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 MORE STATE VARIABLE ANALYSIS OF CIRCUITS

INTRODUCTION: 



A circuit in zero state is characterized in several ways. In the frequency domain, there is the transfer function and it's associated poles and zeros; in the time domain, there are the impulse, step, and natural responses. In this section, the state space description of a circuit is used to find each of these characterizations of a circuit; in addition, both numeric and symbolic, Matlab are used to determine these circuit zero state characterizations. The primary result is a compact expression for the transfer function in terms of the four coupling parameters in the state space equations in standard form.

The zero state time domain solutions for the impulse response and the step response, are a direct result of Laplace transform relations. The natural response is determined by the step response. The poles are the roots in the complex frequency variable of the denominator of the transfer function; the zeroes are the roots in the complex frequency variable of the numerator of the transfer function. After determining these specific zero state characterizations of the circuit, the zero state response of the circuit to any input is readily found using either Laplace transforms, if they are applicable, or convolution, otherwise.

Finally, initial conditions are included in the state space description and the total response of the circuit is determined: symbolic and numeric Matlab procedures are used to find the total circuit response.

ZERO STATE FREQUENCY DOMAIN CHARACTERISTICS


The transfer function of a circuit is the principle frequency domain characterization of a circuit. The transfer function of a circuit evaluated at the complex frequency 
[image: image1.wmf] is formally found as the ratio of the output of the circuit to the input of the circuit when the circuit input is a complex exponential at the complex frequency 
[image: image2.wmf]: 

. Since the response of any circuit in zero state to a complex exponential input is a complex exponential at the same frequency as the input, this ratio of the input to the output does not vary with time: 

; the transfer function is just the ratio of the input phasor to the output phasor. Since this phasor ratio is true for all values of the input phasor, it is easiest to make the input phasor unity. The transfer function evaluated at the complex frequency 
[image: image3.wmf] is then the phasor of the circuit output, when the circuit input is a complex exponential with a unity phasor at complex frequency 
[image: image4.wmf]: 

.


Let the circuit be described by the state equations in standard form:





Since any of the state variables could have been the output of the circuit and the circuit input is a complex exponential, all of the state variables are complex exponentials at the same frequency:




.

Thus the circuit state is a vector of phasors, the state phasor 

, times a complex exponential at the input frequency. The derivative of the state vector now becomes 

; it is also a vector of phasors times a complex exponential at the input frequency. After substituting this expression for the derivative of the state vector into the state transition equation and canceling the common complex exponential at the complex frequency 

, one finds; 

. One can transfer the unknown state vector to the left hand side of the equation in an attempt to solve the equation 

. The first term on the left hand side of the equation is a scalar times the unknown state phasor and the second term is a matrix times the unknown state phasor; one cannot express this as the difference of a scalar and a matrix times the unknown vector, since one cannot subtract a matrix from a scalar. One can subtract two matrices, or two scalars, either the matrix must be converted to a scalar, or the scalar must be converted to a matrix. 


This last possibility is valid; introduce the identity matrix, which is a square matrix of the same size as the state/state coupling matrix with ones on the diagonal and zeroes elsewhere. Since the Matlab command to create such a matrix is eye(size(a)), when the matrix 
[image: image5.wmf] has been defined previously; the notation 
[image: image6.wmf] is used to represent this identity matrix of the same size as the state to state coupling matrix. Since the product of the identity matrix times any vector, of an appropriate size, is the vector, the equation can be solved to find that the state phasor is given by 

 . If one substitutes this expression for the state phasor into the output phasor equation one finds that the transfer function is given by: 

. This is the fundamental result of the characterization of a circuit in zero state. All the other circuit characterizations can be determined from the transfer function as they were determined without the state space equations.


After determining the transfer function and expressing it in the standard form as the ratio of polynomials in the complex frequency, the poles and zeros are the roots in the complex frequency of the numerator and denominator, respectively.


The impulse response of the transfer function is the inverse Laplace transform of the transfer function, the derivative with respect to time of the step response, or the negative of the derivative of the natural response. The step response can be evaluated as the inverse Laplace transform of the transfer function divided by the complex frequency, the integral of the impulse response, or the negative of the reversed natural response plus the value of the natural response at the origin. The natural response is easily determined from the step response or the impulse response: 
[image: image7.wmf].

MATLAB EXAMPLES:


In this section symbolic Matlab is used to determine the transfer function of each of the previous state space circuit examples. Then symbolic Matlab is used to determine and poles and zeroes, and the time domain characterizations of each of these circuits. For some of the examples numerical Matlab commands are used to provide better visualization of the circuit characterizations. Since the impulse response has been determined, convolution could be used to determine the zero state response of the circuit for any input signal. If the input signal is one-sided, Laplace transform pairs could be used to obtain the zero state response since the transfer function of the circuit is known.


As the first example, consider the RC high-pass filter considered as the first example in obtaining the state equations; the circuit diagram is shown below.


[image: image8.wmf]




RC HIGHPASS CIRCUIT

The state equations for this circuit in standard form are:



.

