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Suppose that X has some distribution f(z;6) where 6 is an unknown parameter. For example,
we may have that f(z;0) = U—\}% exp (—%) where 6 = (u,0?). The question that we want
to focus on is how we can gain some idea of what f is given observations from the distribution of
X. Suppose that we observe an independently and identically distributed or i.:.d.sample from
f(z;0) which we will call (z1,...,z,). How can we estimate 6 given observation of (x1, ..., 2,)?

Now, suppose that we are interested in the mean and the variance of the distribution:

= E[X] = /xdF(m)
and
7 = E[(X =) = [ (2= 1) aP(a).

One of the most common estimation methods is to use the analogy principle or to replace the

above population moments with their sample analogues:

and

i=1

We now want to investigate the properties of our estimators.



1.1 Unbiasedness

Suppose that there is an unknown parameter ¢ that we want to estimate and suppose we have an
i.i.d sample, (z1, ..., x,), from some distribution f (x;6). Let 0= h(z1,...,z,) be some function
of the data that we are using to estimate . We call 0 a statistic. We say that 0 is an unbiased

estimator of 0 if £ [@] =4.

Example 1 Consider the sample mean T. This is an unbiased estimator because

Note that we used the fact that the x;’s have identical distributions, but did not use independence.

Example 2 Consider the sample variance s>. This is a biased estimator because

n
) s% is an unbiased estimator of o*. This is why we often use =55~ (v; —T)*
i=1

n

However, 3% = (==
n—1

to estimate the variance of a distribution. Also, note that we used the fact that the sample is

distributed both identically and independently.

1.2 Convergence in Probability

Let {X,,} be a sequence of random variables and let X be a random variable. We say that the

sequence {X,,} converges in probability to X if for all ¢ > 0 we have that

P(X,—X|>¢)—0
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or, equivalently, that

P(X, - X|<e) 1.

If X,, converges in probability to X then we say that

X, 5 X

Now, let’s consider the sample mean once again, T, as defined above. A very powerful result

is that the sample mean will converge in probability to the population mean or that
P
T = p.

This result is called the Weak Law of Large Numbers. To prove this, recall Chebyshev’s
Inequality which says that
1
P(IX = > ko) < 7.

Consequently, we will have that

p(\y_u\zg):p(ﬁ_ﬂ\z#*%)<"_ﬁo.

Another important result is that if X, 2 X and Y, Y then X, +Y, 2> X +Y. To see



why this statement is true, note the following:

P(X,+Y,—(X+Y)|>e) < P(|X, - X|+|Yo—-Y]|>¢)

< P(\Xn—X\ > %) +P(|Yn—Y] > g) 0.
Note that we used the triangle inequality for the first inequality which states that

(X + Y] < |X[+[Y].

Another important result which is trivial to prove is that for any constant a, we will have
that a X, 2, aX whenever X, X,

A result that we will get a lot of mileage out of is that for a continuous function g(.), we will
have that g (X,) 2 ¢(X) whenever X,, & X. We will prove this result for the special case in
which X is a constant a. The more general case can be found in a more advanced text. We
call this result the the continuous mapping theorem.

First, we choose € > 0. By continuity, we can produce some o > 0 such that
|t —al <d=|g(z)—g(a)| <e.
Then, we will have that

P(lg(Xn) —g(a)] 2 ¢) < P(| Xy —al 2 6) — 0.



Consequently, this theorem implies that if X, 2, & then we will have that X2 2, 42 and Xin 2, %
(provided that a # 0).
Another useful result is that if X,, = X and Y,, = Y then X,,Y, = XY. To see this, note
that
1 1 1 9 p 1 1 1

XY, =-X?4+-Y?-—(X,-Y, X242 Y?P (X -Y)? =XV
X T3V~ 5 S o3 5 )

Note that we employed the continuous mapping theorem in the calculation above.

1.3 Convergence in Distribution

The notion of convergence in probability is useful in that it tells us that as the sample size grows
a statistic “gets close” to a population parameter. However, it does not tell us how close. To
determine this, we will need to work with a new concept: convergence in distribution. This
concept will be necessary when we discuss the Central Limit Theorem.

Let {X,} be a sequence of random variables and let X be a random variable. Let the
respective CDF’s be given by F,, and F. We say that X,, converges in distribution to X if

lim F,(x) = F(x)

n—oo

for all points of continuity of F' (x). If X, converges in distribution to X, we say that X, 4 X,
It is important to bear in mind that convergence in distribution does not imply convergence

in probability. To see this, let X be a continuous random variable with a symmetric PDF around



0 so that f(z) = f(—=x). If we define the sequence,

X for n odd
X, =

—X for n even

then we will have that F,(z) = P (X,, < z) = P (X < z2) for n odd and

where the last step followed by symmetry. However, it should be obvious that X, does not
converge in probability to X.

One useful result that I will not prove is that if X, ~ t, then X, 5 N (0,1). If you recall
what you know of basic statistics, this is why we can use the z table rather than the t table when
the sample size is sufficiently large. So, really most of you have already been using asymptotic
approximations of finite sample distributions while not knowing it. Also, it turns out that the
sample size usually only needs to be larger than 30 observations which really is not that large.

This is a testament to the power of these asymptotic results.

