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shows how one statistical parameter can give 

misleading answers 

The coefficient of 
determination exposed! 
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The accessibility to computers, especially time
sharing varieties, has made regression analysis a fre
quently used tool for estimating the relationship be
tween an observed response (dependent variable) 
and factors (independent variables) that may be re
lated to the response. As a result, regression analysis 
is used by statistician and non-statistician alike. 
However, after fitting a regression equation to his 
data the user faces the question of how good a job 
the fitted equation does. This question is often an
swered by examination of the quantity known as the 
coefficient of determination, R2, or its square root, 
the coefficient of multiple correlation, which can be 
generated by many computer programs. 

The coefficient of determination, its interpreta
tion, and its limitations, are the subject of this arti
cle. 

What is the coefficient of determination? 

The. coefficient of determination is that proportion 
of the total variability in the dependent variable that 
is accounted for by the regression equation in the in
dependent variable(s). A value for R2 of 1 indicates 
that the fitted regression equation accounts for all 
the variability of the values of the dependent vari
able in the sample data. At the other extreme, a 
value of 0 for R2 indicates that the regression equa
tion accounts for none of the variability. Further 
elaboration is provided in Appendix 1. 

Does a high vaiue of R2 assure 8 statistically 
significant regression equation? 

Not necessarily! In fact, one can obtain a value of 
1 for R2 by simply fitting a regression equation that 
includes as many (statistically estimable) terms as 
there are observations (i.e., data points). When the 
number of observations exceeds the number of terms 
in the regression equation by only a small number 
then the coefficient of determination might be large, 
even if there is no true relationship between the in
dependent and dependent variables. For example, 
the chances are one in ten of obtaining a value of R2 
as high as 0.9756 in fitting a simple linear regression 
equation to the relationship between an independent 
variable X and a normally distributed dependent 
variable Y based on only 3 observations, even if X is 
totally unrelated to Y, i.e., this result can occur 10% 
of the time, even if the two variables are unrelated . 
On the other hand, with 100 observations a coef
ficient of determination of 0 .07 is sufficient to es-

tablish statistical significance of a linear regression 
at the 1 % level. 

More generally, Table 1 indicates the values of R2 
required to establish statistical significance for a 
simple linear regression equation. This tabulation 
gives values at the 10%, 5%, and 1% significance lev
els, corresponding, respectively, to the situations 
where one is ready to take one chance in ten, one 
chance in twenty, and one chance in a hundred of in
correctly concluding there is evidence of a statistical
ly significant linear regression refationship when in 
fact X and Yare unrelated. The previously quoted 
statistically significant values for R2 for 3 and 100 
observations were taken from Table 1. Note that 
Table 1 applies only for a simple linear regression 
equation. For the case of multiple regression, statis
tical significance of the overall regression equation 
can be determined by the F-ratio in the analysis-of
variance table [see Draper and Smith (1966) J. Such a 
table is contained in many computer programs for 
regression analysis. 
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Table 1. Values of R2 required to establish the 
statistical significance of a simple regression 
equation for various sample sizes 

Statistical significance level 
Sample 

size 10% 5% 

3 0.9756 0.9938 
4 0.810 0.903 
5 0.65 0.77 
6 0.53 0.66 
7 045 0.57 
8 0.39 0.50 
9 0.34 0.44 

10 0.30 040 
11 0.27 0.36 
12 0.25 0.33 
13 0.23 0.31 
14 0.21 0.28 
15 0.19 0.26 
20 0.14 0.20 
25 0.11 0.16 
30 0.09 0.13 
40 0.07 0.10 
50 0.05 0.08 

100 0.03 0.04 

Does a statistically significant R2 assure 
a useful regression equation? 

t% 

0.9998 

0.980 
0.92 
0.84 
0.77 

0.70 
0.64 
0.59 
0.54 

0.50 
047 

044 
041 

0.31 

0.26 

0.22 
0.16 

0.13 
0.07 

Not necessarily! Practical significance and statisti
cal significance are not equivalent. With a small 
sample, it is possible not to obtain any evidence of a 
statistically significant regression relationship be
tween two variables even if their true relationship is 
quite strong. This is because, as seen above, a rela
tively high value of R2 is required to show a regres
sion equation to be statistically significant when only 
a small number of observations are used. On the 
other hand, a regression equation based on only a 
modest (and practically unimportant) true relation
ship may be established as statistically significant if 
a sufficiently large number of observations are avail
able. For example, it was seen that with 100 observa
tions, a value for R2 of 0.07 was sufficient to estab
lish a highly significant statistical linear relationship 
between two variables. 

What if R2 is both large and of 
statistical significance? 

