
Multiple Measurements - Multivariate Analysis

Many different variables measured on a set of samples or objects

Variables are often correlated, or vary together (covariance)

Multivariate techniques:
Descriptive and graphical
Model fitting and making inferences

Two Techniques
Principal Component Analysis
Cluster Analysis

Example: Apples

Variety Juicy Hard Sweet Acidic Bitter Zesty

Splendour 26.00 51.42 33.88 17.62 19.17 23.29

Granny Smith 36.21 57.00 27.37 31.50 16.21 44.88

Top Red 36.17 47.46 29.96 19.87 15.46 27.83

Celeste 26.29 22.13 30.08 21.58 5.71 21.54

Golden Delicious 22.00 18.50 38.96 9.17 9.33 14.96

Royal Gala 28.33 35.92 26.83 15.50 9.58 20.29

Fuji 37.88 50.46 41.58 16.75 8.25 33.42

Braeburn 43.04 59.37 25.96 41.58 7.33 43.96

Mean 31.99 42.78 31.83 21.70 11.38 28.77

Variance 53.38 242.28 33.72 104.16 23.78 122.53

Pairwise Correlations

Juicy Hard Sweet Acid Bitter Zesty

Juicy 1

Hard +0.81 1

Sweet -0.30 -0.28 1

Acid +076 +0.66 -0.65 1

Bitter -0.05 +0.46 -0.08 -0.06 1

Zesty +0.89 +0.84 -0.37 +0.87 +0.11 1
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Matrix Plots - plot all correlations separately

Principal Component Analysis

Convert the 6 original variables, Xi, into a new set of independent variables or principal
components, Yi

Principal component are linear combinations of original variables

Yi = ai1Xi1 + ai2Xi2 + ai3Xi3 + ai4Xi4 + ai5Xi5 + ai6Xi6 

Coefficients, aij, are selected so that:

- total variance of all variables is unchanged
- first principal component includes as much of the variance as possible
- second principal component is not correlated with first, and includes as much of the
remaining variance as possible
- each remaining principal component is not correlated with previous ones, and includes
as much of the remaining variance as possible

Number of principal components = number of original variables
If number of observations, n < number of variables, then number of components = n-1

Calculation method
Covariance matrix - if variables have similar scales
Correlation matrix - if variables have different scales, eg ht & wt

Resulting Principal Components

Component Eigenvalue
(Variance)

Proportion Cumulative %

PC1 455.46 0.785 78.5%

PC2 72.54 0.125 91.0%

PC3 32.63 0.056 96.6%

PC4 11.28 0.020 98.6%

PC5 5.96 0.010 99.6%

PC6 2.25 0.004 100.0%

Total 580.12
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Principal Component Coefficients

PC1 PC2 PC3 PC4 PC5 PC6

Juicy 0.31 -0.10 0.39 -0.54 -0.37 0.57

hard 0.69 0.56 -0.12 -0.24 0.28 -0.24

Sweet -0.12 0.35 0.69 0.37 0.42 0.26

Acidic 0.41 -0.59 -0.19 0.18 0.55 0.34

Bitter 0.06 0.40 -0.47 0.43 -0.28 0.59

Zesty 0.49 -0.21 0.30 0.55 -0.48 -0.30

Correlations with original variables

PC1 PC2 PC3 PC4 PC5 PC6

Juicy +0.90 -0.11 +0.31 -0.25 -0.12 +.012

hard +0.95 +0.31 -0.04 -0.05 +0.04 -0.02

Sweet -0.43 +0.52 +0.68 +0.21 +0.18 +0.07

Acidic +0.85 -0.49 -0.11 +0.06 +0.13 +0.05

Bitter +0.26 +0.70 -0.56 +0.30 -0.14 +0.18

Zesty +0.95 -0.16 +0.15 +0.17 -0.11 -0.04

Apple Variety Scores

Variety PC1 PC2 PC3 PC4 PC5 PC6

Splendour -0.03 12.81 -6.53 1.54 3.60 -0.09

Granny Smith 23.89 -1.14 -2.45 5.44 -3.19 -0.88

Top Red 3.76 4.48 -2.08 -3.13 -2.73 2.81

Celeste -19.77 -12.42 -0.45 0.84 0.67 0.10

Golden Delicious -32.74 -0.81 3.12 2.98 0.24 0.79

Royal Gala -12.11 -0.60 -4.60 -4.83 -1.49 -2.34

Fuji 6.07 7.91 11.98 -1.03 -0.02 -0.88

Braeburn 30.93 -10.23 1.01 -1.81 2.91 0.49

Mean 0 0 0 0 0 0

Variance 455.46 72.54 32.63 11.28 5.96 2.26
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Plot of apple varieties
Zesty
Juicy

Acidic Hard

Bitter

Sweet

Cluster Analysis

Group objects based on similarities/dissimilarities

For j variables, and objects r and s
Euclidean distance

Variety Juicy Hard Sweet Acidic Bitter Zesty Sum Sqrt
Sum

Splendour 26.00 51.42 33.88 17.62 19.17 23.29
Granny Smith 36.21 57.00 27.37 31.50 16.21 44.88

Diff -10.21 -5.58 6.51 -13.88 2.96 -21.59
Diff2 104.24 31.14 42.38 192.65 8.76 466.13 845.30 29.07

Top Red 36.17 47.46 29.96 19.87 15.46 27.83
Celeste 26.29 22.13 30.08 21.58 5.71 21.54
Golden

Delicious
22.00 18.50 38.96 9.17 9.33 14.96

Royal Gala 28.33 35.92 26.83 15.50 9.58 20.29
Fuji 37.88 50.46 41.58 16.75 8.25 33.42

Braeburn 43.04 59.37 25.96 41.58 7.33 43.96
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Dissimilarity Matrix
Splendour Granny

Smith
Top
Red

Celes
te

Golden
Delicious

Royal
Gala

Fuji Braeburn

Splendour 0
Granny

Smith 29.1 0
Top Red 13.2 22.9 0
Celeste 32.7 45.6 29.6 0
Golden

Delicious
36.9 57.1 37.9 17.9

0
Royal
Gala

20.0 37.6 17.7 16.1 23.6
0

Fuji 20.6 25.7 15.5 35.2 41.0 26.4 0
Braeburn 39.5 15.3 31.7 50.9 64.6 44.9 32.8 0

Dissimilarity Matrix Based on Correlations

1-r   for each pair measures dissimilarity

Hierarchical Clustering

Cluster varieties/groups based on
lowest distance - single linkage, nearest neighbor
average distance
greatest distance - complete linkage, farthest neighbor

Most similar = Splendour and Top Red, D = 13.2
Average distance Fuji to first cluster = 18.1

Splendour

Top Red

Fuji

13.2 18.1
Linkage Distance

Using single linkage
If maximum distance between clusters is set at 17, we get
Cluster 1: Braeburn. Granny Smith
Cluster 2: Golden Delicious
Cluster 3: Celeste, Royal Gala
Cluster 4: Fuji, Splendour, Top Red
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