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Abstract

We introduce a power allocation game in a four node
relay network which consists of two source and two desti-
nation nodes. The sources employ a time sharing protocol
such that in each discrete time instance one of the sources
communicates with its destination while the other source
aids this communication by acting as a relay. Each source
uses some portion of its limited power for its own transmis-
sion and uses the remaining portion to aid the other source.
The noncooperative solution, which is the Nash equilibrium
of the game where each source tries to maximize its own
rate, dictates each source to use all of its power for its own
use, i.e., no relaying. This results in an inferior sum rate
with respect to the optimum sum rate jointly maximized over
all possible power allocations. The main contribution of
this paper is to establish an upper bound on the worst-case
equilibrium efficiency (a.k.a. the price of anarchy), defined
as the ratio of the equilibrium sum rate to the optimal sum
rate for the worst channel conditions. More specifically,
we show that if the path loss coefficient is β > 0 and the
received signals are corrupted by additive white Gaussian
noise, then the worst case equilibrium efficiency is upper
bounded by (1/2)β . We also note that this upper bound can
be extended to relay networks with more than two sources.

1. Introduction

In the past years there was an increased need for higher
communication rates in all types of wireless networks.
Wireless ad-hoc networks consist of a number of termi-
nals or nodes, communicating with each other on a peer-
to-peer basis, without the assistance of wired networks or
planned infrastructure. In such systems, the communication
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between nodes might take place through several intermedi-
ate nodes. A limitation to wireless ad-hoc networks is that
for large networks the capacity per node is inversely propor-
tional to the square root of the total number of nodes and
hence goes to zero as the total number of nodes increases
[5]. A promising method to increase the network spectral
efficiency is the node cooperation [16, 17, 10, 11, 12, 9, 7]
by relaying [14, 15, 2, 6, 8]. The idea is that some nodes,
while not active can offer their resources to other nodes,
most often in their vicinity, and therefore helping them to
achieve better performance, i.e., better transmission rate. In
many situations it is not straightforward to “motivate” the
nodes to cooperate. In this paper we compare the overall
system performance when the nodes cooperate versus when
they do not cooperate. The goal of the system designer
might be to “encourage” the nodes to cooperate in order to
increase the total system efficiency. In this paper, we show
that there is significant room for performance improvement
by creating a cooperative network.

The remainder of this paper is organized as follows. Sec-
tion 2 describes the system model. Section 3 introduces
a power allocation game. Section 4 presents the problem
statement, whereas Section 5 presents the main result and
its proof. Finally, Section 6 contains some concluding re-
marks.

2. System Model

We begin by considering a four-node network shown in
Figure 1. The nodes 1 and 2, called the sources, are trying
to communicate with the nodes 3 and 4, called the destina-
tions, respectively; see [3]. We assume that the sources use
a time-sharing protocol to communicate with their destina-
tions. Certain windows of discrete time periods are devoted
to one of the sources, say source i ∈ {1, 2}, in which source
i tries to communicate with its destination while the other
source acts as a relay. We will denote the portion of the
time devoted to source 1 by τ1 ∈ (0, 1), which implies, the
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Figure 1. A four node network with two
source nodes and two destination nodes.

portion of the time devoted to source 2 is τ2 � 1 − τ1.
The average power per channel use is limited to Pi > 0 for
the source i. Each source i uses some portion ki ∈ [0, 1]
of its limited power to communicate with its own destina-
tion and uses the remaining portion k̄i � 1 − ki to act as a
relay to help the other source communicate with its destina-
tion. Therefore, the average power used by the source i for
its own transmission equals kiPi/τi, whereas the average
power used by the source i to help the other source equals
k̄iPi/τ̄i where τ̄i = 1 − τi.