The Matlab code below symbolically evaluates the transfer function:

EDU>syms s RC

EDU>a=-1/RC;b=1/RC;ct=-1;d=1;

EDU>H=ct*inv(s*eye(size(a))-a)*b+d;H=simplify(H)

 
H=s*RC/(s*RC+1)

SYMBOLIC EVALUATION OF TRANSFER FUNCTION: RC HIGH-PASS FILTER

The transfer function for the RC high-pass filter is 
[image: image9.wmf]this result could have been easily found by using complex impedances and phasors with a voltage divider relation.

The symbolic Matlab code utilizes the expression for the transfer function of this circuit and first determines the poles and zeroes of the circuit. Then inverse Laplace transforms are used to determine the impulse response and the step response of the circuit. Finally the natural response is evaluated from the step response.

EDU>syms s t RC

EDU>H=s*RC/(s*RC+1);[n,d]=numden(H);p=solve(d,s),z=solve(n,s)

 
p=-1/RC    z=0

EDU>imp='Heaviside(t)'*ilaplace(H,s,t),

step='Heaviside(t)'*ilaplace(H/s,s,t),nat=subs(step,t,inf)-step,

 
imp=Heaviside(t)*RC*(1/RC*Dirac(t)-1/RC^2*exp(-t/RC))

 
step=Heaviside(t)*exp(-t/RC)

nat=exp(-inf/RC)-Heaviside(t)*exp(-t/RC)

SYMBOLIC MATLAB SCRIPT AND SOLUTION FOR RC HIGH-PASS CIRCUIT CHARACTERIZATIONS


This circuit has a single zero at the origin and a single pole at 
[image: image10.wmf]. The impulse response of the RC high-pass is a unit impulse at the origin minus a one-sided decaying exponential; the time constant of the exponential is 
[image: image11.wmf], the initial amplitude of the decaying exponential is 
[image: image12.wmf]. The step response is a one sided decaying exponential with the same time constant 
[image: image13.wmf] and an initial amplitude of negative unity. The natural response is a one-sided decaying exponential with time constant 
[image: image14.wmf] and initial amplitude of minus unity.


As the second example, consider the RL high-pass filter of the figure below; this was the second example in the notes on determining the standard state space equations.


[image: image15.wmf]


Figure 5 
RL HIGHPASS CIRCUIT

The standard state space equations for this circuit are:



.

The Matlab code below symbolically evaluates the transfer function:

EDU>syms s R L

EDU>a=-R/L;b=1/L;ct=-R;d=1;

EDU>H=ct*inv(s*eye(size(a))-a)*b+d;H=simplify(H)

 
H=s*L/(s*L+R)

SYMBOLIC EVALUATION OF TRANSFER FUNCTION: RL HIGH-PASS FILTER

The transfer function for the RL high-pass filter is 
[image: image16.wmf]this result could have been easily found by using complex impedances and phasors with a voltage divider relation.

The symbolic Matlab code utilizes the expression for the transfer function of this circuit and first determines the poles and zeroes of the circuit. Then inverse Laplace transforms are used to determine the impulse response and the step response of the circuit. Finally the natural response is evaluated from the step response.

EDU>H=s*L/(s*L+R);[n,d]=numden(H);p=solve(d,s),z=solve(n,s),

imp='Heaviside(t)'*ilaplace(H,s,t),

step='Heaviside(t)'*ilaplace(H/s,s,t),nat=subs(step,t,inf)-step

 p=-R/L    z=0

 imp=Heaviside(t)*L*(1/L*Dirac(t)-R/L^2*exp(-R*t/L))

 step=Heaviside(t)*exp(-R*t/L)

 nat=exp(-inf*R/L)-Heaviside(t)*exp(-R*t/L)

SYMBOLIC MATLAB SCRIPT AND SOLUTION FOR RL HIGH-PASS CIRCUIT CHARACTERIZATIONS


This circuit has a single zero at the origin and a single pole at 
[image: image17.wmf]. The impulse response of the RL high-pass filter is a unit impulse at the origin minus a one-sided decaying exponential; the time constant of the exponential is 
[image: image18.wmf], the initial amplitude of the decaying exponential is 
[image: image19.wmf]. The step response is a one sided decaying exponential with the same time constant 
[image: image20.wmf] and an initial amplitude of negative unity. The natural response is a one-sided decaying exponential with time constant 
[image: image21.wmf] and initial amplitude of minus unity since 
[image: image22.wmf].


As the third example, consider the op amp low-pass circuit of the first section of these notes. The circuit in the figure below is the third example

[image: image23.wmf]



AN OP AMP LOW-PASS CIRCUIT

For this circuit the standard state space equations are:





The Matlab code below symbolically evaluates the transfer function:

EDU>syms s RC aa bb

EDU>a=-(1-aa/bb)/RC;b=-1/bb/RC;ct=1+aa;d=0;

EDU>H=ct*inv(s*eye(size(a))-a)*b+d;H=simplify(H)

 
H=-(1+aa)/(s*bb*RC+bb-aa)

SYMBOLIC EVALUATION OF TRANSFER FUNCTION: OP AMP LOW-PASS FILTER

The transfer function for the op amp low-pass filter is 
[image: image24.wmf] this result could have been found by using complex impedances and phasors and solving a pair of node equations written at the two input nodes of the op amp.