That's better news. but it still may not be suffi
cient to assure a really useful regression equation, 
especially if the equation is to be used for prediction. 
One reason is that the coefficlent of determination is 
not expressed on the same scale as the dependent 
uariable Y. A particular regression equation may ex
plain a large proportion of the total variability in the 
dependent variable. thus yielding a high value of R2 
Yet the total variability may be so large that the re
maining unexplained variability left after the regres
sion equation is fitted will still be larger than is toler
able for useful prediction. Thus. it is not possible to 
tell solely from the magnitude of R2 how accurate the 
predictions will be. 

Furthermore, the magnitude of R2 depends direct
lyon the range of variation of the independent vari-
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Figure 1. Data plots with R2 = 0.89 (a), and R2 = 0.21 (b) 

abies for the given data. The coefficient of determi
nation thus decreases with a decrease in the range of 
variation of the independent variables, assuming the 
correct regression model is being fitted to the data. 
For example, Figure 1a shows the fitted regression 
equation between an independent variable, X, and a 
dependent variable, Y, based on llO equally spaced 
values of X over the range from 10 to 20. The esti
mated coefficient of determination is R2 = 0.89. 
However, if one had available only the 30 observa
tions in the range 14 to 16 (see Figure 1b), the re
sulting coefficient of determination from the fitted 
regression equation would be only R2 = 0.21. (Fur
ther details concerning this example are given in Ap
pendix 2.) 

Thus a large value of R2 might reflect the fact that 
the data had been obtained over an unrealistically 
large range of variation. Conversely, a small value of 
R2 might be due to the limited range of the indepen
dent variables. This is sometimes the case in analyz
ing data from a manufacturing process in which nor
mal plant practice restricts the range of the process 
variables. 

Note also that a large and statistically significant 
coefficient of determination does not assure that the 
chosen regression model adequately represents the 
true relationship for all purposes. A coefficient of de
termination of 0.99, even if statistically significant, 
for a regression model involving only linear terms for 
each of k independent variables, does not mean that 
a model that also includes quadratic and interaction 
terms could not conceivably yield a significantly bet
ter fit, nor that the "real cause variables" have been 
included in the regression equation. 

Standard error of estimate 

Actually, a more useful single measure of the pre
diction capability of a k-variable regression equation 
than the coefficient of determination is the sample 
standard deviation of the values of the dependent 
variable about the regression equation. This statis
tic, known as the standard error of estimate, is ob
tained by many computer programs for regression 
analysis. 

The standard error of estimate enters directly into 
expressions for obtaining a variety of statistical in-



tervals. These important intervals. which are also 
calculated by many computer programs, often con
tain more meaning than the common R2 Roughly 
speaking, their meaning is as follows . 

Statistical intervals 

1. A confidence interval for the dependent vari
able is an interval that one expects with a specified 
degree of confidence to contain the ave~age value of 
the dependent variable at a set of specified values of 
the independent variables. For example, assume that 
a linear regression relationship has been fitted be
tween height (i ndependent variable) and weight (de
pendent variable) based on measuring .a rand~m 
sample of 100 people from a given pop~latlOn . A 90% 
confidence interval for the average weight of 6-ft in
dividuals would then be an interval constructed from 
the fitted reo-ression relationship that one would ex-o . 
pect, with 95% confidence, to contain the average 
[L'eight of all 6-ft individuals in the populatIOn. 
(More precisely, a 95% confidence interval contains 
the true average value of the dependent variable ap
proximately 95% of the time, if such int.ervals are 
constructed in many independent regressIOn analy-
ses.) . 

2. A prediction interval for the dependent vafl
able is an interval that one expects with a specified 
degree of confidence to contain a single future value 
of the dependent variable from the sampled popula
tion at a set of specified values of the independent 
variables. Thus, in the preceding example , a 95% 
prediction interval for the weight of a single, future 
6-ft individual is an interval constructed from the 
fitted regression relationship that one would expect 
with 95% confidence to contain the weight of a ran
domly selected single future individual who is six 
feet ta ll. 

3. A confidence interval around a regression 
coefficient is an interval that one expects, with a 
specified degree of confidence, to contain the true re
gression coefficient. Thus in the preceding example. 
a 95% confidence interval to contain the regression 
coefficient is an interval constructed from the fitted 
linear regression relationship that one would expect 
with 95% confidence to contain the average unit In-

crease in weight per unit increase in height. Since re
gression coefficients often have physical meaning, 
this is a particularly useful statistic in chemical 
technology . Linear free-energy relationships provide 
many examples: lnx = 6.H / RT + 6.S . Here the "coef
ficients" 6.H and ~S are subject to physical interpre
tation . 

The exact method for obtaining the preceding in
tervals, using the standard error of estima.te , and 
more detailed discussions of their interpretatIOns are 
provided in texts such as Draper and Smith (l96?) . 
Which of these intervals one need be concerned With 
in practice depends on the specific application at 
hand. 

