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Abstract

This paper studies decentralized control of uncertain systems. The class of systems focused on is a set of stochastic
strict-feedback systems which interact through their outputs, and performance is measured with respect to a risk sensitive
cost criterion. The unknown nonlinear interconnection terms are assumed to be bounded by some known functions of the
outputs of the subsystems, multiplied by some unknown parameters. The controllers designed for each subsystem have access
only to the information available with regard to the respective subsystem, and they achieve an arbitrarily small value for the
risk-sensitive cost for the overall system. Under this completely decentralized control scheme, all closed-loop signals remain

bounded in probability.
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1. Introduction

A recent trend has been the design of feedback con-
trol laws to achieve stabilization or tracking for uncer-
tain nonlinear systems where the additive uncertainty
is assumed to be random. In the literature, the most
common mathematical model used for such systems
consists of a set of stochastic differential equations in-
terpreted in the It0 sense; see [14]. Simply, because
of the extra quadratic variation terms resulting from
the It6 differentiation rule (see [13]), a control law
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designed for a deterministic system does not lead to
a satisfactory solution to the corresponding stochastic
control problem. Moreover, different notions of stabil-
ity and performance indices need to be used to deter-
mine the usefulness of the feedback controllers in a
stochastic setup. The most natural stochastic counter-
parts of the “deterministic” concepts such as bounded-
ness and (asymptotic) stability can be found in [11],
whereas a more recent concept “noise-to-state stabil-
ity”, where the word “noise” refers to the intensity of
the additive random noise, can be found in the recent
book [12], which has several chapters on stabilization
of stochastic nonlinear systems. Again, in the context
of noise-to-state stability, the papers [3,4] have de-
veloped adaptive controllers, equipped with state and
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output information respectively, for stochastic strict
feedback systems, where the adaptive nature of the
controllers is related to the unknown intensity of the
additive random disturbances. A more relevant con-
cept to our work, however, is “risk sensitive cost cri-
terion” in which not only the mean value but also the
variance of an integral cost is penalized; see [16] in
the linear context, and [5—7] in the nonlinear context.
The rigorous investigation of the risk-sensitive index
presented in [5] revealed that for a nonlinear system
the H, and H,, norms can be recovered as the small
risk and the small noise limits (respectively) of the
risk sensitive index. Finally, we cite [1,2,15] as the
background references that have presented control de-
sign schemes for strict feedback systems perturbed by
random disturbances, that result in closed-loop signals
achieving an arbitrarily small average risk sensitive
cost. Nevertheless, to the best of our knowledge, the
issue of decentralized adaptive control of a set of non-
linear systems in the face of additive random distur-
bances has not been studied heretofore.

In this paper, we study the problem of decentral-
ized adaptive control of a set of interacting uncertain
strict-feedback systems motivated by applications
such as power systems. A pertinent reference for this
topic is [9], where the authors solve the problem of
decentralized H,, almost disturbance decoupling for
a class of large-scale nonlinear uncertain systems
under the assumption that the uncertain time-varying
interconnections are bounded by known nonlinear
functions. Our approach, in this paper, is to model
the uncertainty in the interactions between the sub-
systems as linearly parameterized uncertainty, and to
construct a set of adaptive controllers, each of which
having access to the information available in each
subsystem, such that the overall system maintains
an arbitrarily small average-risk sensitive cost in the
presence of random disturbances. This also consti-
tutes a robust version (with respect to the random
external disturbances) of the decentralized design
presented in the related work [10].

We should also point out that this paper tackles a
stochastic nonlinear adaptive control problem under
a risk-sensitive cost criterion. Therefore, an optimum
risk-sensitive controller where the cost function con-
tains a priori fixed weights on the states and the con-
trol action seems to be quite difficult to obtain. The
approach taken in this paper leads to suboptimal yet

computable finite-dimensional controllers. The design
procedure offers substantial flexibility in choosing the
weights on the state variables. However, no cost on
the control action is imposed, and as a result the pro-
posed controller could be a high-gain controller, par-
ticularly when the performance specifications on state
variables are tight. Therefore, the design parameters
should be picked judiciously to trade off between a
good transient response of the states and the control
action.