The symbolic Matlab code utilizes the expression for the transfer function of this circuit and first determines the poles and zeroes of the circuit. Then inverse Laplace transforms are used to determine the impulse response and the step response of the circuit. Finally the natural response is evaluated from the step response.

EDU>syms s t RC a b

EDU>H=(1+a)/(s*b*RC+b-a);[n,d]=numden(H);p=solve(d,s),

 
p=(-b+a)/b/RC

EDU>imp='Heaviside(t)'*ilaplace(H,s,t),

step='Heaviside(t)'*ilaplace(H/s,s,t),nat=subs(step,t,inf)-step

imp=Heaviside(t)*(1+a)*exp((-b+a)*t/b/RC)/b/RC

step=Heaviside(t)*(1+a)*(1/(-b+a)*exp((-b+a)*t/b/RC)

-1/(-b+a))

 nat=(1+a)*(1/(-b+a)*exp((-b+a)*inf/b/RC)-1/(-b+a))

-Heaviside(t)*(1+a)*(1/(-b+a)*exp((-b+a)*t/b/RC)

-1/(-b+a))

SYMBOLIC MATLAB SCRIPT AND SOLUTION FOR OP AMP LOW-PASS CIRCUIT CHARACTERIZATIONS


This circuit has no zeroes and a single pole at 
[image: image25.wmf]. Note that this pole is in the negative half plane if 
[image: image26.wmf]; otherwise the pole is in the right half plane and the filter is unstable. The impulse response of the op amp low-pass is a one-sided exponential; the exponential decays when the pole is in the left half plane with the time constant 
[image: image27.wmf], when the pole is in the right half plane, the impulse response is an exploding exponential with the time constant 
[image: image28.wmf].The initial amplitude of either exponential is 
[image: image29.wmf]. The step response is a one-sided exponential shifted down by a constant with the same time constant 
[image: image30.wmf]. The step response approaches the constant shift downward when the pole is in the left half plane; the step response approaches infinity when the pole is in the right half plane. The natural response is a one-sided decaying exponential with time constant 
[image: image31.wmf] when the pole is in the left half plane; the natural response is infinite when the pole is in the right half plane.

Numerical Matlab results allow one to better visualize the effects of right half plane poles and left hand plane poles. The script below plots the poles and zeroes, the magnitude of the transfer function, the impulse response, and the step response of this op amp low-pass filter for a particular set of resistor and capacitor values. 

For this simple example, the numerical transfer function is entered directly. For more complex numerical examples with the coupling factors already stored numerically, the Matlab command [n,d]=ss2tf(a,b,ct,d) could have been used to generate the coefficients of the numerator and denominator polynomials of the transfer function.

As is evident from the first subplot, these circuit element values result in a single pole at negative one half. The second subplot verifies that this is a low pass filter with a three db cutoff frequency of one half. The third subplot verifies that the impulse response of this circuit is a decaying exponential with a time constant of two. The fourth subplot verifies that the step response rises to the two with a time constant of two.

EDU>RC=1;a=1;b=2;n=[1+a];d=[b*RC b-a];

EDU>subplot(221),pzmap(n,d)

EDU>RC=1;a=1;b=2;n=[1+a];d=[b*RC b-a];

EDU>subplot(221),pzmap(n,d),subplot(223),impulse(n,d),

subplot(224),step(n,d),

EDU>[H,w]=freqs(n,d);subplot(222),plot(w,abs(H)),

xlabel('frequency,radians'),ylabel('|H(jw)|'),

title('Transfer function magnitude versus frequency, pole=-1/2')

NUMERICAL MATLAB SCRIPT TO VISUALIZE THE CHARACTERISTICS

OF A LOW-PASS FILTER WITH A SINGLE REAL AND NEGATIVE POLE

[image: image32.wmf]
NUMERICAL MATLAB OUTPUT TO VISUALIZE THE CHARACTERISTICS

OF A LOW-PASS FILTER WITH A SINGLE REAL AND NEGATIVE POLE

The script below plots the poles and zeroes, the magnitude of the transfer function, the impulse response, and the step response of this op amp low-pass filter for a different set of resistor and capacitor values. As is evident from the first subplot, these circuit element values result in a single pole at one half. The second subplot verifies that this is a low pass filter with a three db cutoff frequency of one half. The third subplot verifies that the impulse response of this circuit is an exploding exponential with a time constant of two. The fourth subplot verifies that the step response also explodes with a time constant of 2.

EDU>RC=1;a=3;b=2;n=[1+a];d=[b*RC b-a];

EDU>subplot(221),pzmap(n,d),subplot(223),impulse(n,d),

subplot(224),step(n,d),

EDU>[H,w]=freqs(n,d);subplot(222),plot(w,abs(H)),

xlabel('frequency,radians'),ylabel('|H(jw)|'),

title('Transfer function magnitude versus frequency, pole=+1/2')

[image: image33.wmf]
As the first example of determining the transfer function of a circuit with two state variables consider the RLC band-pass circuit of the figure below. This was the fourth example in the notes on determining the state equations in standard form.