In each period, we have a single relay channel whose var-
ious properties are discussed in [3, 2, 8]. The relay channel
that arises when source 2 helps source 1, called the first re-
lay channel, is described by

Y3[n] = h31X1[n] + h32X2[n] + Z3[n]
Y2[n] = h21X1[n] + Z2[n], (1)

whereas the relay channel that arises when source 1 helps
source 2, called the second relay channel, is described by

Y4[n] = h42X2[n] + h41X1[n] + Z4[n]
Y1[n] = h21X2[n] + Z1[n], (2)

where Xi[n] is the symbol transmitted by the source i at
time n, Yi[n] is the symbol received by node i at time n,
Zi[n] are additive white Gaussian noise with unit variance,
and hij are the channel coefficients. We will assume that the
magnitude of the channel coefficient satisfies |hij |2 = d−β

ij ,
where dij is the distance between the nodes i and j, and β
is the path loss coefficient [13]. The path loss coefficient β
takes values from 1.6 for confined line-of-site environments
(such as tunnels and corridors) up to 6 in obstructed indoor

environments. We will denote the capacity of the i−th relay
channel per channel use by

Ci

(
kiPi/τi, k̄−iP−i/τ̄−i

)
,

where we use the notation −i to refer to the source helping
the source i, e.g., k−1 = k2, k−2 = k1, and the dependence
of Ci on channel coefficients is suppressed.

3. A Power Allocation Game

We adopt a noncooperative game theoretic framework
[1, 4] in which each source is viewed as an autonomous
decision maker. Each source i decides the allocation ki of
its limited power between for its own use and for acting
as a relay for the other source −i. Each source i makes
its decision ki in order to optimize its own utility function
Ui(ki, k−i). We should emphasize that each source i in our
setting is noncooperative in the sense that it is interested in
selfishly optimizing its own utility function Ui. However, a
network designer would typically be interested in the opti-
mization of a network-level performance metric U(k1, k2),
for instance, the average network rate per channel use

U(k1, k2) =
∑

i∈{1,2}
τiCi

(
kiPi/τi, k̄−iP−i/τ̄−i

)
. (3)

Although chaotic behavior can emerge out of noncoopera-
tive interactions, it is also possible that a network-level per-
formance metric U(k1, k2) can be optimized through non-
cooperative players provided the individual utility functions
{Ui}i∈{1,2} are properly aligned with U(k1, k2). In fact,
our ultimate goal (which is beyond the scope of this paper)
is to carefully craft the individual utility functions in order
to optimize a network-level performance measure such as
the one given by (3)

Clearly, our viewpoint here deviates from that of di-
rect optimization. Rather, we seek the optimization of
a network-level objective through a set of autonomous
sources each of which pursues the optimization of its own
utility function [18]. The potential benefits of our au-
tonomous operation approach in a general relay network in-
clude: 1) sources do not always need to depend on a central-
ized coordinator which may not exist in certain applications
such as in ad-hoc networks, 2) the network (the number of
nodes, the location of nodes, etc.,) may change over time,
and our approach would provide a certain degree of adapt-
ability to such variations since each source is only interested
in optimizing its own utility function, 3) it would not re-
quire constant dissemination of information throughout the
network, 4) if it is used as a centralized optimization tool,
its computational burden would be quite light.



4. Problem Statement

The main question that will be addressed in this paper
is whether some seemingly reasonable utilities can lead to
efficient solutions. For this, we will first need to introduce
the concept of Nash equilibrium from the theory of non-
cooperative games. A profile of solutions k∗ = (k∗

1 , k∗
2)

constitutes a Nash equilibrium1 if

Ui(k∗
i , k∗

−i) = max
ki∈[0,1]

Ui(ki, k
∗
−i), ∀i ∈ {1, 2}.

In other words, no source has an incentive to unilaterally de-
viate from k∗, i.e., it is person-by-person optimal. Given the
individual utilities {Ui}i∈{1,2}, an equilibrium may or may
not exist, and when it exists it may or may not be unique.