2. Problem formulation

We consider a set of N nonlinear strict-feedback
systems where the behavior of the ith subsys-
tem is governed by the following Ito differential
equations:

dx;; = [xij+1 + fi(xi, ., x5) + gij(Vis..., yy)] de

+h;'l}(yla---)yN)dW, 1<]<n1_1,

dxin, = [bi(xi1, - s Xin i + fin,(Xits -+ <3 Xin,)

+gin;(J’I’-~a)’N)]dt+hiTn[(J’1,-~-a)/N)dW>

Yi = Xi1, (1)

where x; := [x;1,... ,xim]T is the n;-dimensional state
vector, u; is the scalar control input, y; is the scalar
output, w is the #9 valued standard Wiener process,
and the initial condition x;(0) is fixed. The nonlinear
functions f;;, A, b;, and 1/b; are known and suffi-
ciently smooth, whereas the nonlinear functions g;; are
unknown, but still sufficiently smooth. Furthermore,
these nonlinear functions will be assumed to satisfy
the following assumptions.

Assumption 1. For each i€ {l,...,N}, and each
j€{l,...,n;}, there exist a scalar unknown parameter
0; = 0 which satisfies 0> < N; for some known con-
stant N; > 0, and known sufficiently smooth functions
Giji(y1), I =1,...,N, such that

N
T+ yllGijl(yl)‘| ,

=1

|gij(yla~~~ayN)| < Hi

V31, ov) ERN.
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Assumption 2. For each i€ {l,...,N}, and each
j€{l,...,n;}, there exist known sufficiently smooth
functions H;j;(y;), [ =1,...,N, such that

N

i1 I <Y VT Hi (),
=1

Yrs..., vn) € AV

In the next section, we will study the problem of
picking the control inputs u;, where u; has access to the
information available in the ith subsystem only, such
that the closed-loop signals remain bounded in prob-
ability and the following risk-sensitive performance
inequality holds:

2
limsup — InE
T—o0 ,LlT

T N
Xexp [’2‘ /0 S D7+ Ltx)lde| <R (2)
i=1

where u > 0 is an arbitrary risk-sensitivity parame-
ter, R > 0 is an arbitrary constant representing the
average risk-sensitive cost, and /;(#,x;) = 0 are some
weight functions. The weight functions /;(¢,x;) cannot
be picked in an arbitrary manner; however, the con-
trol design procedure presented in the next section still
gives us a great degree of freedom in the construction
of these weight functions.

3. Controller design
We begin with the following assumption.

Assumption 3. Foreachie€{l,...,N}, the state vari-
ables x;1(?), ..., X, (¢), which are assumed to exist, are
available to the controller u;.

We then continue with the controller design by ap-
plying the backstepping technique on the ith subsys-
tem, where i € {1,...,N}.

Step i1: We introduce the first transformed variable
zj1 as z;1 = x;; whose Ito differential satisfies

dz;i = (xp + fon +gn)dt + hl} dw,

where we again use the over-bar symbol to denote
the equivalents of the functions in terms of the trans-
formed variables. We then introduce the positive def-

inite function V;; as V; := z + i3, where i :=
0? — ;1 and #; is generated by

i = [(N/2 4 n/R)zj; — mya (17 )in] de
=:0i1(zi1, i) dt

with some arbitrary initial condition #;;(0), where n=
S°¥  n;. The function myz is defined as my: (1) =
m(i7% /N}—1), where the increasing switching function
m(p): 2 — [0, 1] is sufficiently smooth and satisfies
m(p) =0 for p <0, and m(p) =1 for p > 1. The It6
differential of V;; is computed as

dVii =2za[(x2 + [ 11 + gn) di + k) dw]
+ |hi1 ‘2 dr — 21’7,‘]5,‘1 dr. (3)

By invoking Assumptions 1 and 2 and using Young’s
inequality, we derive the following bounds for various
terms in (3):

N
2z0gn < zpOF(N +2n/R)+ Y 2GR, + R/(2n),
=1

2,24 N
nu 2 _ N 4 772
7|0'i1| < 4' +§ znHjy,
I=1

—2ij161 < — it (N + 2n/R)z}; — myp2 ()7

where ;1 := 2z;h;;. By employing these bounds in
(3), we obtain

dVir < 2za(xi2 + f i+ (N + 20/R)zinflin /2
12 P2 NJ8) di — maa )T dt

N
+Z (210G} + 20 HAy + 27 Higl de + oy dw
=1

_% |oi |* dt + (R/2n) dt. 4)

We now pick the desired value «;; of x;» as

n 7z N + 2n/R)z;11);
o1(zit, Nin) = —f i — %
N (B ki D
8 2 )
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where f;1(zi1,1;1) >0 is a design function, and
Ki(z;1) > 0 is a function that will be specified later to
cancel out the effects of the interaction terms g,; and
h;j. We then define the second transformed variable z;»
as zjp 1= X — o;1. Rewriting (4) in terms of z;; yields