[image: image34.wmf]



SERIES RLC BAND-PASS CIRCUIT


The standard state space equations for the series RLC band-pass filter are:



 .

The Matlab code below symbolically evaluates the transfer function:

EDU>syms R L C s

EDU>a=[0 1/C;-1/L -R/L];b=[0;1/L];ct=[0 R];d=0;

EDU>H=ct*inv(s*eye(size(a))-a)*b+d;H=simplify(H)

 
H=R*s/(s^2*C*L+s*C*R+1)*C

SYMBOLIC EVALUATION OF TRANSFER FUNCTION: RLC BAND-PASS FILTER

The transfer function for the op amp low-pass filter is 
[image: image35.wmf]; this result could have been found by using complex impedances, phasors, and a voltage divider relation.

The symbolic Matlab code utilizes the expression for the transfer function of this circuit and first determines the poles and zeroes of the circuit. Then inverse Laplace transforms are used to determine the impulse response and the step response of the circuit. Finally the natural response is evaluated from the step response.

EDU>syms s t tau R L C p1 p2

EDU>H=s*R*C/(s*s*L*C+s*R*C+1);[n,d]=numden(H);

z=solve(n,s),p=solve(d,s)

z=0

p=

[ 1/2/L/C*(-R*C+(R^2*C^2-4*L*C)^(1/2))]

[ 1/2/L/C*(-R*C-(R^2*C^2-4*L*C)^(1/2))]

EDU>H=s*R*C/(s-p1)/(s-p2);imp='Heaviside(t)'*ilaplace(H,s,t),

step=simplify(int(imp,t,0,tau)),nat=simplify(int(imp,t,tau,inf))

imp=Heaviside(t)*R*C*(-p1/(-p1+p2)*exp(p1*t)

+p2/(-p1+p2)*exp(p2*t))

 step=-1/2*(signum(tau)+1)*(exp(tau*p1)

-exp(tau*p2))*R*C/(-p1+p2)

 nat=limit(-R*C*(exp(p1*t)-exp(p2*t)-exp(max(0,tau)*p1)

+exp(max(0,tau)*p2))/(-p1+p2),t = inf)

SYMBOLIC MATLAB SCRIPT AND SOLUTION FOR RLC BAND-PASS CIRCUIT CHARACTERIZATIONS


This circuit has a single zero at the origin and two poles at 
[image: image36.wmf].  The poles are in conjugate pairs and the circuit is under damped when 
[image: image37.wmf]; otherwise, the poles are real and negative and the circuit is over damped.

The impulse response of the RLC band-pass is the weighted sum of two one sided complex exponentials. The complex exponentials are at real frequencies when the circuit is over-damped; when the circuit is under-damped, the two complex exponentials combine to form a sinusoid at the frequency 
[image: image38.wmf] with an exponentially decaying amplitude with a time constant of 
[image: image39.wmf] .

 The step response is found by integrating the impulse response. The step response is also the weighted sum of two one-sided complex exponentials. The complex exponentials are at real frequencies when the circuit is over-damped; when the circuit is under-damped, the two complex exponentials combine to form a sinusoid at the frequency 
[image: image40.wmf] with a exponentially decaying amplitude with a time constant of 
[image: image41.wmf] .

The natural response is also found by integrating the impulse response. Since the poles are always in the left half plane the Matlab solution can be simplified by evaluating the limit; the natural response is 
[image: image42.wmf]. For negative times the natural response is zero; for positive times, the natural response is also the weighted sum of two one-sided complex exponentials. The complex exponentials are at real frequencies when the circuit is over-damped; when the circuit is under-damped, the two complex exponentials combine to form a sinusoid at the frequency 
[image: image43.wmf] with a exponentially decaying amplitude with a time constant of 
[image: image44.wmf].

Numerical Matlab results allow one to better visualize the effects of under and over damped poles. The script below plots the poles and zeroes, the magnitude of the transfer function, the impulse response, and the step response of this op amp low-pass filter for a particular set of resistor, inductor, and capacitor values. 

For this simple example, the numerical transfer function is entered directly. For more complex numerical examples with the coupling factors already stored numerically, the Matlab command [n,d]=ss2tf(a,b,ct,d) could have been used to generate the coefficients of the numerator and denominator polynomials of the transfer function.

As is evident from the first subplot, these circuit element values result in two real negative poles at negative one and negative four. The second subplot verifies that this is a band-pass filter with a center frequency of one half. The third subplot verifies that this circuit is under damped; the impulse response is essentially a decaying exponential with a time constant of one fourth. The fourth subplot verifies that the step response is underdamped; it rises to a peak at time about one half and decays to near zero at about time four.

