
Math 432 - Real Analysis II
Final Review Sheet

Logistics: This exam will be a 120-minute, closed book, closed notes exam. It will take place on Wednesday,
May 8 at 11:50am. Successful test-takers will, at the least, know the below concepts well.

Major Concepts:

Vector Spaces in Analysis

· Definition of a vector space: Showing a set of objects with scalar multiplication and addition is indeed
a vector space.

· Common examples of vector spaces in Analysis over R or C:

· Rn,Cn, Pn(R), C(R), C([a, b]), c(R), c0(R), c00(R), C0(R), and l∞(R).

· Verifying that a subset of a vector space is a subspace

Inner Product Spaces

· Definition of an inner product space as a vector space with an inner product satisfying the Positive-
definite, (conjugate) symmetric, and (sesqui/bi)-linear axioms.

· Understand the differing requirements for a complex vs. real inner product space.

· Common examples of inner product spaces

· Rn with standard inner product, any space of continuous functions with L2 inner product.

· Know how to use the Pythagorean Theorem

Normed Vector Spaces

· Definition of a normed vector space

· Common examples of normed vector spaces

· Rn with the Lp norm, C([a, b]) with the Lp norm (for 1 ≤ p ≤ ∞).

· Understand that inner products induce norms.

· Understand that a norm satisfies the parallelogram law if and only if it is induced by an inner product.

Orthonormality

· Show that a collection of vectors is orthonormal. Know that orthonormality implies linear indepen-
dence.

· Given an orthonormal basis, write a vector in the vector space as a linear combination of the basis
elements

· Applications of inner products: Fourier decomposition of a periodic function
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Orthogonal Projections and their Applications

· Know how to apply the Gram-Schmidt process to produce an orthonormal basis

· Use the fact that every finite-dimensional vector space has an orthonormal basis

· Know the proof of the Decomposition Theorem and how to write any vector uniquely as a sum of a
vector in a subspace U and in U⊥

· Know how to compute U⊥

· Know examples of various subspaces and their complements in inner product spaces

· Know how to compute the orthogonal projection of a vector onto a finite-dimensional subspace

· Use the fact that orthonormal projection solves the minimization problem.

Linear Functionals

· Prove that a function from a vector space to F is a linear functional

· Know the proof of the Riesz representation theorem for finite-dimensional subspaces.

· Use the proof of the Riesz representation theorem to find the vector that corresponds to a linear
functional.

· Understand the structure of the dual space V ∗ for a vector space V . Using a finite basis for V , find a
finite basis for V ∗.

· Understand the relationship between V and V ∗∗.

Closed Subspaces of Hilbert Spaces

· Know the definition of a Hilbert space as an inner product space whose associated metric topology is
complete.

· Understand that for any subspace U of a Hilbert space, the orthogonal complement U⊥ is closed.

· Use the fact that for closed subspaces of a Hilbert space, there exists a unique solutions to the mini-
mization problem.
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