In our context, we will expect that the sources will find
their way towards an equilibrium using a learning algorithm
[19]. An equilibrium will typically be inefficient with re-
spect to the network designers objective U , that is, an equi-
librium will typically not optimize U . A useful measure
of efficiency of an equilibrium k∗ with respect to U can be
given as

η(k∗) � U(k∗)
max(k1,k2)∈[0,1]2 U(k1, k2)

.

Now, an important consideration in designing the individual
utilities {Ui}i∈{1,2} is to make a resulting equilibrium k∗

efficient, i.e., η(k∗) = 1. Ideally, we would like all the
equilibria to be fully efficient; however, this may not always
be an easy task unless one obtains an optimal solution and
retrofits the individual utilities into the optimal solution.

In the next section, we will investigate the efficiency of
the unique equilibrium k̃ = (k̃1, k̃2) = (1, 1) of the game
characterized by the utilities

Ui(ki, k−i) = Ci

(
kiPi/τi, k̄−iP−i/τ̄−i

)
with respect to U given by (3). Note that, in this case, we
have U = τ1U1 + τ2U2, and therefore one may expect that
the average network rate would be optimized when each
source optimizes its own average rate. However, we will
show that the equilibria k̃ = (1, 1) could be quite ineffi-
cient. More precisely, we will show that the worst-case ef-
ficiency of the equilibrium k̃ = (1, 1) defined as

ηmin � inf
G

U(k̃)
max(k1,k2)∈[0,1]2 U(k1, k2)

, (4)

where G is the network geometry defined by

G =
{(

dij

)
: d21 > 0, d31 > 0, d42 > 0,

|d21 − d31| ≤ d32 ≤ d21 + d31,

|d21 − d42| ≤ d41 ≤ d21 + d42} ,

and U is given by (3), can be quite small.
1We will henceforth refer to a Nash equilibrium simply as an equilib-

rium.

5. Main Result

Without loss of generality, we assume P2 ≥ P1.

Proposition 1 For any fixed P2 ≥ P1 > 0, τ1 ∈ (0, 1), and
β > 0, the worst-case equilibrium efficiency ηmin defined
in (4) is upper bounded as

ηmin ≤ (ρ∗)β < (1/2)β ,

where ρ∗ is the unique solution to

P1ρ
−β = P1 + P2(1 − ρ)−β

on (0, 1).

Proof: At the unique equilibrium k̃ = (1, 1), both relay
channels reduce to regular point-to-point Gaussian chan-
nels. Therefore we have the average network rate at the
equilibrium k̃ as

U(1, 1) =
∑

i∈{1,2}
τiCi(Pi/τi, 0)

=
τ1

2
log

(
1 +

P1

τ1d
β
31

)

+
τ2

2
log

(
1 +

P2

τ2d
β
42

)
.

The capacity of a single relay channel is not readily avail-
able, thus we will use the following lower bounds on Ci

from [2, 8]:

Ci(kiPi/τi, k̄−iP−i/τi) ≥ CLB
i (kiPi/τi, k̄−iP−i/τi),

where

CLB
1 (k1P1/τ1, k̄2P2/τ1) =

1
2

max

{
min

{
log

(
1 +

k1P1

τ1d
β
21

)
,

log

(
1 +

k1P1

τ1d
β
31

+
k̄2P2

τ1d
β
32

)}
,

log


1 +

k1P1

τ1d
β
31

+
k1P1

τ1dβ
21

k̄2P2

τ1dβ
32

1 + k1P1

τ1dβ
21

+ k1P1

τ1dβ
31

+ k̄2P2

τ1dβ
32




 ,

and CLB
2 (k2P2/τ2, k̄1P1/τ2) is obtained by replacing the

indices 1, 2, 3 with 2, 1, 4, respectively, in the above expres-
sion (with d12 = d21). This leads to the following lower
bound ULB on U :