EDU>RC=5/4;LC=1/4;n=[RC 0];d=[LC 5/4 1];

EDU>subplot(221),pzmap(n,d),subplot(223),impulse(n,d),

subplot(224),step(n,d)

EDU>subplot(222),[H,w]=freqs(n,d);subplot(222),plot(w,abs(H)),

EDU>xlabel('frequency,radians'),ylabel('|H(jw)|'),

EDU>title('Transfer function magnitude versus frequency, pole=-1,-4')

NUMERICAL MATLAB SCRIPT TO VISUALIZE THE CHARACTERISTICS

OF AN OVERDAMPED RLC BAND-PASS FILTER 

[image: image45.wmf]
NUMERICAL MATLAB OUTPUT TO VISUALIZE THE CHARACTERISTICS

OF AN OVERDAMPED RLC BAND-PASS FILTER 

As is evident from the first subplot, these circuit element values result in two real negative poles at negative one and negative four. The second subplot verifies that this is a band-pass filter with a center frequency of one half. The third subplot verifies that this circuit is under damped; the impulse response is essentially a decaying exponential with a time constant of one fourth. The fourth subplot verifies that the step response is underdamped; it rises to a peak at time about one half and decays to near zero at about time four.

The script below plots the poles and zeroes, the magnitude of the transfer function, the impulse response, and the step response of this op amp low-pass filter for a particular set of resistor, inductor, and capacitor values that result in an under damped circuit.. 

For this simple example, the numerical transfer function is entered directly. 

EDU>LC=1/17;RC=2/17;n=[RC 0];d=[LC RC 1];

EDU>subplot(221),pzmap(n,d),subplot(223),impulse(n,d),

subplot(224),step(n,d)

EDU>subplot(222),[H,w]=freqs(n,d);subplot(222),plot(w,abs(H)),

EDU>title('Transfer function magnitude versus frequency')

EDU>xlabel('frequency,radians'),ylabel('|H(jw)|'),

NUMERICAL MATLAB SCRIPT TO VISUALIZE THE CHARACTERISTICS

OF AN UNDERDAMPED RLC BAND-PASS FILTER 

[image: image46.wmf]
NUMERICAL MATLAB OUTPUT TO VISUALIZE THE CHARACTERISTICS

OF AN UNDERDAMPED RLC BAND-PASS FILTER 


As is evident from the first subplot, these circuit element values result in two complex conjugate poles at real and negative real parts equal to negative one and imaginary parts equal to plus and minus four. The second subplot verifies that this is a band-pass filter with a center frequency of four. The third subplot verifies that this circuit is under damped; the impulse response is essentially a decaying exponential, with a time constant of unity times a sinusoid at the frequency four. The fourth subplot verifies that the step response is under-damped.

As the final example, consider Friend’s band-pass biquad of the first section of these notes. The circuit in the figure below is this example.

[image: image47.wmf]


FRIEND'S BANDPASS BIQUAD

For this circuit the standard state space equations are:


 

.

The Matlab code below symbolically evaluates the transfer function:

EDU>syms R1 R2 C1 C2 k s

EDU>a=[-1/R2/C1 -1/R2/C1;(1+k)/R1/C2-1/R2/C2 k/R1/C2-1/R2/C2];b=[0;-1/R1/C2];ct=[1+k 1+k];d=0;

EDU>H=ct*inv(s*eye(size(a))-a)*b+d;H=simplify(H)

 H=-(1+k)*s*R2*C1/(s^2*R2*C1*R1*C2-s*R2*C1*k+s*C1*R1+s*R1*C2+1)

SYMBOLIC EVALUATION OF TRANSFER FUNCTION: FRIEND’S BAND-PASS BIQUAD

The transfer function for the op amp low-pass filter is 
[image: image48.wmf]this result could have been found by using complex impedances and phasors and solving a pair of node equations written at the two input nodes of the op amp.


The symbolic Matlab script below continues the previous symbolic Matlab script that generated the transfer function and evaluates the poles, impulse response, step response and natural response of this circuit. The poles are used as the parameters in the transfer function since the symbolic Matlab solutions are over ten lines otherwise. It is obvious that this biquad has a single zero at the origin.

EDU>[n,d]=numden(H);p=solve(d,s)

p =

[1/2/R2/C1/R1/C2*(R2*C1*k-C1*R1-R1*C2+(-4*R2*C1*R1*C2+R2^2*C1^2*k^2-2*R2*C1^2*k*R1-2*R2*C1*k*R1*C2+C1^2*R1^2+2*C1*R1^2*C2+R1^2*C2^2)^(1/2))]

[1/2/R2/C1/R1/C2*(R2*C1*k-C1*R1-R1*C2-(-4*R2*C1*R1*C2+R2^2*C1^2*k^2-2*R2*C1^2*k*R1-2*R2*C1*k*R1*C2+C1^2*R1^2+2*C1*R1^2*C2+R1^2*C2^2)^(1/2))]

EDU>syms t p1 p2

EDU>H=n/(s-p1)/(s-p2);imp='Heaviside(t)'*ilaplace(H,s,t),

step='Heaviside(t)'*ilaplace(H/s,s,t),nat=subs(H,s,0)-step

 
imp=Heaviside(t)*(1+k)*R2*C1*(p1/(-p1+p2)*exp(p1*t)

-p2/(-p1+p2)*exp(p2*t))

 
step=Heaviside(t)*(1+k)*R2*C1*(1/(-p1+p2)*exp(p1*t)

-1/(-p1+p2)*exp(p2*t))

 
nat=-Heaviside(t)*(1+k)*R2*C1*(1/(-p1+p2)*exp(p1*t)

-1/(-p1+p2)*exp(p2*t))

SYMBOLIC MATLAB SCRIPT TO FIND FRIEND’S BAND-PASS BIQUAD CHARACTERIZATIONS

DISCUSS THESE RESULTS>

DO NUMERIC EXAMPLES THAT SHOW POLES AND ZEROES< IMPULSE RESPONSE< STEP RESPONSE FOR FOUR CASES—UNDER_DAMPED STABLE,OVERDAMPED STABLE UNDERDAMPED UNSRTABLE OVERDAMPED UNSTABLE.