AV < Rzaza — (B + K+ 1)zf — myye(7)ii7] dt
N
+Z (211G} + 2 Hay + 21 Hi ] de
=1
T np 2
+o; dw — e loi1|®dt + (R/2n)dt, (5)

which completes the first step.
Step ik (k=2,...,n;—1): We assume the following
structure from the previous step:

Zj1 = X1, ij = Xij — % j— l(é/l] I) j:2a~~~,ka
(ij = [Zils'"sZijaﬁilz---’ﬁij]Ty ]: ls"'ak - ls
dz;; = [Zi,m + 04j(Ciy) + rij(Gij—1,217)
J
+Z Pijm(Ci,jl)gim] dr
m=1
J
+Zsijm((:i,j71)h;£n dw
m=1
+ Z tijmg(Cij1 Vi hiq A2,
mg€e{l,..j—1}
j=1L...,k—1
iy =07 — iy, dify; = 0;(Li ) dt,
with some arbitrary #7(0),
j=1...,k—1
= ) C_
Vii=Ei(lij—1)zi; + 15 J=1...k—1,

where Z;; := 1, and
Ei(lij-1), j=2,...

are some smooth functions,

ak_la

AV < Rznzi — (B + K+ Dzh — mypa(ii? )ii?] de

N
+Z [z1,G3, + zh Hi + 23 Hyyl dt
=1

ol dw — % loi1 [ dt + (R/2n) dt,

_ - 2
dVy < [28jzyzi 41 — 25 j-1Zi 12 — ﬁijZ,-j

—ma ()1 dt

n
+0[Tj dw — T,u || dt

R j N
—dt 2 G2+ 3jNz) 2]ds,
+I’l +mz::llz:;[zll tml+ JINZ [y tml/]

j=1...,k—1
From this, we can compute the It6 differential of z;; as

k
dzip = |Xig41 + 7k + Z DikmGim | dt

m=1

+Z s,kmh dw

m=1
S gl e,
mqe{l,..k—1}
where
: Ot
r[k(Ci,k—laZ[k) = fik § Oz (szJrl + o + rlj)
=1
aalk 1
- ~ l]7
j=1 6 Mij
Zﬁ O k—1
pikm(Ci,kfl)::_ 6 pljma m = ls"'sk_ 13
Jj=m l-/
Dikk =1,
L o
ik—1
Sikm((i,k—l) = QA Sijm, M= L...,k—1,
" 62,']‘
J=m
Sk = 1,
k—1

Z aOfi,k—l t
Oz: ijmgq

Jj=max{m+1,g+1} Y

tikmq(Ci,k—] ) =
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it (Cik—1,Zik ) 2= 2 ik lifong
k-1 _
6:,»k

k—=1k—1
0 Ol ke—1
+Zik E = tijmg
52,-_,-

E E Sl imSil
aZU 2 9>
j=max{m+1,g+1}

j =m |=
k—1k—1 ,\2,_.

k).
~2
Zik 0" Zik
+ § § Sz imSil
aZ ] q
m l=q

m,qg€e{l,...,
We introduce the function Vi, := Ejz;, +173, where
fi = 07 — fy and
R
Ei(lik—1) = . (6)
R+”an,qe{1,.4.,k} ikm® ikq —1 o= "
=
The signal 7j; is generated by d#j; =0 ({i ) d¢, with +2Sikom 0z 0z S
some arbitrary initial condition #;(0), and the function =
i« (Cir) will be specified shortly. We calculate the 1t6 m,qe{l,....k}.
differential of Vj;, as
r By invoking Assumptions 1 and 2 and using Young’s
AV = 2Bz (Xiprs + my ) dt + 2 kz DimGim dt 1nequa.11ty, we obtain the following bounds for various
o terms in (7)
k K 2 02(N + 2n/R)
+Zikzsvikmh};n dw Zlkzptkmglm < Sk 4 Z Pitm
m= m=1 m=1
kN
kDL unghiyhi dt +3° 5" 262, + RI(2n)
mge{l,..k}
m=1 [=1
+Eu Z Sikmsikqh};nhiq dr %|G |2 _ n2”22;4k Z v2 v2
mge{l...k} 4 ikl = 32 SikmSikq
. mg€q{l,..k}
=27 O dt, (7
kN kK N
4 772
where 7 z:l IZI:ZnHimla
m=1 1=
ik (Cik—1,Zik)
2
_ ¥2
Zik a:zk Zik Z Fikmg i i Ek Z Likmg
=rit + 25, (Zz/+1 + oy + 73)) mge{l,..k} mge{l,..k}
j=1
kN
. it DS ST
4k i i, me{l,.k} 1€{1,..N}
28y = onij
k=1 o ik Z SitmSikgMimhiq
- ik
Ditn(Cik—1,Zik ) = 2Z ik Pitkm + Zikz ﬁpij‘m’ mg€{lk}
jem _R kN
Lk Swtz 2. 2. i
me{l,..k} 1€{1,..N}
02y e
S (Cox120) = 2B + it Z : L3 where gy Zik > omhim. From these bounds and
o CZij (7), we can write
dVie < 28izin(Xiks1 + My ) dt
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N + 2n/R
20 MZ 2ol
R
+a§dw_%\gik|2dt+—dt
n