ULB(k1, k2) =
∑

i∈{1,2}
τiC

LB
i

(
kiPi/τi, k̄−iP−i/τi

)
,



which, in turn, leads to the following upper bound on ηmin:

ηmin ≤ inf
G

U(1, 1)
max(k1,k2)∈[0,1]2 ULB(k1, k2)

. (5)

Now, for fixed (d21, d31, d42), we observe that 1) U(1, 1)
is independent of (d32, d41), and 2) ULB(k1, k2) is nonin-
creasing in d32 and d41. This implies that, without loss of
generality, the inf in (5) can be taken over{(

dij

)
: d21 > 0, d31 > 0, d42 > 0,

|d21 − d31| = d32, |d21 − d42| = d41} ,

i.e., all four nodes are on a line.
We will further upper bound ηmin by fixing (d21, d31)

and letting d42 → ∞ (and hence d41 → ∞). This results in
C2, C

LB
2 → 0, and hence

ηmin ≤ inf
G1

C1(P1/τ1, 0)
max(k1,k2)∈[0,1]2 CLB

1 (k1P1/τ1, k̄2P2/τ1)
,

(6)
where G1 is the new geometry defined by

G1 = {(d21, d31, d32) : d21, d31 > 0, d32 = |d21 − d31|}.

The max in the denominator in (6) is clearly achieved by
(1, 0), therefore, we have

ηmin ≤ inf
G1

C1(P1/τ1, 0)
CLB

1 (P1/τ1, P2/τ1)
.

Since C1(P1/τ1, 0) does not depend on d21 or d32, we can
write

ηmin ≤ inf
d31>0

C1(P1/τ1, 0)
supG2(d31) CLB

1 (P1/τ1, P2/τ1)
, (7)

where

G2(d31) = {(d21, d32) : d21 > 0, d32 = |d21 − d31|}.

We now focus on the sup in the denominator in (7). First,
we claim that this sup must be achieved when d21 ≤ d31.
To see this, assume d21 ≥ d31. In this case, we have

CLB
1 (P1/τ1, P2/τ1) =

1
2

max

{
log

(
1 +

P1

τ1d
β
21

)
,

log


1 +

P1

τ1d
β
31

+
P1

τ1dβ
21

P2

τ1dβ
32

1 + P1

τ1dβ
21

+ P1

τ1dβ
31

+ P2

τ1dβ
32




 ,

which is nonincreasing in d21 on

{(d21, d32) : d21 ≥ d31, d32 = d21 − d31},

for fixed d31 > 0. This means that we can ignore the case
d21 > d31. In other words, the sup in the denominator in
(7) is achieved on

{(d21, d32) : d21 > 0, d32 = d31 − d21 ≥ 0}.
Let ρ ∈ [0, 1] be such that d21 = ρd31 and d32 = (1−ρ)d31.
Let ρ∗ be the unique solution to

P1ρ
−β = P1 + P2(1 − ρ)−β

on (0, 1). Note that, since P2 ≥ P1, we have ρ∗ < 1/2.
Next, we argue that the sup in the denominator in (7) is

achieved when ρ ≥ ρ∗. To see this, assume ρ ≤ ρ∗. It is
straightforward to see that if ρ ≤ ρ∗, then

CLB
1 (P1/τ1, P2/τ1) =

1
2

log

(
1 +

P1

τ1d
β
31

+
P2

τ1

(
(1 − ρ)d31

)β
)

,

which is nondecreasing in ρ. This means that we can ignore
the case ρ < ρ∗. Therefore, the sup in the denominator in
(7) is achieved on

{(d21, d32) : d21 = ρd31, d32 = (1 − ρ)d31, ρ ∈ [ρ∗, 1]}.
It follows that, for fixed d31 > 0, we have

sup
G2(d31)

CLB
1 (P1/τ1, P2/τ1) =

sup
ρ∈[ρ∗,1]

1
2

log

(
1 +

1

τ1d
β
31

max
{

P1

ρβ
, P1 +

P1
ρβ

P2
(1−ρ)β

τ1d
β
31 + P1

ρβ + P1 + P2
(1−ρ)β

})
.