THE MODES OF A CIRCUIT


The state space characterization of a circuit allows one to show that the poles of a circuit are almost always the roots of the equation: 

. The  roots of the determinant of the matrix s times the identity matrix minus the state/state coupling. Thus the state/state coupling determines the poles of the network. The only exception to this is when the input, or the output, of the circuit is arranged so that a root in the numerator cancels a root in the denominator. Since the state/state coupling is not determined by the input and output connections of the circuit, the poles of any circuit are essentially independent of the input, and output, connections. 

The independence of the poles upon the location of the input and output of the circuit is not surprising. Imagine the physical problem of listening after striking a bell. The same frequencies are heard no matter where the bell is struck and no matter where you listen. These frequencies compose the sound of a bell ringing; this sound does not depend upon where the bell is struck or where your ear is located.


In determining the total response of a circuit, the Laplace transform of the circuit output has a denominator that is also

. Thus the response of the circuit corresponds to the same under-damped, over-damped, or unstable under-damped or unstable over-damped responses.


Using the identity matrix and the matrix inverse one can now express the state Phasor as 





 Now express the output in terms of the phasor 

and solve to find that the transfer function is given by the phasor 

 This is the expression for the transfer function of a circuit described by standard form state space equations. As a formal answer it is very compact; in practice the real difficulty of using this formula by hand is the need to invert the n-by-n matrix. Matlab easily does this inversion. If dimension of state is small enough it can even be done symbolically; even for very large dimensions it can be easily done numerically. Do Matlab ss2tf and ss2zp commands with some numeric examples.

Matlab code for matrix inverse


EDU>syms a b c d s


EDU>M=[a b;c d];Minv=inv(M),d=det(M),



Minv =[  d/(a*d-b*c), -b/(a*d-b*c)]


  

[ -c/(a*d-b*c),  a/(a*d-b*c)]

 

d =[a*d-b*c]



ans =[  d, -b]



        [ -c,  a]

ans =[  d, -b]


One example that can be computed by hand is the 

 high pass circuit of the preceding section: The state space equations in standard form are





.





.

Those the state transition matrix is the scalar

Matlab code to compute the transfer function is


EDU>syms s R C


EDU>a=-1/R/C;b=1/R/C;c=-1;d=1;


EDU>H=simplify(c/(s-a)*b+d)

The Matlab solution is 


H =R*C*s/(s*R*C+1)

This is the transfer function of the high pass filter; it can be easily verified by hand calculation.


A Matlab script that plots the transfer function is:


EDU>RC=1;[n,d]=ss2tf(-1/RC,1/RC,-1,1);freqs(n,d)

 This Matlab script makes use of the numeric command ss2tf(.) to calculate the vector s of coefficients  of the transfer function from the standard state space parameters and then the command freqs(.) to actually plot the transfer function. The above Matlab script is valid for any positive vales of the parameter RC. From this code and trying several plots one soon realizes this is a high pass filter with a 3 Db cutoff frequency of 1/RC. The Matlab plot that results from the above code is in Figure 18 below.

Do Rest of examples>


Earlier we have seen that both the magnitude and the phase of the transfer function and the time domain behavior are determined by the poles and zeros of the circuit; the poles are the roots of the denominator of the transfer function in the complex frequency variable s: the zeros are the roots of the numerator of the transfer function in the complex frequency variable s. Since there is only one appearance of the variable s in the expression for the transfer function it is easy to determine the poles and zeros First of al the poles are the roots of the denominator. The formula for the inverse of a matrix a is adjoint matrix divided by the determinant of the matrix The adjoint matrix is defined as the determinant of the matrix with the ith column and jth row removed times -1raised to the i+j. The denominator of the matrix is given by the determinant of the matrix seye-a except for possible cancellations with a root in the numerator. If the modes of the circuit are defined as the roots of the determinant of the matrix s eye-a then these are the poles unless a numerator root appears at the san


 Also discuss poles of parallel RLC and series RLC and get same poles?

me point to cancel. calculate these roots with Matlab command eig symbolically and ?? numerically.

[image: image49.wmf]
Figure 18 TRANSFER FUNCTION MAGNITUDE AND PHASE FOR RC 



HIGHPASS CIRCUITWITH RC=1
The Mat lab commands EDU>RC=1;pzmap(-1/RC,1/RC,-1,1): will plot the poles and zeros of this circuit .


[image: image50.wmf]

TIME DOMAIN ZEROSTATE CIRCUITS

In the time domain there are a number of useful ways to describe a circuit. The impulse response is the response of the circuit in zero state to an input that is an impulse. The step response is the zero state response of the circuit to an input step and the natural response is the response of the circuit in zero state to an input that is a time reversed unit step: the input is unity for negative times and zero for positive times.