A warning-I ndiscriminate use of regression 
analysis can be hazardous 

There are many hazards in the application of re
gression analysis of which the user needs t.o beware. 
These hazards include drawing conclUSIOns con
cerning cause and effect (all we've "proven" is corre
lation, not causality) taking remedial action as a re
sult of such conclusions, and extrapolating beyond 
the range of the given data. The extent of the hazard 
depends on the use to which the resu.lts of the regr.es
sion analysis are being put. A particular regressIOn 
equation may be appropriate to mak~ predictions. of 
further observations from the populatIOn from which 
the aiven data were obtained, but may be quite un
safe °for other purposes, such as explaining the "rea
sons" for the variability in the dependent variable 
[see Box (1966) and Hahn and Shapiro (1966)]. 

Concluding remarks 

The coefficient of determination, R2, measures the 
proportion of variability in the depen?ent vari~ble 
that is accounted for by the regressIOn equatIOn. 
Since R2 is independent of scale, it can be used to 
describe the results of the regression analysis without 
requiring knowledge of the nature of the dependent 
variable. On the other hand , unlike the standard 
error of estimate and derived confidence intervals, 
R2 alone does not provide direct information as to 
how well the regression equation can be used for pre
diction. 

This art icle is limited to a discussion of one aspect 
of interpreting the results of a regressio~ an~lysis. 
Other aspects and further details are prOVided In the 
excellent books of Daniel and Wood (1971) and 
Draper and Smith (1966). For example, ~n im?or
tant part of such interpretations is to obtam vanous 
graphical displays of the data and of the residual 
variation after fitting the regressIOn equatIOn, [see 
Anscombe (1973), and the foregoing]. 
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Appendix 1. On the meaning of R2 

Without any informat ion about the independent variables, the 
best prediction for a future value of the dependent variable Y is 
Y, the sample average of the n past observations. For a particular 
past value, Y" the error in using Y as a predictor is the deviation 
( initial variation) Y i - Y (see Figure 2); and a measure of the 
total variability for the n given observations, Yi , i = I, ... , n, is 
the sum of the squares of the deviat ions around y. 

When the associated values of the independent variables are 
known, the best estimate of a future value for Y is the value Y 
obtained from the fitted regression equation. This leads to a pre
diction error (or residual variation) Yi - Yi for t he ith given ob· 
servation (see Figure 2). Thus, a measure of the variability in Y 
that remains after the regression equation is fitted is given by the 
sum of the squares of the deviations around the 5', 's: 

i -I 

The ratio of the preceding two quantities , 

ttY, yy 
,-1 

ttY, y)' 
'z, 

is the proportion of the total variability unexplained by the fitted 
regression equat ion. The coefficient of determination, R2, is the 
preceding quantity subtracted from 1. Thus, the proportion of the 
total variability accounted for by the regress ion equation is: 
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,-I 
-
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The values RZ, s (the sample standard deviation of the original 
values of Y), and SE (t he standard error of estimate of the regres
sion equation) are related as fo llows: 

SI..-
2 (n - k) RZ = 1 - -;- --s- n - 1 

Figure 2. Use of regress ion line vs. sam ple mean to pre
dict Y 

where, k denotes the num ber of terms (including the intercept) in 
the fitted regression equation and 

[
t <Yi _ yy]'12 
, - I 

St: = n - k 

Appendix 2. About the effect on R2 of the range of the 
independent variables in the regression equation 

The observations in F igure 1 were randomly generated, using 
the model 

Y = 5 + lX + e 

where the components of random variation e are independently , 
normally distributed about the regression equation with mean 0 
and standard deviation a E = 1 (estimated from a fitted regression 
equation by se). 

More generally, it can be shown that for the relationship 

the expected va lue of R2 from a s imple linear regression fit ap
proximately equals 

where 

Sx' t(X, - XF/ n 

and Xi, i = 1, . .. , n are the values of the independent variable X. 
This expression leads to approximate expected values for R2 of 
0.91 and 0.40 for the data generated in Figures la and lb, respec
tively, as compared to the calculated values of 0,89 and 0.21. 
Thus both the expected a nd observed values of R2 decrease 
sharply with a decrease in the variation of the independent vari
able for a simple linear regression equation. Sim ilar results apply 
for multiple regression equations. 

Questions to test the reader's understanding 

The following data have been obtained on yearly sa les: 

Year (X) 

1969 
1970 
1971 
1972 

Total sales 
in S milLions (Y) 

8.0 
10.0 
10.0 
8.0 

With ou t performing any calculations, answer these questions. 
1. The following model is fitted to the data: 

What is the resulting value of R2~ 
2. The following model is now fitted to the data: 

Y = 13" + (f ,X + e 

What is the resulting value of R2~ 

The answers to these questions a re hidden elsewhere in this 
issue-hidden to encourage readers to do "t heir homework" be
fore peeking. 