By ignoring the second term inside the max above, we ob-
tain

sup
G2(d31)

CLB
1 (P1/τ1, P2/τ1) ≥

1
2

log

(
1 +

P1

τ1d
β
31

1
(ρ∗)β

)
. (8)

Finally, this implies

ηmin ≤ inf
d31>0

log
(
1 + P1

τ1dβ
31

)
log
(
1 + P1

τ1dβ
31

1
(ρ∗)β

)
= (ρ∗)β ,

where the equality above follows from the fact that the
term to which the inf is applied is nonincreasing in d31 on
(0,∞). Recalling that ρ∗ < 1/2 concludes the proof.
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Remark 1 As P2/P1 increases, the solution ρ∗ to

P1ρ
−β = P1 + P2(1 − ρ)−β

on (0, 1) decreases, and consequently the upper bound
(ρ∗)β on the worst-case equilibrium efficiency ηmin be-
comes significantly sharper than (1/2)β .

Remark 2 In developing our upper bound (ρ∗)β , we over-
estimated the right-hand-side of

ηmin ≤ inf
G

U(1, 1)
max(k1,k2)∈[0,1]2 ULB(k1, k2)

on two occasions. First, we first let d42 → ∞ for fixed d21,
d31 to obtain (6). This is intuitively appealing because, as
d42, d41 → ∞, the source 2 totally wastes all of its power
at the equilibrium k̃ = (1, 1), whereas the optimum solu-
tion (1, 0) requires the source 2 use all of its power to help
the source 1. We feel that this overestimation cannot be im-
proved although a proof for this is lacking at the moment.

Second, we introduced the underestimation

sup
G2(d31)

CLB
1 (P1/τ1, P2/τ1) ≥

1
2

log

(
1 +

P1

τ1d
β
31

1
(ρ∗)β

)

in (8). Although this underestimation may be strict, it can-
not be improved significantly because

sup
G2(d31)

CLB
1 (P1/τ1, P2/τ1) ≤

1
2

log

(
1 +

P1

τ1d
β
31

(
1 +

1
(ρ∗)β

))
.

Remark 3 Our main result can be extended to general re-
lay networks with n sources and n destinations. Here, each
source uses some of its limited power for its own commu-
nication, and uses its remaining power to act as a relay for
one other source. The sources use a time-sharing protocol,
and consequently a single relay channel arises in each pe-
riod. Let ri be the source acting as a relay for source i.
Assume that the ratio Pri

/Pi ≥ 1 is the greatest among all
of the sources. We can upper bound the worst-case equilib-
rium efficiency by letting the distance between each source
and its destination tend to ∞ except for the source i and
its destination di. This effectively eliminates all the relay
channels except the i−th one. Following along similar lines
as in the proof of Proposition 1, one can obtain a similar
upper bound ρ∗β on the worst-case equilibrium efficiency
where ρ∗ < 1/2 is the unique solution to

Piρ
−β = Pi + Pri

(1 − ρ)−β

on (0, 1).

6. Conclusion

We introduced a power allocation game in a four node
relay network where each source decides on its power al-
location in order to optimize its own rate. We showed that
the equilibrium emerging from such a noncooperative set-
ting may lead to a significantly inferior sum rate compared
to the optimal sum rate. Our main message is that, in a gen-
eral relay network in which it is not feasible to require the
sources to jointly maximize the sum rate, the sources should
not (be allowed to) maximize their own individual rates, but
rather they should optimize some carefully designed “utility
functions” leading to a reasonably high sum rate. Designing
such utility functions is a challenging future research topic.
Other future research topics are to establish reasonably tight
lower bounds on the worst-case equilibrium efficiency and
to extend our results from an average-case point of view.

References
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