Since the circuit elements are all causal Laplace transforms can be used to obtain the impulse and step responses of the circuit S


Since the Laplace transform of the unit impulse is unity the Laplace transform of the impulse response is just the transfer function of the circuit.



Do all examples Symbolic calculation numeric plot with impulse command.


The step response of a circuit can be also found by Laplace transforms The Laplace transform of the unit step is 1/s; the step response has a Laplace transform that is H(s)/s



Do examples with Matlab symbolic, numeric(step(.))plots and analytic examples.


The natural response cannot be found using Laplace transforms since the input is not zero for negative times. The best alternative is to use nat(t)=H(0)-step(t).


Do examples symbolic, numeric and analytic.

TOTAL RESPONSE OF CIRCUIT


The response of a circuit with one sided inputs and initial conditions.

First get 

or 


Thus  standard state space equation with initial equations becomes 




.




.





.

Then the Laplace transform of both sides leads one to





.

This response is the sum of the zero state response plus the zero input response.


Examples


Since the numerator for both the zero input and the zero state response are the same the time domain response will see the same types of terms after  inverse Laplace transforming.
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STATE SPACE EXAMPLES


As a first example consider the RC low pass filter shown below.



[image: image51.wmf]


Figure 1 
The RC Low pass Filter


The state of any circuit determines the energy stored in the circuit. The only element that stores energy is the capacitor; the energy stored in the capacitor is 

, where x(t) is the voltage across the capacitor. The state variable, which determines the energy stored in the circuit, is the voltage across the capacitor; assume the positive polarity for this voltage is at the top of the capacitor.


The state transition equation expresses the time derivative of each state variable in terms of the state variables and the circuit input. To obtain the state transition equation, the capacitor is replaced with a pseudo voltage source of value x(t), since the state variable is a "known" quantity in the state transition equation.


The transformed circuit is shown below; the pseudo voltage source is represented by concentric circles with polarities and a value, which is the state variable. The derivative of the state variable is essentially the current down through this pseudo source; the actual current is 

. The state space transition equation essentially expresses this current in terms of the value of the pseudo source, the value of the input, and the values of the circuit elements. Since the transformed circuit contains only a resistor and two voltage sources this should not be difficult.




[image: image52.wmf]

Figure 2
The RC Low pass Filter With Pseudo State Sources


To obtain the state transition equation a node equation at the node between the resistor and the pseudo source is written:





This equation is then rearranged to obtain the state transition equation:




.


The state space equations in standard form also express the circuit output in terms of the state variables and the input. For this simple circuit the output of the circuit is the state variable: 





 
In summary, the standard state space equations for the RC low pass filter are:






The state transition equation is a first order, linear, constant coefficient, but non-homogeneous, ordinary differential equation; other than the non-homogeneity, this is the simplest possible type of differential equation. The  circuit output  equation is linear.


As a second example consider Friend's band pass biquad shown below.



[image: image53.wmf]


Figure 3
Friend's Band pass Biquad


The state variables of a circuit determine the energy stored in the circuit; in Friend's biquad both of the capacitors store energy. Since the energy stored in any capacitor is 

, where x(t) is the voltage across the capacitor the two state variables are the voltages across each of the capacitors; they determine all the energy stored in the circuit.
Assume the first state variable, 

, is the voltage across the lower capacitor, of value C1, with the positive polarity to the right and assume the second state variable, 

, is the voltage across the upper capacitor, of value C2, with the positive polarity to the left.


The state transition equation expresses the time derivative of each state variable in terms of the state variables and the circuit input. To obtain the state transition equation, the capacitors are replaced with a pseudo voltage sources of value 

 for 

, since the state variables are a "known" quantities in the state transition equations. 
The transformed circuit is shown below; concentric circles with polarities and a value again represent the pseudo voltage sources, which is the corresponding state variable. 


The state transition equation expresses the time derivative of each state variable in terms of the other state variables and the circuit input. To obtain the state transition equations, the capacitors are replaced with pseudo voltage sources of value equal to the corresponding state variable. Since the current through each pseudo source towards the negative sign is 

 for 

; the unknowns are essentially these currents through the pseudo sources. The transformed circuit is shown below.


[image: image54.wmf]

Figure 4
Friend's Biquad With Pseudo Sources


To obtain the state transition equations from the pseudo source circuit by traditional circuit analysis, notice that the voltage across the resistor of value R2, with the positive polarity on the right is the sum of the state variables. Thus the current to the left through the resistor R2 is 

. By writing a node equation at the upper op amp input terminal one finds 

; after rearranging this equation one finds the first of the state transition equations:


 

.


Since the voltages across both of the op amp feedback resistors are the same, the current to the left through the lower feedback resistor is 

. Now by using Ohm's law, one finds the node voltages at the op amp inputs are both 

  Finally the node voltage at the node that connects the two capacitors is a weighted sum of the two state variables:


 

.

By writing a node equation at this node one finds:


 

. 

By using the first state transition equation and rearranging this equation, one finds the second state transition equation is:


 

.