k N
+3 N 4G 3Nz HE 21 (8)

m=1 =1

where

.. ZiNik(N + 2n/R
i (Cie ) i = mye + Zufiu(N +2n/R) Z Dikon

8%
ik el
2,23
+n HZi Z 2 P
6 451‘/( SikmS ikq
mge{l...k}
Zik %)
+4’:. Z Litmg:
=ik mg€eq{l,..k}

We now set

(N +2n/R) A
O (L) 1= uzpm mz ()i

ok (Cin) := —nir — Pirzie/ QEi) — Eik—1zik—1/Zik,

Zik+1 = Xik4+1 — Uik, 9)

where (L) > 0 is a design function. From (8) and
(9), we can finally write

dVlk [2‘—‘1kzlkzt k+1 — 2*—‘1 k—1Zi,k—1Zik
2 ~2 N\ ~D T
—Pizie — man2 (T 1 At + oy dw

R
—%|aik|2dt+—dt
n

kN
+ZZ[211 Giy + 3kNz) Hyy /2] di.

m=1 [=1

This completes the kth step. Since all of the relevant
definitions and results of Step ik are consistent with the
induction hypothesis, we conclude that the induction
hypothesis holds true Vk € {1,...,n; — 1}.

Step in;: The results of Step £ hold true also for
k =n; if x; 1 is defined as x; .41 = b;u;, where u;
is the actual control input for the ith subsystem. We
pick the actual control input u; as

i = % (Lin )/ B(Ciny )» (10)

where the desired value o;,, of x;,,.1 is obtained by
setting k = n; in (9). The control input (10) renders
the 1t differential of Vj,, = 5,25, + iz, , where Zj,
is obtained by setting k = n; in (6), as

dVip, <[

- 2Ei,n,-—lzi,n,-—lzin,
2 ~2 N\ ~2 T
*ﬁinizin,‘ - m4]\/,.2('7inf )nin,-] dr + Oip, dw

R
I G 2 e+ S de
4 n

n; N
+> 3 201Gy + 3Nz H, /2] d.

m=1 =1

To obtain a risk-sensitive performance inequality
for the overall system, we define a positive definite
function V as

N
V=) V.
i=1 j=1

From the results of Steps ik and in;, we conclude
that the It6 differential of ' satisfies

i=1 k=1

—Birzi, dt — mypp (575, dt

+op dw — % o] dt}

N N
—Z Z2 dt — Z Kz3 dt
i=1 I=1

N N
"'22%1 Z (G, + zi HA, + Hin] dt

N N k

% D IH

i=1 k=2 m=1

N
ﬂdr. (11)
n

F3kNZ, H2y /20 dE+ S (i
i=1
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To cancel out the terms in (11) which are due to
the interactions between the subsystems, we pick the
functions k; as

N
kizn) =Y (G + 2 Hi, + Hiull

i=1

N k
+3° 551G, + 3kNZ HE 21,

i=1 k=2 m=1

With this choice of k;, we write the following from

(11):

N
dV < =) [z + L)1 de + 0" dw
i=1

—% lo|>dt + R dt,

where

Li(lin) ==Y _ [Buzk + manz (i3 ).
k=1

o= Y ou (12)

We note that the cost functions L; come as a byprod-
uct of the controller design, and hence we do not have
complete freedom in their selection. However, since
the design functions f3; are at our disposal, we still
have substantial flexibility in shaping the cost func-
tions L;. This now leads to the following main result
of this paper.

Theorem 4. Consider the nonlinear system (1) un-
der the Assumptions 1-3. If the design functions
satisfy P = kg for some kg >0, Yke{l,...,n;},
Vie{l,...,N}, then for any given risk-sensitivity
parameter u > 0 and desired average risk-sensitive
cost R > 0, the controller (10) achieves

2
1. limsup—1InFE
T—o0 .uT

xexpg

T N
/ Z {y12 + Li(gim)} dr < R,
0 =1

where the cost functions Li((;,,) are as defined in
(12).

