MATH 431 - REAL ANALYSIS
SOLUTIONS TO HOMEWORK DUE AUGUST 27

Question 1. Use the nine axioms introduced in class to prove the following. Be sure to cite which axioms
you are proving. In what follows, let a,b,c € R.

(a
(b

)
)
()
(d)

)

(e

a > 0 if and only if —a < 0.
-1<0

a > 0 if and only if a=' > 0.
Ifa>0and b<0, thena-b<0.

Ifa<band ¢c< 0, thenc-a>c-b.

Solution 1.

(a)

For any a € R, Axiom 4 guarantees the existence of —a € R such that a + (—a) = 0. Assume that 0 < a.
By Axiom 7, we have that —a = 0+ (—a) < a + (—a) = 0. Thus, —a < 0. Conversely, if —a < 0, then
again by Axiom 7, we have that 0 = (—a) + @ < 0+ a = a. Thus, 0 < a. Therefore, a > 0 if and only if
—a < 0. O

Notice that —1 # 0. Assume, to the contrary, that —1 > 0. Then, by la, 1 < 0, which is not true
(proven in class). By Axiom 6, the only possibility is that —1 < 0. O

First, we will show that if @ > 0, then a=' > 0. Assume, to the contrary, that a~! < 0. First note that
a~! # 0 since, if it were, then 1 = a-a~! = a -0 = 0, a contradiction. Thus, we are left to assume that
a~! < 0. By la, we know that —a~! > 0. Since a > 0 and —a~! > 0, then Axiom 8 gives us that

~l=a-(-a')>0,

a contradiction.

Next, we show that if a=! > 0, then a > 0. As before, assume, to the contrary, that a < 0. Again, a # 0
since, if it were, then 1 =a~!-a =a"!-0 = 0, a contradiction. Thus, we are left to assume that a < 0.
By 1la, we have that —a > 0 and thus, by Axiom 8,

—1=(-a)-a"*>0,
a contradiction. O

If b < 0, then by la, we know that 0 < —b. Since a > 0 and —b > 0, then by Axiom 8, —ab = a-(—b) > 0.
By Axiom 7, we get that
0= —ab+ ab > ab.

Thus, ab < 0. O
Since a < b, by Axiom 7, we have that
0O=a+(—a)<b+ (—a)=b—a.

By 1d, since b — a > 0 and ¢ < 0, then ¢(b — a) < 0. By Axiom 3, this is equivalent to ¢b — ca < 0. By
Axiom 7, we get that
cb=cb—ca+ca <0+ ca=ca.

Thus, ¢b < ca. O



Question 2. Let n € Z and z,y € R and consider the following expression:

n—1

Exknlk

(a) For n =1,2,3, evaluate the above expression and expand & simplify as much as possible.
(b) Using your observations from (a), conjecture a general pattern.

(¢) Prove your conjectured pattern from (b).

Solution 2.

(a) For n =1, our sum yield only 1 and thus our expression is x — y.

For n = 2, we have
(z—y)(y+az)=ay+a®—y* —ay=2a>—y>

For n = 3, we have
(-9 +ay+2?) =ay’ + 2%y +a° -y’ —ay® — 2Py =2 — .
(b) In general, we conjecture that

§ l,knlk xn_yn

(c) We prove our conjectured expression by expanding the left hand side. Doing so yields

§:$kn1k:$§:$knlk E:xknlk
:Exk+1n1k Exknk

In our remaining expression, we wish to re-index our first sum to match the entries in the second sum.
To do so, we replace k + 1 with j. This yield the new sum

n
E Iy,
j=1
Thus, we have

§:$k"1k E:m]nj El,knk

Notice that the first and second sums now have the same entries, except that the starting and ending
values of the indices differ. Thus, most terms will cancel, except for the one corresponding to j = n in
the first sum and k& = 0 in the second sum; these correspond to the terms z™ and y™, respectively. Thus,
we obtain our desired result:

Zxk n—1—k =" — yn_



Question 3. Show that if 2" — 1 is prime, then n is prime. A prime number of the form 2" — 1 is called a
Mersenne prime. Hint: Prove the contrapositive and use your conjectured equation from 2b in your proof.