The output equation can be found by noting that the output is the voltage drop across the two resistors below the op amp; these two resistors both have the same current, 

, through them. By using Ohm's law, one finds the output is: 


.


Finally, the state equations can be written in standard form as:





In this vector version of the state equations the state vector and the derivative of the state vector are the column vectors:




  and  

 

The state transition matrix is the square matrix:





the input distribution vector is the column vector:




;

 the output distribution vector is the row vector





and the input to output coupling factor is 

. 


The vector state equations are a set of two first order, linear, constant coefficient, but non-homogenous, ordinary differential equations. The output equation is linear in the state variables and the input.


For a circuit described in the standard state space description the transfer function is given by 

. Since the circuits have a response of zero when the circuit input has been zero, the impulse response and step response of the circuit are one sided and Laplace transform techniques can be used to determine them.


The Matlab code below determines the transfer function, impulse response, step response, and natural response for the RC low pass filter:


EDU>syms R C s t


EDU>a=-1/R/C;b=1/R/C;c=1;d=0;



H=c'*inv(s-a)*b+d;



imp=ilaplace(H,s,t)*'Heaviside(t)';



step=ilaplace(H/s,s,t)*'Heaviside(t)';



nat=subs(H,s,0)-step;

The Matlab solutions are displayed utilizing the simplify(.) command below: 


EDU>H =simplify(H),imp=simplify(imp),


step=simplift(step),nat=simplify(nat)

 
imp =exp(-t/R/C)/R/C*Heaviside(t)


step =-exp(-t/R/C)*Heaviside(t)+Heaviside(t)

 
nat =1+exp(-t/R/C)*Heaviside(t)-Heaviside(t)


These solutions can be easily verified by other techniques; this example is too simple to illustrate the value of state space analysis. A better illustration of the value of state space analysis of a circuit is the second example.


The Matlab code below utilizes the state space representation of Friend's band pass biquad to determine the transfer function: 


EDU>syms R1 R2 R3 k C1 C2 s t


EDU>a=[-1/R2/C1 -1/R2/C1;




(1+k)/R1/C2-1/R2/C2 k/R1/C2-1/R2/C2];




b=[0;-1/R1/C2];c=[1+k 1+k];d=[0];


EDU>H=c*inv(s*eye(size(a))-a)*b+d;


EDU>[n,d]=numden(H)

The Matlab solution for the numerator and denominator of the transfer function are:

 
n =-(1+k)*R1*C2*s*R2*C1

 
d =(s^2*R2*C1*R1*C2-s*R2*C1*k+s*C1*R1+s*R1*C2+1)*R1*C2

The transfer function is identical to that found using nodal analysis. An advantage of the state space analysis is that the denominator of the transfer function is just the determinant of 

; the poles of the transfer function are usually not determined by the input, or output, connections to the circuit; this incomplete determination occurs when a factor in the numerator cancels a factor in the denominator.


The impulse response, step response, and natural response of this circuit can be found using Matlab symbolically; however, the solutions are too complicated to be useful. For meaningful Matlab solutions the poles must parameterize the transfer function; this is also true when utilizing techniques developed earlier. 


This can be done with the Matlab code below:

EDU> syms k R1 R2 R3 C1 C2 p1 p2 s t

EDU>n =-(1+k)*R1*C2*s*R2*C1;H=n/(s-p1)/(s-p2)/R1/R2/C1/C2;


EDU>H=simplify (H),



imp=simplify(ilaplace(H,s,t)*'Heaviside(t)'),



step=simplify(ilaplace(H/s,s,t)*'Heaviside(t)'),



nat=simplify(subs(H,s,0)-step)

 
H =-(1+k)*s/(s-p1)/(s-p2)

 
imp =Heaviside(t)*(-p1*exp(p1*t)+p2*exp(p2*t)-



k*p1*exp(p1*t)+k*p2*exp(p2*t))/(p1-p2)


step =Heaviside(t)*(exp(p2*t)-exp(p1*t)+k*exp(p2*t)-


k*exp(p1*t))/(p1-p2)


nat =-Heaviside(t)*(exp(p2*t)-exp(p1*t)+k*exp(p2*t)-


k*exp(p1*t))/(p1-p2)

Of course the poles can be found as the roots of the denominator:


d =(s^2*R2*C1*R1*C2-s*R2*C1*k+s*C1*R1+s*R1*C2+1)*R1*C2

 
EDU>p=solve(d,s)

p =

 [ 1/2/R2/C1/R1/C2*(R2*C1*k-C1*R1-R1*C2+

(-4*R2*C1*R1*C2+R2^2*C1^2*k^2-2*R2*C1^2*k*R1-2*R2*C1*k*R1*C2+C1^2*R1^2+2*C1*R1^2*C2+R1^2*C2^2)^(1/2))]

[1/2/R2/C1/R1/C2*(R2*C1*k-C1*R1-R1*C2-

(-4*R2*C1*R1*C2+R2^2*C1^2*k^2-2*R2*C1^2*k*R1-2*R2*C1*k*R1*C2+C1^2*R1^2+2*C1*R1^2*C2+R1^2*C2^2)^(1/2))]
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