Example 3 Let (X1,...,X,) be a random sample from a uniform distribution on the interval

[0,0]. DefineY,, = max (Xy, ..., X;,) and let Z,, =n(0 —Y,). Then, we will have that



Now, we were going to introduce a new concept. Consider a sequence {a, } and define

b, = sup{an,, apyi1, ...}

and

¢, = inf{a,, ani1,...} -

Clearly, the sequence {b,} is non-increasing and {c,} is non-decreasing. Next, we are going to
define

limb,, = limsup a,,

and

lim ¢, = liminf a,,.

The limit of a sequence may not always exist, but the lim sup and liminf of the sequences will
always exist. Clearly, if the sequence converges, then we will have that limsup and liminf are

the same. To illustrate, these concepts consider the following example.

Example 4 Define

1

This sequence does not converge, but we do have that

limsupz, =1



and that

liminf z,, = —1.
We will now use these concepts in the proof of the following theorem.

Theorem 5 If X, L, X then we will have that X, 4 x

Proof. First, note that

Fx,(z) = P(X,<z)=P{X, <z}n{|X,—-X|<e})+P{X, <z}n{|X,—X|>¢})

< P(X<z+4+e)+P(|X,—X|>¢).

Therefore, we will have that

limsup F, (z) < Fx(x +¢).

Similar reasoning gives us that

liminf Fy, () > Fx(z —¢).

Thus, we will have the following string of inequalities

Fx(z —¢) <liminf F, (z) < limsup Fx, (z) < Fx(z +¢)

Letting € go to zero, we will have that

lim F, (z) = F(x)



and the result is proven. m

Although, it is not true in general that convergence in distribution implies convergence in
probability, it is true that if a random variable converges in distribution to a constant then this

is equivalent to saying that this random variable converges in probability to a constant.

Theorem 6 If X, > X and Y, 2 0 then we will have that X,, + Y, > X.
Proof. We will bypass the formalities of limsup and liminf throughout this proof. Let € > 0

and choose z so that Fx(z) is continuous at z. First, note that

ImP (X, +Y,<z2) = lmP(X,+Y,<zn{Ya] <e})+lmP(X,+Y, <zn{|Y.| >¢})
= lmP (X, +Y, <zn{lY.] <e})

< lmP (X, <z+4¢)=Fx(z+e¢).

This calculation taken together with a similar calculation gives us that

Fx(z—¢)<limP (X, +Y, <2) < Fx(z+¢)

and if we let € tend to zero, the result obtains. m

Here are some other important results that we will not prove. First, if ¢(.) is a continuous
function, then we will have that g(X,,) KR g(X) whenever X, 4 X, Second, if X, 4 x A, D oa
and B, > b, then we will have that A, + B, X, AP +bX. This result is known as the Slutsky

Theorem.



Now, let’s assume that g(.) is a differentiable function and that
VN@© - 6) % N(0,0?).
Then, we will have that
9@ =g(0)+4 (6) (5 -0) +050'®) (7 - 0) i
for 6 between 0 and 0. Rearranging of terms gives us that

VN (g@ . (9)) — g (O)VN (@ - 9) 0.5 ?"(é)m (5 - 9)2 < N(0, 4 (8) 0% (8)).

J/

-~

20

This result is known as the delta method.

1.4 Central Limit Theorem

We have shown that if we observe a random sample (1, ..., z,,) where X; ~ N(u,0?) then

V@1 | N, ).
o
This result allows us to use the sample mean to make a statement about the population mean.
However, this result requires each observation of X; to have an exact Normal distribution. To
many students, this may appear to be a strong condition. As it turns out, even if the sample
does have an exact Normal distribution, the above condition will hold approximately. This
powerful result is known as the Central Limit Theorem.
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Theorem 7 Suppose that we observe an i.i.d. sample (z1,...,x,) such that E[X;] = p and

V (X;) = 0% Then, we will have that

@ A N(0,1)

<
I

Proof. Define M(t) = E [exp (tX)] for —h <t < h. Then we will have that

Elexp (H(X — )] = exp (—tp) M(t) = mft).

Note that

Next, we will take an expansion of m(t) around zero. Doing this, we obtain

" t2
m(t) = m(0) + m/(0)t + = (25)
where £ is between zero and t. Thus, we will have that
" t2 2t2 " 2 t2
m(t) =1+ = (25) :1+U2 + l(m <§)2 7) ]
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The next step is to calculate the MGF of Y, :

My, () = E lexp <t* %)} = b [exp (t* %)r - (ﬁ)"

But we know that
12 (m” (&) — o2)t2

() e e

and, thus, we can conclude that

My, (t) = (1 + % + ¢(n)>n

where P(n) = W Note that & is now between zero and ﬁ and, thus, we will have that

£ — 0 asn — oo. This then gives us that 1 (n) will go to zero as the sample size approaches

infinity.  Accordingly, we will have

My, (t) — exp (g)

which is the MGF for a Standard Normal random variable. m

We conclude with a simple example. Let X; ~ binomial(1,p). These are called Bernoulli

Trials. Suppose that we observe a random sample of size n. Then, we will have that
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and

o =p(1—p).

Define

Y,=X1+ ..+ X,

Then, we will have that

where p= 2. So, we will have that

Vi (B —p) ~ N (0,p(1 - p))

where 2 means approximately distributed. The delta-method then gives us that

Vi (B(1 =) —p(1 —p)) ~ N (0, (1 — 2p)*p(1 — p)) .
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