8// riridridr,
—00 J —00 0 0
1

8 8 8
= 5/0 xgdx2:§*

We can also define the expectation of a random vector X = (X1, Xs) as E[X| = (E[X], E[X3)).

21

=

1.2 Transformations

Now let’s think about how we would calculate the distribution of the transformation of a random

vector. To do this, we start with an example.

Example 4 Consider

1for0<zx,y<l1
flz,y) =

0 otherwise

Define z = x +vy. Then we will have that

0 for <0
[FfF dyde =% for0<z<1
F.(z) = 2
1—f21_1f21_xdydx:1—@ for1 <z<?2

1 for z > 2



and, so, we obtain that

z for0<z<1
fo(z) =

2—zfor1<z<2
Now, let’s generalize what we just did. Let (Xj, Xs) have a continuous PDF given by

fxyx, (21, z2) with support give by S. Define the one-one mapping

y o= W (1701, $2)

Y2 = U2($17 $2)

where the mapping is from S to T. Because the mapping is one-to-one, we can write that

xr1 = w1(y1,y2)

X9 = w2(y17y2)

and, so the Jacobian of this transformation is

Oz Oz

Oy1 Oy
J =

Oz Ozp

dy1 Oy

If we let A C S and B be the mapping of A, then we will have that

P((Yl,}/g) € B) = P((Xl,XQ) S A) = //leXQ(l’l,Ig)dl’ldlL‘Q

= //leXg(wl(ylay2)7w2<y17y2))|=]|dy1dy2-

B



Thus, we will have that

fY1Y2(y17y2) = fX1X2<w1(ylay2)uw2(y17y2))|J| for (?bez) eT.

Example 5 Now, let’s apply this theorem to the previous example. Define

Yi = Xi+X,

Y. = Xi—Xp

which tmplies that

1
X, = §(Y1+Y2)
1
Xo = §(Y1 - Y,).
So, we will have that
3 3 11 1
11 4 4 2
2 T2

Neaxt, let’s note the following set of inequalities

0 < 11 <],0<r<ls
1 1
0 < §(y1—|—y2)<1,0<§(y1—y2)<1(:>

1 < Yo, Y2 <2—y, Y <y, Y >y — 2.

The last two sets of inequalities defines T or the support of (Y1,Y2). The distribution of the
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transformation is then given by

% for (y1,y2) € T
fY1Y2<y17y2) - .

0 otherwise

We can now calculate the marginal distribution of Y1 as

o) T4, 3dya = for 0 <y <1
vi\Y1) =

27
fyl_ygl sdys =2 —y for1 <y <2

1.3 Conditional Distributions and Expectations

First, let’s consider the discrete case. Let (X7, X3) be discrete random variables. Then we will

have that

P(X =21, X = x9) B Px1x, (%1, T2)

P(Xy = 29| X1 = 1) = P(X=x1)  px,(x1)

This is the definition of the conditional distribution of X, given X;. Note conditional

distributions have the same properties as univariate distributions e.g.

pX1X2<x17x2) 1
Px,1x,(T2|T1) = = Px.x,(T1,22) = 1.
; 2 1( ‘ ) pxl(ﬂfl) pXK%)%,‘: ' 2( )

2

A similar discussion holds for when (Xi, X3) is continuous. In this scenario, we define the

conditional distribution as

le,Xz (Ih x2)

fxy (1) for fx,(z1) > 0.

fX2|X1 (£C2|l'1) =



It is also easy to show that the object integrates to unity. The main point to remember with
conditional distributions is that they will behave like marginal distributions when calculating

expectations and probabilities.

Example 6 Let X, and X5 have the PDF

2 for0<z; <xy3<1
f12($1;$2) =

0 otherwise

Then we will have that

This then gives us that

1
f2|1($2|$1) = fra(@1, 22) = forxz <wzy <1

fi(z1) (1 —a1)

which is a uniform distribution on [x1,1]. It is trivial to verify that this distribution integrates

to unity. We conclude this example with the following calculation

3
-

|

E [X2|X1 = —} - / 2 _dxy = 2/ Todry = 221 =1 —
1 2

1
2 %1—5 3

Example 7 Let X be uniformly distributed on [0,1]. First, draw X = z. Next, draw Y from

[z,1]. Let’s calculate the marginal distribution of Y. We start by noting that the conditional



distribition of Y given X = x is given by

1
frix(yle) = : forz <y <1.

— X

We can recover the joint distribution of (X,Y') by calculating

fxy(r,y) = frix(ylo) fx(z) =

1_xf0r0§:c§y§1.

Let’s verify that this s, indeed, a PDF:

1 pl 1ol 1
/ / Ixy(z,y)dydx = / / dydr = / de = 1.
0 Jz 7 0 Jo. 1—2x 0

The marginal distribution of Y can be recovered now via

fy(y):/oy ! dr =—-In(1—z)[g = —In(1 —y) for0 <y <1

11—z

An important result is the Law of Iterated Expectations.

Theorem 8 (Law of Iterated Expectations) E [E [X5|X;]] = E[X5]

Proof.

