MATH 431 - REAL ANALYSIS [
HOMEWORK DUE DECEMBER 5

Question 1.

(a) Let ag,by > 0 for all k. Show that if Zak converges and b is a bounded sequence, then Zakbk

k=0 k=0
converges as well.

(b) Find a counterexample to above statement if the hypothesis “ag, by, > 07 is removed.

Question 2. Show that

i 1
— k(ln k)P

converges if and only if p > 1.

Question 3.

(a) Give an example of a divergent series >~ ay for which >, a? converges.
(b) Prove that if ax > 0 and ) ;- | ai converges, then Y -, a? converges as well.

(¢) Find a counterexample to the above statement if the hypothesis “a; > 07 is removed.

Question 4. In this question, we will show that if both
oo oo
Z a; and Z b;
k=0 k=0
converges, then

o0
E axby,
k=0

converges absolutely.
(a) Show that 2|agby| < af + b3 for all k.

(b) Use (a) to show that if >".2 a3 and Y, b2 converges, then Y - axby converges absolutely.

Question 5. Let a, be a sequence of non-zero real numbers such that the sequence 2L of ratios is a

constant sequence. Show that .-, aj is a geometric series.

In class, we learned of the following definition for the limit superior and limit inferior of a sequence x,,.

Suppose a number U has the following two properties:

- For all € > 0, there exists an N such that for alln > N, z,, < U + ¢; and

- For all € > 0 and m > 0, there exists an n > m such that z,, > U — e.
Then, limsupz, = U.

Similarly, suppose that a number L has the following two properties:



- For all € > 0, there exists an N such that for alln > N, z,, > L — ¢; and

- For all € > 0 and m > 0, there exists an n > m such that z,, < L + ¢.

Then liminf z,, = L.

Question 6. Let z, be a sequence. If liminfz, = A = limsup x,,, show that x,, converges and that, in
fact, z, — A.

Question 7. Consider the series

i\/k+1—\/§

k=1

(a) Show that
1

VEHT-Vh= o

(b) Use (a) to decide if the series converges or diverges.

oo

Question 8. Consider the series Z ap where
k=1

Ak+1

o for general k. Use this to compute

(a) Compute

Ak+1
Qg

Ak+1
Qg

lim sup and liminf

Can you use the Ratio Test to reach a conclusion about the convergence or divergence of the series?
(b) Compute \ak|1/k for general k. Use this to compute
lim sup |a;€|1/k .
Can you use the Root Test to reach a conclusion about the convergence or divergence of the series?

(c) In spite of the powerful Ratio Test and Root Tests, at times the more rudimentary tests are more helpful.
Show that our series diverges using the Divergence Test.