2. The closed-loop signals are stochastically bounded
in probability, i.e.,

lim sup 2{|{(¢)| > ¢} =0,
cC— 00 1‘20
where () := [{], (£),...,(h (D]

Proof (Sketch). From (12), it follows that

2 u &
M—TlnEexpE l/o [ Z,»zl +Li(Cini)] df]

i=1
V(0)
<2 R
7+
2 T
+H—TlnEexpg/O [awa—%Mzdt],

for all T > 0. Theorem 11 of [15] shows that the last
term on the right-hand side of the above inequality is
nonpositive. Hence letting 7 T oo proves the first part.
To prove the second part, we note that the function V'
is radially unbounded and it satisfies

LV < —aV+e

for some positive constants c¢; and ¢;. This, from The-
orem 2 on p. 330 of [8], proves the second part. [

4. Simulation results

We consider the following two interconnected
systems.

dx;; =xpp dt

dxip = [10u; — 0.1x3, sin(x)
+y1a1 + (y2 — y1 + Dax]de
+y1dwy + yadws

Y1 =xn

dxy; = xpp dt

dxyy = [10u; — 0.1x3, sin(xa;)
+ya; + (y1 — y2 — Day] dt
+y2dw; + y dwy

Y2 = X321,
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(b)

Fig. 2. (u=0,R=10): (a) x1(¢) (solid) and x25(¢) (+) (b) uz(2).

where w; and w, are independent standard Wiener signer. This system models two inverted pendulums
processes, and a; = 1, a; = 1 are some parameters mounted on two carts which are connected by a spring;

whose values are not available to the controller de- see [10] for details. The design functions are picked as
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0 0.2 0.4 0.6 0.8 1 12 1.4 1.6 1.8 2

Fig. 3. (n=1,R=10.5): (a) x11(¢) (solid) and x12(¢) (+) (b) u;(¢).

) 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Fig. 4. (= 1,R = 0.5): (a) x21() (solid) and x2(r) (+) (b) ua(t).

p11 = P12 =0.01, and f5; = f2, =0.1. The simulation to risk neutral and risk sensitive cases, respectively.
is performed for two different sets of values of (1, R): The state variables and the control actions for the
(u=0,R=10) and (£ =1.0,R = 0.5) corresponding risk-neutral case are shown in Figs. 1 and 2, whereas
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the risk-sensitive case is illustrated in Figs. 3 and 4.
These figures clearly show that the risk-sensitive de-
centralized controller achieves a superior performance
over the risk-neutral decentralized controller.

5. Generalizations

In this section, we will discuss relaxation of various
assumptions made and some extensions of the results
presented in this paper. We made two fundamental as-
sumptions in this paper: Assumptions 1 and 2. These
assumptions essentially convert the structural uncer-
tainty in the interconnection terms to linearly param-
eterized uncertainty, where the unknown parameters
are bounded by some known numbers and the known
functions (multiplied by the unknown parameters)
are in the form of sums of nonlinear functions each of
which depends on the output of only one subsystem.
We can contemplate on relaxing these two assump-
tions in several ways. First relaxation would be to
assume that no known upper bound on the unknown
parameters are available. Second, we can consider the
case where the known functions in the linearly param-
eterized uncertainty structure are general nonlinear
functions. This second relaxation would be a substan-
tial one and require significant additional research.
The last relaxation could be the total elimination of
Assumptions 1 and 2, which would be even more
challenging and essentially lead to a risk-sensitive
decentralized control problem for strict-feedback
systems with structurally unknown interconnection
terms.

6. Conclusions

In this paper the design of decentralized risk-
sensitive controllers for a set of interconnected
strict-feedback systems perturbed by external random
disturbances is studied. This topic is motivated by
some practical applications such as power system con-
trol. The nonlinear functions modeling the intercon-
nections between the subsystems are taken unknown,
but assumed to be bounded by some known functions
of the outputs of the subsystems multiplied by some
unknown parameters. The design procedure presented
in this paper shows that the controller design for such

an interconnected system can be completely decen-
tralized. The resulting decentralized control scheme
achieves an arbitrarily small average risk-sensitive
cost for the overall system, and all closed-loop signals
remain bounded in probability.

Some possible topics for a future study are: De-
centralized risk-sensitive (DRS) asymptotic tracking;
DRS design with partial state measurements and with
measurement noise; DRS design for systems with
(unstable) zero dynamics and with (unknown) vir-
tual control coeflicients; and DRS control of a set of
pure-feedback systems.
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