Solution 3.

We will instead prove the contrapositive statement: “If n is composite, then 2 — 1 is composite.” Since
n is composite, then n = a - b where 1 < a,b < n. Thus, we have that

2" —1=2%"_1=2%2"_1.
We can use the equation from 2b:

n—1
(Cﬂ o y) Z :L,k:ynflfk — " yn
k=0

with x = 2% y =1, and n = b. Doing so yields

2" —1=20 _1 = (29> _1°
b—1
_ (2a _ 1) (2a)k . 1b—1—k
k=0
b—1
= (2°—1)) 2%
k=0

Since a € Z, then 2% — 1 € Z; similarly, since a,b,k € Z, then ZZ;%) 20k ¢ 7. Also, since a > 1, then
2a — 1 > 1. Lastly, since a,b > 1, then ZZ;B 20k > 1. Thus, we have written 2" — 1 as a product of two
positive integers, each greater than 1 and so 2" — 1 is composite.

Having proven the contrapositive, the original statement “if 2n — 1 is prime, then n is prime” is also
true. O

Question 4. Show that if 2 + 1 is prime, then n is a power of 2. A prime number of the form 22" + 1 is
called a Fermat prime. Hint: As with (3), prove the contrapositive and use your 2b equation.

Solution 4. We instead prove the contrapositive statement “If n is not a power of 2, then 2™ + 1 is
composite.” Since n is not a power of 2, then n is divisible by some prime p # 2. Since 2 is the only even odd
number, p is necessarily odd. Thus, we can write n = pr where 1 < r < n. Now, consider 2" + 1 = 2"P + 1.

Since n is odd, then (—1)" = —1. So, using our equation from 2b with x = 2",y = —1, and n = r, we get:
2P +1 = (2")P —(=-1)P
p—1
= @ +0) @)yt
k=0

Since 1 < r < n, we have that 1 < 2" + 1 < 2"P + 1.. Furthermore, Zi;é (2")* (=1)P~1~* € Z. Thus,
2" + 1 has a non-trivial divisor and therefore composite.

Having proven the contrapositive, the original statement “if 2" 41 is prime, then n is a power of 2” holds
true as well. O




Question 5. Consider the set
Q= {Z‘%qu,q#O}.

Define a relation ~ on Q given by

P P2 ¢ and only if p1g2 = p2qs.
q1 a2

Below, we will show that ~ is an equivalence relation, and therefore be able to define the rational numbers
Q as the set of equivalence classes of elements in Q.

(a) REFLEXIVITY: Show that Loy
a1 q1

b) SYMMETRY: Show that if h P2 then P2 ‘ﬂ.
( :
q1 qz q2 q1
fgwgandgwp—g,thenlﬂw@.
q1 q2 q2 q3 q1 q3

(¢) TRANSITIVITY: Show that i

Solution 5.

(a) Notice that trivially p1q1 = p1¢1; thus, b P
Q1 q1

(b) Assume that LEy ]2. Then, p1g2 = p2q1.. This is, of course, equivalent to p2q; = p1q2. Thus, bz _ &.
q1 q2 a2 Q1

Pz and bz ]ﬁ. Then, p1g2 = p2q1 and paq3 = p3ge. Multiplying the first equation
q1 q2 a2 q3
by g3, we get

(c) Assume that

q3P192 = 43P291-
Using the second equality, we can substitute into p2qs to get
q3p1q2 = (q3p2)q1 = P3q2q: -
Thus, since g3p1g2 = p3ge2q1 and g2 # 0, we can multiply through by qgl to get p1gs = p3q1, as desired.

Thus, LY @.
q1 q3