EX,] = //$2f($1,$2)d$1d$2://$2f2|1($2\$1)d$2fl(xl)dﬂﬁl

— /E (X2| X1 = x1] fi(z1)dzy = E [F [ X5]| X4]]



The Law of Iterated Expectations is not just important for econometrics and probability
theory, it is also important for economic theory. To see this, let’s work through an example
based on Deaton (1992). Our starting point is the Permanent Income Hypothesis which states
that agents will tend to save out of transitory income gains, but consume out of permanent gains.

One way of understanding this is through the equation

Z (1+7)" E(Ayeyl1y)
k=1

where s; is savings at time ¢, r is the interest rate, y; is income at time ¢ and [; is the agent’s
information set at time t. Essentally, what this equation states is that agents will tend to dissave
when they expect their incomes to rise in the future. Of course, a crucial issue is to understand
how both agents and the econometrician calculate expectations of future income. Typically, it
is assumed the two have the same information set. It is then assumed that income follows a
univariate stochastic process and then expectations are calculated accordingly.

Now, suppose that the econometrician does not know what the agent does. In particular,
the econometrician’s informations set is given by H; C I;,. If we assume that savings is observed
by the econometrician, we can take expectations of the equation above conditional on H; and

apply the Law of Iterated Expectations to obtain

Z (14+7)" E(Ayer|Hy)
k=1

A problem now arises in that we are (possibly) using savings to forcast future income, whereas

before we were assuming that income followed a univariate stochastic process which was both
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known to the agent and the econometrician. However, if income follows a univariate process
that is unkown to the econometrician, then savings may be informative of future income growth.
As pointed out by Deaton (1992), the realization that the econometrician knows less than the

agent raises the possibility that the econometrics may need to be done differently.

1.4 Correlation

Suppose that we want to summarize the relationship between X and Y. First, we consider the

following object:

ElX —p) (Y =)l = E[XY = Xy = Yy + pypio] = E[XY] = pypiy = oxy

where p; = F[X] and p, = E[Y]. We call oxy the covariance between X and Y. Next, we

define

OXy

O0x0y

to be the correlation between X and Y. Note the denomintor of the above object contains the
standard deviations of X and Y, not their variances. One of the properties of the correlation is
that its abolsute value is always less than or equal to unity. If p =1 (p = —1), then we say that

the random variables have a perfect positive (negative) correlation. If p = 0, then the random

11



variables are uncorrelated. To see why we must have that |p| < 1, consider

h(v) = E[(X —p) +v(Y =)’

= B[(X — ) +20(X — 1)) (Y — ) + 0* (Y — p1y)?]

2 2 2
= 0% +2voxy +voy.

Note that for all v, we must have that h(v) > 0. Accordingly, the above quadratic expression
can have at most one real root which means that its discriminant cannot be postive and, thus,

we will have that

2
UXY<
2 2 =

0x0y

(20xy)? —40%0% <0 &

1< |pl <1

Next, suppose that the expectation of Y given X = x is a linear function of X so that

EY|X =zx] =a+ bz.

Then it can easily be shown that

Oy OXy
a =y —buy andb:p;:U—Q.
X

Students may recognize that the expression for b looks a lot like the formula for the OLS estimate
of the slope parameter in a linear regression. In fact, b is the population analogue of the OLS

estimator.

Example 9 Let rg denote the returns of a stock and let r); denote the return on a broad market
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index. If we write

Elrslry] = a+ Bry

then we will have that

where p is the correlation between the two returns and og and oy are the variances of the returns

of the stock and the market index. Because |p| < 1, we will have that

os > |Bloum.

1.5 Independent Random Variables

We say that X; and X, are independent random variables if and only if f(z1,25) =
fi(x1) fo(z2) where fi(z1) and fo(zy) are the marginal distributions of X; and X5. One of
the implications of this definition is that the conditional distribution of a random variable will
be equal to its marginal distribution which is completely analogous to what we saw with proba-

bilities.

Example 10 Consider the joint distribution:

1t axy for0<z; <1,0<29<1
f(xhx?):

0 otherwise
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The marginal distribution of Xy is given by
! 1
fi(zy) = / (x1 4+ z2)dry = 21 + 3 for0 <z < 1.
0

The marginal distribution of Xy is the same. Since

[z, m2) # fi(21) f2(22)

we can conclude that these random variables are not independent.

As it turns out, if we can write f(x1,22) = g(x1)h(x2) for two functions ¢(.) and A(.) then X;
and X, are independent. Clearly, the converse of this statement is also true. In addition, we
will also have that two random variables are independent if and only if F'(x1, z2) = Fi(x1) Fy(z2).
The proof is straightforward, so we omit it. Finally, another useful result which is also trivial

to prove is that, for two independent random variables X; and X5, we will have that
Eu(X1)v(Xs)] = Elu(X1)]E[v(X2)].

Note that independent random variables always have zero correlation, but the reverse need not

be true which we illustrate in the following example.
Example 11 Let (X,Y) take on wvalues in {(0,0),(1,1),(1,0), (1, —1)} with equal probability.

Clearly, we will have that

oxy = E[XY] — E[X]E[Y]=0-2%0=0

> w
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and, thus, these random variables are uncorrelated. However, they are not independent as

P(X:()):i;éP(X:mY:l):O.
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